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Q C R3, bounded, smooth (C?)

» Balance of mass
div(ou) =0

0: Q+— R ... density of the fluid
u: Q — R3 ... velocity field

» Balance of momentum
div(ou ® u) —divS 4+ Vp = of

S ... viscous part of the stress tensor (symmetric tensor)
f: Q — R3 ... specific volume force (given)
p. .. pressure (scalar quantity)

» Balance of total energy

div (9Eu) + div(q + pu) = of - u + div (Su)

E = 1|u]® + e...specific total energy

e ...specific internal energy (scalar quantity)
q ... heat flux (vector field)

(no energy sources assumed)

(1)

(2)

(3)
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» Boundary conditions at 02 for velocity: either homogeneous Dirichlet
u=20 (@)
or Navier (partial slip)

u-n=0, (Sn)r +Aur =0, A >0. (5)
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Steady compressible Navier—Stokes—Fourier system |l

» Boundary conditions at 02 for velocity: either homogeneous Dirichlet
u=20 (@)
or Navier (partial slip)

u-n=0, (Sn)r +Aur =0, A >0. (5)

» Boundary conditions at 9% for temperature:
¥ = 9p, (6)
¥p > Yo, bounded, sufficiently smooth, assumed to be extended with the

same properties to the whole Q.

» Total mass
/ odx=M>0 (7)
Q



Thermodynamics |

We will work with basic quantities: density o and temperature ¢

We assume: e = e(p, ), p = p(o,?)

Gibbs' relation
1

5 (De(e.9) + ple.9)D(~ ) ) = Ds(e. ) (8)

1
0

with s(, ) the specific entropy.
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with s(, ) the specific entropy.

The specific entropy fulfills formally the entropy balance

. /4y _ __S:Vu q-V9
div(psu) + div (5) =0=—7 5 (9)




Thermodynamics |

We will work with basic quantities: density o and temperature ¢

We assume: e = e(p, ), p = p(o,?)

Gibbs' relation

1 1

5 (Dete.) +p(e.9)D(7 ) ) = Ds(o. 9) (8)
with s(, ) the specific entropy.

The specific entropy fulfills formally the entropy balance

9 92 ©)

div(osu) + div (%) — = S:Vu q-VY

Second law of thermodynamics

S:Vu q-VY
>
3 5 >0 (10)

o =



Thermodynamics |l

Another possibility is to work with internal energy balance (heat equation)

Balance of internal energy
div (Qeu) +divg+ pdivu=S: Vu

The troublemaker is the nonlinear term on the rhs. Anyway, this equation plays
an important role in the construction of weak solutions.
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Both g, u extended by zero outside Q

/ ou-Vydx=0 Ve G(R?) (11)
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Weak solution |

» Weak formulation of the continuity equation
Both g, u extended by zero outside Q

/ ou-Vydx=0 Vo e GR? (11)
R3
» Renormalized continuity equation

/ b(g)u~V1/1dx+/ (ob'(0) — b(o)) divuy dx = 0V € G5 (R?) (12)
R3 R3
for all b € C*(]0, 00)) with b'(z) =0 for z > K > 0.

» Weak formulation of the momentum equation

/ (— o(u®u): Vo — p(o,9)dive + S(9, Vu) : V) dx

Q (13)

+,\/ u-apdS:/gf-zpdx Vo € G R?) (e Co (0 RY)
J o0 Q



Weak solution Il
Weak formulation of the total energy balance

| ~(Felul + eete.0))u- Vs dx
= /Q (of - wp + p(o,9)u - Vi) dx

(14)
+/Q ((=S(9, Vu)u) - Vi + q - Vo) dx

7/ q»nde)\/ u’eds v e cY(R)
o0 JoQ
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Weak formulation of the total energy balance
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Weak solution Il
Weak formulation of the total energy balance

[~ (Gelul® + oele.9))u- vorax
Q
= [ (ef-ui+ ple.0)u- V) de

(14)
+/ ((=S(9, Vu)u) - Vi + q - Vo) dx
Q
7/ q»nde)\/ u’eds v e cY(R)
o0 J o0
Weak formulation of the entropy inequality
S(¢, Vu) : Vu Vq Vﬂ / q-n
AG Joax— [ Ttuas
(15)

< /Q (ﬂTw — 0s(0,9)u - V’l[J) dx V nonnegative ¢ € Cl(ﬁ)

This formulation works fine for given heat flux on the boundary, but not for
given temperature on the boundary.

Problem: boundary integrals with the heat flux!
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One possible remedy: consider test functions with compact support.
Problem: We are not able to deduce a priori estimates!

Solution is based on the same idea used by Chaudhuri and Feireisl| for the
evolutionary case, to consider so-called ballistic energy inequality.

ﬁ Chaudhuri, N., Feireisl, E.: Navier—Stokes—Fourier system with Dirichlet
boundary conditions. ArXiv:2106.05315 (2021).

Use as test function ¢ = 1 in weak formulation of the energy equality and

1 = 9 in weak formulation of the entropy inequality, where o is an arbitrary
extension of the boundary data which is sufficiently regular and strictly positive
in Q.
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One possible remedy: consider test functions with compact support.
Problem: We are not able to deduce a priori estimates!

Solution is based on the same idea used by Chaudhuri and Feireisl| for the
evolutionary case, to consider so-called ballistic energy inequality.

ﬁ Chaudhuri, N., Feireisl, E.: Navier—Stokes—Fourier system with Dirichlet
boundary conditions. ArXiv:2106.05315 (2021).

Use as test function ¢ = 1 in weak formulation of the energy equality and

1 = 9 in weak formulation of the entropy inequality, where o is an arbitrary
extension of the boundary data which is sufficiently regular and strictly positive
in Q.

Weak formulation of the ballistic energy inequality
9 ' 2
S:Vu-q-vi) dx+/\/ uf? ds

/n a0 (16)

¢
S/Q(gﬁu—gs(g,ﬁ) Vﬂ—g Vﬂ) dx.



Weak solution IV

Definition

The triple (o, u, ) is called a renormalized weak solution to our system (1)—(7)
ifo>09>0aeinQu=0(cru-n=0),9=19pondQ, [jodx=M,
and the weak and renormalized formulation of the continuity equation, weak
formulation of the total energy balance with compactly supported test
functions, weak formulation of the entropy inequality balance with compactly
supported test functions and the ballistic energy inequality for any 9 specified
above hold true.
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supported test functions and the ballistic energy inequality for any 9 specified
above hold true.
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Definition

The triple (o, u, ) is called a renormalized weak solution to our system (1)—(7)
ifo>09>0aeinQu=0(cru-n=0),9=19pondQ, [jodx=M,
and the weak and renormalized formulation of the continuity equation, weak
formulation of the total energy balance with compactly supported test
functions, weak formulation of the entropy inequality balance with compactly
supported test functions and the ballistic energy inequality for any 9 specified
above hold true.

Problem with integrability for some interesting cases:

Definition

The triple (o, u,®) is called a renormalized variational entropy solution to our
system (1)—(7),if >0, 9 >0a.e.inQ,u=0 (oru-n=20), ¥ =9p on 92,
fQ o0 dx = M, and the weak and renormalized formulation of the continuity
equation, weak formulation of the entropy inequality balance with compactly
supported test functions and the ballistic energy inequality for any 9 specified
above hold true.

Both definitions are reasonable in the sense that any smooth weak or entropy
variational solutions are actually classical solutions to (1)—(7) (weak-strong
compatibility).



Constitutive relations |
» Newtonian fluid
S = S(9, Vu) = u(9) [vu +(Vu)T = 2 div uJI] Fe@)dival  (17)

pu(): RT — RT,
£(+): Rt — R{: viscosity coefficients



Constitutive relations |
» Newtonian fluid

S = S(9, Vu) = u(9) [Vu +(Vu)T = 2 div uJI] Fe@)dival  (17)
pu(): RT — RT,

£(+): Rt — R{: viscosity coefficients

» Fourier's law

q=q(v,VY) = —k(9) VY (18)

k(-): Rt — R*.. . heat conductivity



Constitutive relations |
» Newtonian fluid

S = S(9, Vu) = u(9) [Vu +(Vu)T = 2 div uJI] Fe@)dival  (17)
pu(): RT — RT,

£(+): Rt — R{: viscosity coefficients

» Fourier's law

q=q(v,VY) = —k(9) VY (18)

k(-): Rt — R*.. . heat conductivity

» Pressure law

p=p(o,9) = (v —1)oe(e,¥), v>1 (19)



Constitutive relations |

» Newtonian fluid

S = S(¥, Vu) = u(v) [Vu +(Vu)T — 2div uﬂ] + €(9) divul

pu(): RT — RT,
£(+): Rt — R{: viscosity coefficients

» Fourier's law

q=q(v,VY) = —k(9) VY
k(-): Rt — R*.. . heat conductivity
» Pressure law
p=p(o,9) = (v —1)oe(e,¥), v>1
If p € C*((0,00)?), then it is of the form

p(o, ) = ﬂﬁp(ﬂ%)

with P € C*((0, 00)).

(17)

(18)

(19)

(20)



Constitutive relations Il

We assume

P(-) € C*([0,0)) N C*((0,0)),
P(0)=0, P'(0)=po>0, P(Z)>0, Z>0,

lim LT >0
Z—oo 27 = Peo ’

1P(2) - ZP'(2)

> < <oo, Z>0.

(21)



Constitutive relations Il

We assume

P(-) € C*([0,0)) N C*((0,0)),
P(0)=0, P'(0)=po>0, P(Z)>0, Z>0,

. P2) _
_ /
O<MSC5<OO’ Z > 0.

We have for K > 0 a fixed constant

wed < p(o,9) < v, for o < K971,

il 1
=1 =1 22
o’ < plo,¥) < o o7, ForgSKﬁL, (22)
o7, for o > K9~-1.
%Qg’ﬁ) >0 in (0, 00)?,
p=do” + pm(0,¥), d>0, with %ﬁ’ﬁ) >0 in (0, 00)>.

(23)



Constitutive relations 11

The specific internal energy
1 < 9) < Ty
TP’ <e(09) < cw(e’ + ),

< Ty
90 o< cau(e" " +9)

de(o,9) in (0,00)°.

(24)



Constitutive relations 11

The specific internal energy

1 _ _
——pe0” < e(0,9) < cro(0” T + ),

v—1 . 2
delo. 9 B in (0, 00)". (24)
%9 <ot +9)

The specific entropy s(p,9) defined by the Gibbs law

1 4P(2) - ZP'(2)
y—1 Z2

5(9,19):5( i) with  §'(2) = — <0. (25)

~y—1
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The specific internal energy

1 _ _
——pe0” < e(0,9) < cro(0” T + ),

v—1 . 2
delo. 9 B in (0, 00)". (24)
e(%g;)@ <ot +9)

The specific entropy s(p,9) defined by the Gibbs law

1 4P(2) - ZP'(2)
y—1 Z2

5(9,19):5( i) with  §'(2) = — <0. (25)

Y-

Furthermore

9s(0,9) _ 1 9p(e,9)
do 02 09 ’

K
S P - P () S

-1

(26)
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Therefore, for a fixed ¢ > 0 we know that limy_,o+ s(o, ) exists. We assume
that limit is finite. Then we may always choose the additive constant in the
definition of the specific entropy in such a way that for any ¢ > 0

li =0. 27
Jlm. s(e:9) =0 @)



Constitutive relations |V

Therefore, for a fixed ¢ > 0 we know that limy_,o+ s(o, ) exists. We assume
that limit is finite. Then we may always choose the additive constant in the
definition of the specific entropy in such a way that for any ¢ > 0

li =0. 27
19Ln3+s(g,19) 0 (27)

Then
Is(0,9)| < c12(1 4 |Ing| + [In9] ") in (0, 00)°. (28)
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Constitutive relations V

» Heat conductivity
K(9) ~ (1 +9)"

meR"

» Viscosity coefficients

G(+9) < p@) <GA+9)
0< (W) < G(1+9)

u(+) globally Lipschitz continuous, £(-) continuous

(29)

(30)



Main result

Theorem
Let Q C RY be a C? bounded domain and 9p € W?9(Q) for some q > d.
a) Dirichlet condition for the velocity: Let v > 2 and m > max{2, ﬁ} or

v € (5,2] and m > max{3, 383:3} Then there exists a variational entropy

solution to our problem, where u € Wy ?(Q; R?), 9 € L3™(Q) N WT(Q) for
somel < r<2andge L"*®(Q) for some © > 0. If, additionally, v > 2 and
m > 1, then the solution is also the weak solution.




Main result

Theorem
Let Q C RY be a C? bounded domain and 9p € W?9(Q) for some q > d.
a) Dirichlet condition for the velocity: Let v > 2 and m > max{2, 3(7%} or

v € (5,2] and m > max{3, gg” 2)} Then there exists a variational entropy

solution to our problem, where u € Wy ?(Q; R?), 9 € L3™(Q) N WT(Q) for

somel < r<2andge L"*®(Q) for some © > 0. If, additionally, v > 2 and
m > 1, then the solution is also the weak solution.

b) Navier condition for the velocity: Let v > 1 and m > max{3, G 1)} Let

A>0orA>0 andQ is not axially symmetric. Then there exists a variational
entropy solution to our problem, where u € Wol”nz(Q; R?),

e L3"(Q)n wh ’(Q) for some 1 < r <2 and ¢ € L"*°(Q) for some © > 0.
If, additionally, v > 2, m > 1, m > 677 ifye (2,4 and m> % if

v E (37 3) then the solution is also the Weak solution.
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such that
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A priori estimates |

We take the ballistic energy inequality and choose a particular function 9 := 9,

such that
AY, =0 in Q
’l9L = '19D on 0f2.
We have .
I € WHI(Q) — CH(Q)
<9, <8 in Q.
Then

92

S(9,Vu) : Vu  x(0)| VI
> Q/Q( 9 + 92 ) dx

> C(|lulZ2+ [ In 932+ 9% 32) — C(¥p).

/ (fsw, Vu) : Vu — q(9, V) - wé) dx
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Therefore
m
Julli2+ 92+ 19232

9.0
< c/ (of -u— os(e.9)u- VoL + %) dx + C(9p).
Q

(31)
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Therefore
m
Julli2+ 92+ 19232

VY - VI
< C/ (Qf -u—ps(g,Nu -V + %) dx + C(¥p).
i (31)
We have

/dez/v;((g).vm dx
Q 9 Q

9
= f/ K (9) A0, dx+/ k()2 45 :/ K(9p) 2L do,
Q Fo19) 8" a0 8"
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We first consider v > 2. Then

| [ ofu dx] < Cllullelielly < ellliiz + €l
Q

59—6

2 c 36-1) || || 36-D) < 2 c e TN e
[12+ C(e)llell; llellq <ellulliz + C(e)M3E=T [|of[g .

<ellu
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Q Q
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A priori estimates 1l

We first consider v > 2. Then

| [ ofu dx] < Cllullelielly < ellliiz + €l
Q

59—6

2 c 36-1) || || 36-D) < 2 c e TN e
[12+ C(e)llell; llellq <ellulliz + C(e)M3E=T [|of[g .

<ellu

By properties of the entropy

’/95(9, 9)u-Vi, d><’ < C/ (o+oflno]* + o[In9]" + 1) |u| dx
Q Q

2 Ec=Rad
|1,2)+C(5a6)‘|0‘|q + C(&)

<ellull3z +e(l92 32 + 190

with § > 0, arbitrarily small.
Whence, for arbitrary q > g and 6 >0

s+

m q
lulliz + 19I5z + 192 32 < C(a.8,90) (L + [l ). (32)



A priori estimates IV
Using as test function in the momentum balance the function

Q= B(Qe — ﬁ Ja o° dx) for some © > 0, where B is the standard Bogovskii
operator, we end up with

[ pte.0)® ax =g [ o ax [ ple.0) dx+ [ 50.Vw): Ve dx
Q ‘Q| Q Q Q (33)

f/g(u®u):V<pdx7/gf~<pdx.
Q Q



A priori estimates IV

Using as test function in the momentum balance the function
@ = B(Qe — ﬁ fQ o° dx) for some © > 0, where B is the standard Bogovskii

operator, we end up with

[ pte.0)® ax =g [ o ax [ ple.0) dx+ [ 50.Vw): Ve dx
Q ‘Q| Q Q Q

f/ng(u@)u):chdxf/ng-cpdx. e

Then

° Eleat =y o+ +o+
I8 < C(8) (1 + lllls 1S T 4 g 0180 e seiE )

with © = min{2y — 3, 73m+§



A priori estimates IV

Using as test function in the momentum balance the function
@ = B(Qe — ﬁ fQ o° dx) for some © > 0, where B is the standard Bogovskii
operator, we end up with

[ pte.0)® ax =g [ o ax [ ple.0) dx+ [ 50.Vw): Ve dx
Q ‘Q| Q Q Q

f/ng(u@)u):chdxf/ng-cpdx. e

Then

ST o+ +6+
I8 < C(8) (1 + lllls 1S T 4 g 0180 e seiE )

with © = min{2y — 3, 'y3m+§

We get the estimate (r < min {2, 2 1}

Julliz + 0912+ [92 |12+ [[9]]1r + [lelly+e < C (34)
provided
5 2 2(v-1)
TZ3 MM 3i6n —117+3}



A priori estimates V

If v < % we cannot get the estimates of the density by the Bogovskii operator.
We follow the ideas from the papers

@ A. Novotny, M. Pokorny: Weak and variational solutions to steady
equations for compressible heat conducting fluids, SIAM Journal on
Mathematical Analysis 43 (2011), 1158-1188.

(for the Dirichlet boundary conditions for the velocity)

@ D. Jesslé, A. Novotny, M. Pokorny: Steady Navier—Stokes—Fourier system
with slip boundary conditions, Mathematical Models & Methods in
Applied Sciences 24 (2014), 751-781.

(for the Navier boundary conditions for the velocity).



A priori estimates V

If v < % we cannot get the estimates of the density by the Bogovskii operator.
We follow the ideas from the papers

@ A. Novotny, M. Pokorny: Weak and variational solutions to steady
equations for compressible heat conducting fluids, SIAM Journal on
Mathematical Analysis 43 (2011), 1158-1188.

(for the Dirichlet boundary conditions for the velocity)

ﬁ D. Jesslé, A. Novotny, M. Pokorny: Steady Navier—Stokes—Fourier system
with slip boundary conditions, Mathematical Models & Methods in
Applied Sciences 24 (2014), 751-781.

(for the Navier boundary conditions for the velocity). The main idea is based

on using as test function

(x—y)i

I L=



A priori estimates VI

After some complicated estimates, in particular near the boundary, we end up

with 9
w[ e,
yeQ J Bry (v)NQ Ix =yl (35)
2
< C(1+ [lp(os )llx + llullz2(L + [[9][3m) + llelul*[|2),

for the Dirichlet boundary conditions for the velocity, and
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After some complicated estimates, in particular near the boundary, we end up
with 9
sup/ [7(977)(1 dx
yeQ J Bry (v)NQ Ix =yl (35)
2
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for the Navier boundary conditions for the velocity.
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After some complicated estimates, in particular near the boundary, we end up

with 9
w[ e,
yeQ J Bry (v)NQ Ix =yl (35)
2
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2
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for the Navier boundary conditions for the velocity. We may combine these
estimates with

ullo+ [ In 932+ 192 [0 < C(8,95)(1 + [ ouli13) (37)

with § > 0, arbitrarily small.



A priori estimates VI

After some complicated estimates, in particular near the boundary, we end up
with 9
sup/ [7(977)(1 dx
yeQ J Bry (v)NQ Ix =yl (35)
2
< C(1+ llp(e, 9)llx + [lull2(1 + [[9]lsm) + llolul*[l2),

for the Dirichlet boundary conditions for the velocity, and

2
Sup/ ( ple,9) . _olul )dx
yeaJ Bry ()N Ix —yl*  |x =yl (36)

2
< C(1+ llp(e, 9)llx + [lull2(1 + [[9]l3m) + llolul*[l2),

for the Navier boundary conditions for the velocity. We may combine these

estimates with

ullo+ [ In 932+ 192 [0 < C(8,95)(1 + [ ouli13) (37)

with § > 0, arbitrarily small. This yields after many several technical
computations

ullf2+ [ In 932+ 192 32 + llollsy + lelul?]ls < C (38)

for some s > 1; we also need to check when s > g.



Weak compactness |

Let {f,}2°; C L°°(Q;R®) be a sequence of functions such that ||f,|ls < C and
f, — f (strongly) in L*(Q;R?). Assume that (s, un,¥,) is a sequence of
solutions to our problems generated by the sequence of the right-hand sides f,

which fulfils the bound
1r+[lonllv+e < C

1,2 + [[94]

m
Jualls2 + [ InFallr2 + (107 |

with v, m, r and © satisfying the restrictions deduced above.
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Let {f,}2°; C L°°(Q;R®) be a sequence of functions such that ||f,|ls < C and
f, — f (strongly) in L*(Q;R?). Assume that (s, un,¥,) is a sequence of
solutions to our problems generated by the sequence of the right-hand sides f,
which fulfils the bound

m
Jualls2 + [ InFallr2 + (107 |

1,2 + [[94]

1o+ lloallso < €
with v, m, r and © satisfying the restrictions deduced above.

Then
u, —u weakly in Wy?(Q; R?),

u, = u strongly in L9(Q; R?), V1< qg<6,

9o — 9 weakly in WH(Q) N L7(Q),

9 — 9 strongly in LY(Q), V1< gq<3m,
In9, — InY strongly in LY(Q), V1< g <6,

on— 0 weakly in L779(Q),

u, > u strongly in LY(09; R?), V1<qg<4.



Weak compactness |l

OnUn, — ou in some Lq(Q;R3); therefore

/ ou-Vydx=0 Vi e G(R?. (39)
Q
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Moreover, if v + © > 2 (not true for small m and +), the pair is also a
renormalized solution to the continuity equation.



Weak compactness |l

onUp, — ou in some Lq(Q;R3); therefore
/ ou-Vipdx=0 Ve G(R?). (39)
Q

Moreover, if v + © > 2 (not true for small m and +), the pair is also a
renormalized solution to the continuity equation.

/ (— o(u®@u): Vo — p(o,9)dive + S(9, Vu) : Vo) dx
@ (40)
:/gf-tp dx Ve € G(QR?),
Q

where p(p, ) denotes the weak limit of p(on,9,) in L*(R2) (or, equivalently, of
p(0on, ) due to the strong convergence of the temperature).



Weak compactness |

Passing to the limit in the entropy inequality we get, using the weak lower
semicontinuity for the first two terms

/Q<S(z9,v;) : Vu+f<(79)19|2V19\2>¢ dx < /Q (/i(’ﬂ)Vq;9~V’g/}_

os(e, ﬁ)u-V¢) dx

(41)
for all » € G3(Q), non-negative in Q.



Weak compactness |

Passing to the limit in the entropy inequality we get, using the weak lower
semicontinuity for the first two terms

/Q<sw,w) : Vu+ﬁ(79)|V19\2>¢ dx < /Q (M_mww) dx

9 9? )
(41)
for all » € G3(Q), non-negative in Q.
Similarly, for the ballistic energy inequality
/ (Us(0. Vu) : Vu+ w(9) V0P ) dx—/\/ o2 ds
o \Y v a0 (42)

O\

</(gf~u—gs(g,19)u~V1§+
Q

for any 9 € CY(Q), positive, 9]aq = 9Ip.



Weak compactness IV

fy+©>2(ors> g) and m > 1, we can pass to the limit in the total energy
balance

— [ (30w + 2l ple D)) Vs dx

(43)
_ /Q (of -y — (S(, wu + £(D)VI) - V) dx Vo € GH(Q).



Weak compactness IV

fy+©>2(ors> g) and m > 1, we can pass to the limit in the total energy
balance

— [ (Gelul® + 2eCe. 9+ Pl )u- Vo dx
: (43)

= /9 (gf ~up — (S(9, u)u + K(9)VI) -w) dx Vi € G(Q).

To conclude, we need to show the strong convergence of the density. For this,
we need the renormalized continuity equation for the limit density and velocity.
If v+ © > 2, we may use the approach due to P.L. Lions. We may follow

@ A. Novotny, M.P.: Steady compressible Navier-Stokes—Fourier system for
monoatomic gas and its generalizations, Journal of Differential Equations
251 (2011), 270-315.



Strong convergence of density |

Assume first that the density is bounded in L?(£2). We use test functions in the
momentum equation for n € N the function ¢ := VA7 (1q09) and for the
limit problem ¢ := VA™!(100%), where 0 < o < min{1,©}.

p(0. 007 — (31(9) +€0)) o7 dvu = p(2,9) &7 — (Su(9) + £(9)) " div

a.e. in Q.
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Pass to the limit in the renormalized continuity equation

/QTU'V¢dX+(1—U)/ o°divuydx =0
R3 R3

for any ¥ € C3(R?).



Strong convergence of density |

Assume first that the density is bounded in L?(£2). We use test functions in the
momentum equation for n € N the function ¢ := VA7 (1q09) and for the
limit problem ¢ := VA™!(100%), where 0 < o < min{1,©}.

p(0. 007 — (31(9) +€0)) o7 dvu = p(2,9) &7 — (Su(9) + £(9)) " div
a.e. in Q.

Pass to the limit in the renormalized continuity equation
/ o%u-Vydx+ (1-— a)/ 0 divuypdx =0
R3 R3

for any ¥ € C3(R?).

We renormalize the equation above and combine it with the effective viscous
flux identity.

—5: dxt 10 1 oo — (o D) 57) 57 E L dx —
/R; UV dx+=— /Rs %M(ﬁ)+€(19)(p(g’ )07 —p(o,9) 07) 0" = " dx

for any ¥ € G5 (R?).



Strong convergence of density |l

We take ¢y =1in Q

1 o a
/Q m(P(Q» 9)e” = p(e,9) ¢7) e ¢ dx = 0.



Strong convergence of density |l

We take ¥ =1 in Q

1 —1_ _
/Qm(l?(&ﬂ)g —plo,9) e )Q 7 " dx=0.

We use properties of the pressure function to get

x

1 —_— ——\—1_3
— d(o7te — o7 0%) 0 @ d
L@ @ T ET

1 e —\—sl-1 =
+/ﬂm(ﬁ’m(9ﬂ)9 pm(0,9)07) 07> "¢ dx = 0.




Strong convergence of density |l

We take ¥ =1 in Q

1 —1_ _
/Qm(l?(&ﬂ)g —plo,9) e )Q 7 " dx=0.

We use properties of the pressure function to get

1 g
——— e RN A I i dx
/quwmw) (e —aer)er v
+/ ;(Pm(& 0)0” — pm(0:0) 27) 077 ¢ dx = 0.
Q %H(ﬁ) +£(9)

Both functions ¢ — ©” and ¢ — pm(0,¥) are increasing and the temperature
converges strongly, thus both integrals above are non-negative and thus zero.

1

(Pm(0.9)0” — pm(0,0) 07) 07> * =0

a.e. in Q.



Strong convergence of density Il]

on — O strongly in LY({x € Q: 97 =0}) forany 1 < g < v+ ©.

Due to the monotonicity of the power function p7+7 = o7 9@ which implies
—_ _x

Q’Y =p%°.

This yields that o7 — ¢” in L9(Q), 1< g < %; whence also gn — ¢ in
L), 1<qg<~y+0.
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Due to the monotonicity of the power function 977 = o7 0% which implies
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This yields that g — 07 in L9(Q), 1< g < %; whence also g9, — ¢ in
L), 1<g<~y+0.

If the density is not bounded in L?(£2), we do not know whether the
renormalized continuity equation is fulfilled. To this aim, following the idea of
E. Feireisl from the evolutionary case, we additionally estimate the oscillation
defect measure

oscalon — ol(@) = sup (imsup | |Tien) = Tulo)“dx). (40



Strong convergence of density Il]

on — O strongly in LY({x € Q: 97 =0}) forany 1 < g < v+ ©.

Due to the monotonicity of the power function 977 = o7 0% which implies
=7

This yields that ¢f — 07 in L9(Q), 1 < g < 2t2; whence also g, — ¢ in
L), 1<qg<~y+0.

If the density is not bounded in L?(£2), we do not know whether the
renormalized continuity equation is fulfilled. To this aim, following the idea of
E. Feireisl from the evolutionary case, we additionally estimate the oscillation
defect measure

oscalon — ol(@) = sup (imsup | |Tien) = Tulo)“dx). (40

where Ti(-) is a suitable cut-off function. if we get the estimate for g > 2, it is
possible to verify that if the sequence of densities and velocities satisfies the
renormalized continuity equation, then the same holds also for the limit
functions. The rest is similar as above, with certain small modifications.
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