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2.1 Goal-oriented adaptivity

i) Simulation: Compute a quantity J(u) on a mesh T; from a discrete

model

Ap(up) =0 =~  A(u)=0

ii) Error estimation: Optimize mesh T, and model A, on the basis of

an a posteriori error representation

J(u)—J(uh) ~ n(uh) = Z gK(uh)w;g

KeTy, NK

cell residuals pg(up) and weights (sensitivity) wg

iii) Mesh and model adaptation:

Nk >0 = refine, ..., ng K0 = coarsen




Mesh adaptation for a set of physical quantities u = (u*)?_, is based on

“smoothness” or “residual” information like

n n
i =) Wil Diublle or nr =) wicl Riun)lx
i=1 i=1

The complex error interaction has to be detected by computation

(solution of an adjoint problem):
e error propagation in space (pollution effect)
e interaction of physical error sources (sensitivities)

=  Feed-back process for economical computation

Dual Weighted Residual (DWR) Method




Ex. 1: Drag computation in 2-d viscous flow

Stationary Navier-Stokes system for velocity /pressure:

—vAv+v-Vo+Vp=f V-v=0

=0, o|p, =", vo,v—nplr,., =0.

out

Ul igia

1t

::c/n-o-dds
S

v(Vo + Vol) —pl

= (0,1)* flow direction




Discretization by standard (2nd-order) FE method.

Mesh refinement indicators for each mesh cells K :

o Vorticity: nx = hkl||Vxv||Kk
e Pressure gradient: N := hi||Vpn|x
o Velocity gradient:  nx = hi||Viun|lk

Residual indicator:  nxg = pr (vn, pr)

pic (s pn) = e | Rull i + 1yl rnllox + hic||V - vn &
Rh|K = f+VAvh—vh . Vvh—Vph,
ThiD 1= %[V@nvh—nph], if T'¢ 00

“Weighted” indicator: Ni = pr(Vn, Ph) WK




Drag error J(e) versus number of cells N
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Adapted meshes with 5,000 cells
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Ex. 2: Drag computation in 3-d viscous flow

r—'/ Lhflow plahe

a) (Q2/Q1-element - uniform refinement,
b) QQ1/Q1-element - local refinement by “smoothness” indicator,

c) Q1/Q1-element - local refinement by “weighted” indicator




Error level of ~ 1% indicated by red
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Adapted mesh and zoom

b) Mesh refinement by “smoothness” indicator:

VisuSimple

c) Mesh refinement by weighted indicator:




Ex. 3: Inviscid 2-d Euler equations

atp+ V- (pv) — 07
Ot (pv) +V - (pr@v) + Vp = pg,
cp0i(pe) + ¢,V - (pev+pv) = h.

Supersonic flow around a BAC3-11 airfoil (AGARD Report 1994) inflow
Ma = 1.2, angle of attack a = 5°

The solution develops two shocks. The quantity of interest is the pressure

point value

J(p,v,e) :=p(a) = (y—1)(e(a) — 5pv(a)?),

at the (subsonic) leading edge of the airfoil.




1
0 1

left: Ma = 1 isolines of primal solution

right: isolines of z, component of dual solution




Heuristic error indicators (1% accuracy):

7 = hic|[Rullx + Pl rnllox

s, if KNC #0, C =90°—cone

0, otherwise.

1/ [
1] /7 A
ey
LZ7% O ¢

1
0 0.5

N = 13,719 N = 9,516

residual modified indicator




2.2 The theoretical framework

Computation of stationary point z € X of diff. functional L(-) by
Galerkin scheme in finite dim. subspace X; C X:

L'(r)(y) =0 VyeX

L'(zp)(yn) =0  Vy, € Xy

Proposition 1 There holds the error representation

L(:Ij) — L(:Ijh) = % g,’(xh)(x—yh)/ + Rh, Yn € Xh,

"~

weighted residual

where the remainder R s cubic in x—xy,.




Proof. By elementary calculus, trapezoidal rule and Galerkin

orthogonality (e = z—xp):

L(z) — L(zy) /O L/ (2 +s€) () ds

L @)(e) + L'(@n)(e) |

\ 7
-~

trapezoidal rule

1
+%/ L' (x,+se)(e, e, e)o(s)ds
0

\ 4
N~

remainder

sL'(@n)(@—yn)  + R yn € Xy

\ 7
N~

by Galerkin orthogonality




Application in flow simulation

Variational equation in function space V :
a(u)(yp) =0 Yy eV, target quantity J(u).
Galerkin approximation in V, C V' :
a(up)(Yp) =0 Yy, € Vp, error J(u)—J(up).
Lagrangian functional with “dual” variable z:
L(u, z) := J(u) — a(u)(2)

L' (u,z) =0




Determine stationary point {u,z} € VxV:

J(w)(p) —d'(u)e,2) | _
—a(u)(¥)  Y{p, ¥}

Galerkin approximation {up,zp} € Vi XV -

{ S (un)(pn) — a'(un)(en, zn)) } =0

—a(un)(¥n) V{on, ¥n}
“primal” and “dual” residuals

plun)(-) := —a(un)(*)
p*(zn) () i= T (un) () =a’(un) (-, z)




Embedding in abstract theory: X :=V XV, X} =
r:={u,z} € X, xp = {up, zn} € Xy,

= L(u,z) = J(u) — a(u)(z)

Proposition 2 There holds the error representation

J(u)=J(un) = 3 plu )(Z Yn) + 50" (2n)(u—pn) + R

prlmal dual

for arbitrary op, Vv € Vi, with a remainder Ry cubic in the errors u—uyp

and z—2zy, .




2.3 Practical aspects

2.3.1 The main steps in the DWR method

e Solution of discrete linear dual problem:

a'(un)(pn, zn) = J'(un)(n)  Ven € Vi,
(work load of one additional Newton step).
e Linearization by neglecting remainder terms

e Approximation of weights by patch-wise higher-order interpolation:

(2—2zn)|xk =~ (fz(i)zh—zh)lK

e Mesh adaptation on the basis of cell-wise error indicators nx by
one of the common strategies: “error balancing”, “fixed fraction”,

“fixed error reduction”, or “look-ahead mesh optimization.




2.3.2 Balancing of discretization and iteration error

Problem: The “exact” discrete solution uyp is not available, but rather an
approximation up obtained by some iterative methods. This approxima-
tion spoils “Galerkin orthonality”, which is used in the derivation of the

a posteriori error identity.

Goal: Design a strategy for controlling the (discrete) iteration based on
a posteriori information: *“balancing iteration error against discreti-

zation error’”.

Basic identity (linear case):

(i) with Galerkin orthogonality:

J(e) = n := p(un)(z—yn)
(ii) without Galerkin orthogonality:

J(€) = 7= p(tn)(z—9n) + 7




Proposition (linear case). Let uy € Vi, be any approximation to the
exact discrete solution uy, € Vi, on the finest mesh Ty. Then, for the

error €y, := u—uy, there holds the representation
J(ér) = plar)(z—2L) + p(0L)@L).

If an MG method has been used with canonical components, the following

refined representation holds:

Here, z; € V; can be chosen arbitrarily and R;(v;) is the iteration residual

on mesh level j .

Error balancing criterion: (observe: p(ur)(Zr) =0)

plur)Er)| < |p(ur)(z—2L)




Proof. In general there holds
J(e) =uale,z) =ale,z— 2r) + ale, 21)
= (f,z—21) —alur,z — 21) + (f, 2) — a(ur, 2L)
= plup)(z — 2) + p(ur)(ZL).

If the multigrid method has been used, the second term corresponding to

the iteration error can be rewritten in the form

p(ur)(2L) = Z{(f, 2 —2zj-1) —altr, 2 — 2-1) p + {(f, 20) — a(ir, Z0) }

Since V; C Vr, for j < L, we observe by the definitions of @;, P;, and A;
that for ¢; € V; there holds

(f, ;) —alur, v;) = (P f,p;) — (A;Q;uL, ©;)




Further, by the identity A,Q; = P;Ar for j < L, we have
(Pi f,05) = (AjQjur, ;) = (P (f — Arur),¢;) = (R; (L), ;).
Using the particular structure of the multigrid method the holds
Rj(ar) = Pi(fr — Arar)
= P fr, — PjALSY(ay)) — Py ALpY _ o1
= P;(dr, — A,—101,-1)

= Py — PAL1S7_(0}) = PiAL_1pf 3L

v ~(0 7
= Pjdj1o — PjAj j+1(UJ('+)1> — PjAjap) 0
= Pj(dj11 — A;05) = R;(7;).

Using this for ¢; = 2;—2,_1 and ¢pp=2¢ completes the proof.




Remarks.

e The proof of the proposition for “energy-norm” and L?-norm error
control is due to Becker/Johnson/Ra. (1995).

The first error representation can be used for approximative solutions
uy, obtained by any solution process,

J(er) = plur)(z—21) + p(uL)@w),
where p(ty,)@r,) measures Galerkin orthogonality.

The second error representation holds for V-, W- or F-cycles and for
any type of smoothing. It allows not only to balance the iteration
against the discretization error but also to tune the smoothing
iteration separately on the different mesh levels,

J(ér) = p(ir)(z—21) + Z (Ry(¥;), 25— 2




Ex. Stokes equations: channel flow

0.15m X=U=0

(0,0)

Stokes equations of fluid mechanics describing the behavior of a creeping
incompressible fluid, 92 = I'}igiq U L'in U Loyt ,

—vAv+Vp=0, V-v=0 in (),

v=0 on I'gd, v=0v" on Iy, vd,v—pn=0 on Iy,

Quantity of interest drag coefficient

J(u) = UzD /SnT(Qm'(v)—pI)el ds




Discretization by stabilized (Q1/@1 Stokes element and solution by an

(geometric) MG method with canonical mesh transfer operations and a

4 + 4 “block ILU” smoothing.

MG iteration towards round-off error level)

N

#1t

J(e)

Nh+ Nit

Th

T)it

1754
4 898
11156
22526
44 874
82162
159 268
306 308

9
9
9
10
10
10
11
12

3.12e-05
1.83e-05
1.05e-05
5.34e-06
2.75e-06
1.26e-06
5.76e-07
1.85e-07

2.81e-05
1.21e-05
7.01e-06
3.77e-06
2.12e-06
1.09e-06
6.11e-07
2.98e-07

2.81e-05
1.21e-05
7.01e-06
3.77e-06
2.12e-06
1.09e-06
6.11e-07
2.98e-07

1.05e-16
2.20e-15
9.49e-15
8.36e-17
3.39¢e-16
4.29e-17
1.26e-17
8.74e-19




MG iteration with adaptive stopping criterion

N

ATt

J(e)

Nh + Nit

Mh

)it

1754
4 898
11156
22526
44 874
82162
159 268
306 308

DO DN DN N

3.12e-05
1.83e-05
1.05e-05
5.34e-06
2.75e-06
1.27e-06
5.76e-07
1.86e-07

2.82e-05
1.21e-05
7.05e-06
3.82e-06
2.16e-06
1.11e-06
6.41e-07
3.10e-07

2.81e-05
1.21e-05
7.01e-06
3.77e-06
2.12e-06
1.09e-06
6.10e-07
2.97e-07

6.81e-08
1.60e-08
3.42e-08
5.48e-08
4.04e-08
2.63e-08
3.07e-08
1.31e-08




2.4 Applications




2.4.1 Drag computation

a) Simulation:
Stationary Navier-Stokes equations for v, p

Discretization by standard (2nd-order) FE method.

U?D
Q Re = = 20
S I"out v

(stationary flow).

2
J(v,p) = Cdrag = D) /SnT(Qm'(v)—pI)el ds,




Primal and dual residuals:

p(un)(z—2zp) : K%T:h {(R(Uh% Zv-_f)K + ...

+ (r(un), 2" —2p)or + (2" =23, V - ’Uh)K}
weight weight

[+ vAvy, —vp,-Vop,—Vpy

= —ivn:[Vup,—ppl], T ¢ 99




Refined meshes obtained by *“smoothness-based” strategies and

by the DWR method starting from a coarse mesh




b) Optimization (drag minimization by Neumann
boundary control)

I'g

U2D

Re = = 40
Q S Fout ’ v
I'o (stationary flow).

Variational formulation:

V(VU>V¢)+(U'V%¢)—(Pav'w)—(mv'v):(qaﬂ'@D)FQ




Velocity of the uncontrolled flow, controlled flow, adapted mesh

Uniform refinement || Adaptive refinement
N Jdrag N Jdrag
10,512 3.31321 1,572 3.28625
41,504 3.21096 4,264 3.16723
164,928 3.11800 11,146 3.11972

Uniform versus adaptive refinement

Question. Stability of “optimal” flow?




c) Flow stability analysis

Stability of base solution u = {0,p} by
linear stability theory:

Non-symmetric eigenvalue problem for u :={v,p} € V., A€ C
—VvAV+0-Vo+ (Vo) v+ Vp=Xv, V-v=0

ReA>0 = 1 stable (?)

Primal and dual eigenvalue problems: wu, u* €V :

a' () (u, ) = Am(u, ) VoeV
a (i) (p,u*) = Am(p,u*) VoeV

Normalization:  m(u,u) = m(u,u*) =1.




Embedding into framework of variational equations:

V::VXVX(C, Vh::VhXVhXC
U .= {’LAL,’LL, )\}, Uy, = {ﬂh,uh,)\h}, o = {@, QO,,LL} ey

AU)(®@) = f(2) — al@)($) + Am(u, 0) — @' (i) (u, )

~" ~~

base solution eigenvalue

-+ F{m(u, u) — 1}/

WV
normalization

Compact variational formulation:

AU @) =0 YD eV, AU (Py) =0 Yo, €V,

Error control functional: J(®) := um(yp, @)




Proposition 3 There holds the error representation

A=y = $p(tn) (@ —p) + 3o (45) (a—@n)
base solutlon residuals

+ 3o({un, )" —n) + 07 ({uh, M} (u—n)

~"

eigenvalue residuals

+Rh7

for arbitrary Uy, U¥n, ©n, ©on € Vi. The remainder Ry 1s cubic in the
errors €y = U—up,, €;" = U —0; and eh = A=Ay, € = vy,

* *




Stability of drag minimal flow

a1
o

w
o

Imaginary part

N
o

=
o

I I I I T I I
0.2 0.3 0.4 0.5 . . R 0.2 0.3 0.4 0.5

Pressure drop Pressure drop

Real and imaginary parts of the critical eigenvalue as function of the

control pressure (optimal pressure ¢opt ~ 0.5 = instability)




Meshes obtained by the error es-

timators for the drag minimiza-

tion (top) and the eigenvalue

computation (bottom)

Error estimator and

balancing criterion:

A=l ~ Y ik + i}

KeTy,

ZWK ZWK

KeTy KeTy,

Error estimator

o: Foward:simulation error control
*: Eigenvalue error control

10"
Number of cells




2.4.2 A 2d heat-driven cavity benchmark

Square cavity driven by temperatur difference 6;, — 6. = 720 K and gravity
g ; Rayleigh number Ra ~ 10°.

adiabatic

Hhot Hcold

Fhot lg FCold

adiabatic

Velocity norm isolines temperature isolines

Nusselt number (mean heat flux) along the cold wall

Pr
J(u) = (Nu) 03000 /led k0,0 ds




| residual - weighted
Adapted meshes with about 58,000 cells for a 1% error

T . T T T T T T I . T T T

residual error estimator —+—

weighted error estimator ---x---
reference value

Nusselt number

Efficiency




2.4.3 Viscous flow with chemistry

Example: diffusion model in reactive flow

1) Compressible Navier-Stokes equations

2) Species mass conservation, diffusion fluxes F;:

9y
P o

+pv-Vy, +V - F, = [

Sophisticated (diffusion) models have disadvantage:
e large computational costs
e introduction of nonlinearities

e additional couplings between variables




3) Diffusion models:

e Fick’s law:

e Generalized Fick’s law:

F; = —pD; (Vyz' + gvm)
m

e Multicomponent diffusion:
Fy = —pyi{ > Dijd; + 0V (logT) }
jeS
dj = V; + (z; —y;)V(logp)
D;; = solutions of N linear problems of dimension NV

= enormous computational work.




Example: Ozon recombination (laminar ozon flame)

Os+M—0O,+40+M, O4+0+M—0Oy+M, O+0O3<«< Os+ 0O

Error functional: Total mass fraction of O-atoms

J(u) = / vo do

Fick’s law ' generalized Fick's law ———

adaptive 1
adaptive 3

VisuSimple

O mass fractions

Multicomponent diffusion

-0.0002 : ' : '
0.0045 0.005 0.0055 0.006 0.0065 0.007 0.0075 0.008

x-coordinate




2117 nodes,
32% multi diffusion

4879 nodes,
60% multi diffusion

344777 nodes,
72% multi diffusion

Total gain: ~ 50% CPU time




2.4.4 Fluid-structure interaction

FSI benchmark “Vibrating Thin Plate”

Computation by FEM based on fully coupled (monolitic) formulations:

e arbitrary Lagrian-Eulerian (ALE) formulation (left)

e fully Eulerian formulation (right)

FTTTITTT
[

A T L N




Outline of models and methods used

e Material models:
— Fluid: incompressible Newtonian
— Structure: compressible St. Venant-Kirchhoft

— Fully coupled monolitic formulation

e Numerics:

— Galerkin FE method for fluid and structure

— Newton/functional iteration (for interface I';)

— GMRES /multigrid for linear subproblems

e Lrror estimation and mesh adaption by DWR method




Vertical displacement of end point A:

ALE: Eulerian:

max = 0.0882m, max = 0.0822m,
v =1.95s5"1 v=1.92s5"1

uy of point A
uy of point A




Large deformation (touching the wall)

Eulerian approach: zonal versus local refinement

IR IR IR
T T T

T T
1N} 1N}

TTITTIT T TITTIT TTITTIT

Il
FV VTV T T Ty

IR IR
T T




Heurisfic Refinemént, N apprbx. 12300 — euristic hefinement,‘ N approx. i2300 E—
Heuristic Refinement, N approx. 3000 euristic Refinement, N approx. 3000
+  Adaptive Refinement, N approx. 1900 —— aptive Refinement, N approx. 1900 ——

y position of point A
y position of point A

0.6
time [s]

Position x4(t) of end point A

CPU time: zonal 30 h, local 4 h

Subject of ongoing work (Th. Richter)




