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Another advantage of a mathematical statement is that it is so definite
that it might be definitely wrong. . . Some verbal statements have not
this merit.

F.L.Richardson (1881-1953)
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Mathematical fluid dynamics of
compressible fluids






Chapter 1

Introduction

Despite the concerted effort of generations of excellent mathematicians, the
fundamental problems in partial differential equations related to continuum
fluid mechanics remain largely open. Solvability of the Navier—Stokes sys-
tem describing the motion of an incompressible viscous fluid is one in the
sample of millenium problems proposed by Clay Institute, see [7]. In con-
trast with these apparent theoretical difficulties, the Navier—Stokes system
became a well established model serving as a reliable basis of investigation in
continuum fluid mechanics, including the problems involving turbulence phe-
nomena. An alternative approach to problems in fluid mechanics is based
on the concept of weak solutions. As a matter of fact, the balance laws,
expressed in classical fluid mechanics in the form of partial differential equa-
tions, have their origin in integral identities that seem to be much closer
to the modern weak formulation of these problems. Leray [13] constructed
the weak solutions to the incompressible Navier-Stokes system as early as
in 1930, and his “turbulent solutions” are still the only ones available for
investigating large data and/or problems on large time intervals. Recently,
the real breakthrough is the work of Lions [14] who generalized Leray’s the-
ory to the case of barotropic compressible viscous fluids (see also Vaigant
and Kazhikhov [19]). The quantities playing a crucial role in the descrip-
tion of density oscillations as the effective viscous flux were identified and
used in combination with a renormalized version of the equation of continu-
ity to obtain first large data/large time existence results in the framework of
compressible viscous fluids.

The main goal of this lecture series is to present the mathematical theory
of compressible barotropic fluids in the framework of Lions [14], together with
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8 CHAPTER 1. INTRODUCTION

the extensions developed in [8]. After an introductory part we first focus on
the crucial question of stability of a family of weak solutions that is the
core of the abstract theory, with implications to numerical analysis and the
associated real world applications. For the sake of clarity of presentation, we
discuss first the case, where the pressure term has sufficient growth for large
value of the density yielding sufficiently strong energy bounds. We also start
with the simplest geometry of the physical space, here represented by a cube,
on the boundary of which the fluid satisfies the slip boundary conditions.
As is well-known, such a situation may be reduced to studying the purely
spatially periodic case, where the additional difficulties connected with the
presence of boundary conditions is entirely eliminated. Next part of this
lecture series will be devoted to the detailed existence proof with (nowadays)
optimal restriction on the pressure function. We will also consider the case
of homogeneous Dirichlet boundary conditions.



Chapter 2

Mathematical model

As the main goal of this lecture series is the mathematical theory, we avoid
a detailed derivation of the mathematical model of a compressible viscous
fluid. Remaining on the platform of continuum fluid mechanics, we suppose
that the motion of a compressible barotropic fluid is described by means of
two basic fields:

the mass density ............o i 0= o(t,z),
the velocity field ....... ... . u = u(t,z),

functions of the time ¢ € R and the spatial position z € R?.

2.1 Mass conservation

Let us recall the classical argument leading to the mathematical formulation
of the physical principle of mass conservation, see e.g. Chorin and Marsden
[3]. Consider a volume B C R? containing a fluid of density o. The change
of the total mass of the fluid contained in B during a time interval [ty 5],

t1 < tg is given as
/Q(tz,ll?) dx—/ o(ty, z) du.
B B

One of the basic laws of physics incorporated in continuum mechanics as
the principle of mass conservation asserts that mass is neither created nor
destroyed. Accordingly, the change of the fluid mass in B is only because of
the mass flur through the boundary 0B, here represented by ou - n, where
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n denotes the outer normal vector to 0B:
to
/ o(ta, ) dx—/ o(ty,z) de = —/ / o(t,z)u(t,z) -n(x) dS, dt. (2.1)
B B tn JoB

One should remember formula (2.1) since it contains all relevant piece
of information provided by physics. The following discussion is based on
mathematical arguments based on the (unjustified) hypotheses of smoothness
of all fields in question. To begin, apply Gauss—Green theorem to rewrite
(2.1) in the form:

/B olty,z) dz — /B oltr, ) dz = — /: /B aiv, (ot )u(t.2)) do .

Furthermore, fixing t; = t and performing the limit ¢, — ¢ we may use
the mean value theorem to obtain

/B Dio(t, ) dr = lim t21—t< /B olts,7) dz — /B olt.) d) (22

/t2 div, (Q(t,x)u(t,w)> dx dt

t B

= —/Bdivx<g(t,x)u(t,x)> dx.

Finally, as relation (2.2) should hold for any volume element B, we may
infer that

io(t, x) + div, <g(t, )ult, x)) ~0. (2.3)

Relation (2.3) is a first order partial differential equation called equation of
continuity.

2.2 Balance of momentum

Using arguments similar to the preceding part, we derive balance of momen-
tum in the form

) (g(t, 2)ult, x)) +divx(g(z€, o)u(t, z)@u(t, x)) = div, T(t, ) +o(t, 2)E(t, ),
(2.4)
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or, equivalently (cf. (2.3)),
o(t, ) [@u(t, z)+u(t,z) - Vult, x)] = div,T(¢, ) + o(t, x)f(t, z),

where the tensor T is the Cauchy stress and f denotes the (specific) external
force acting on the fluid.
We adopt the standard mathematical definition of fluids in the form of
Stokes’ law
T=S-—pl,

where S is the viscous stress and p is a scalar function termed pressure. In
addition, we suppose that the viscous stress is a linear function of the velocity
gradient, specifically S obeys Newton’s rheological law

2
S=S(V,u) =p (qu +Viu-— gdivxul[> + ndiv,ul, (2.5)

with the shear viscosity coefficient 1 and the bulk viscosity coefficient 7, here
assumed constant, > 0, n > 0.

In order to close the system, we suppose the fluid is barotropic, mean-
ing the pressure p is an explicitly given function of the density p = p(p).
Accordingly, for A =n — g,u

2
div,T = pAu+ (A + p)V.dive,u — Vep(o), >0, A > —gh (2.6)

and equations (2.3), (2.4) can be written in a concise form as

NAVIER-STOKES SYSTEM

0o + div,(ou) =0, (2.7)
O(ou) + div,(ou ®@ u) + V,p(0) = pAu + (A + p)Vdivyu + of. (2.8)

The system of equations (2.7), (2.8) should be compared with a “more
famous” incompressible Navier—Stokes system, where the density is constant,
say 0 = 1, while (2.7), (2.8) “reduces” to

div,u = 0, (2.9)
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Ju+divy(u®u) + V,p = pAu + f. (2.10)

Unlike in (2.8), the pressure p in (2.10) is an unknown function determined
(implicitly) by the fluid motion! The pressure in the incompressible Navier—
Stokes system has non-local character and may depend on the far field be-
havior of the fluid system.

2.3 Spatial domain and boundary conditions

In the real world applications, the fluid is confined to a bounded spatial do-
main Q C R®. The presence of the physical boundary 9 and the associated
problem of fluid-structure interaction represent a source of substantial diffi-
culties in the mathematical analysis of fluids in motion. In order to avoid
technicalities, we suppose in Part II of the lecture series that the motion is
space-periodic, specifically,

o(t,r) = o(t,z +a"), u(t,z) = u(t,r + a’) for all ¢, z, (2.11)

where the period vectors al = (a1,0,0), a? = (0,a,,0), a®> = (0,0,a3) are
given. Equivalently, we may assume that €2 is a flat torus,

Q = [07(11”{0,111} X {OJ QQH{O,GQ} X [07a3”{0,a3}-

The space-periodic boundary conditions have a nice physical interpreta-
tion in fluid mechanics, see Ebin [5]. Indeed, if we restrict ourselves to the
classes of functions defined on the torus €2 and satisfying the extra geometric
restrictions:

o(t,x) = olt, —x), wi(t, @i, -) = —wi(t, -, —wi,-), 1=1,2,3,
wi(t, -, xj, ) = wlt, -, —x;,-) for i # j,
and, similarly,
filt, i) = =filts =i, o), fills - @g,-) = filt, -, —x;,-) for i # j,
we can check that

e cquations (2.7), (2.8) are invariant with respect to the above transfor-
mations;
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e the velocity field u satisfies the so-called complete slip conditions
u-n=0, [Snjxn=20 (2.12)
on the boundary of the spatial block [0, a4] x [0, as] x [0, as].

We remark that the most commonly used boundary conditions for viscous
fluids confined to a general spatial domain € (not necessarily a flat torus)
are the no-slip

U.|aQ = 0. (2.13)

We will focus on this type of the boundary condition in Part III of this
lecture series. As a matter of fact, the problem of the choice of correct
boundary conditions in the real world applications is rather complex, some
parts of the boundaries may consist of a different fluid in motion, or the
fluid domain is not a priori known (free boundary problems). The interested
reader may consult Priezjev and Troian [17] for relevant discussion.

2.4 Initial conditions

Given the initial state at a reference time tq, say to = 0, the time evolution
of the fluid is determined as a solution of the Navier—Stokes system (2.7),
(2.8). It is convenient to introduce the initial density

0(0,z) = go(z), x € Q, (2.14)
together with the initial distribution of the momentum,
(0u)(0,z) = (ou)o(z), = € €, (2.15)

as, strictly speaking, the momentum balance (2.8) is an evolutionary equation
for pu rather than u. Such a difference will become clear in the so-called weak
formulation of the problem discussed in the forthcoming section.



14

CHAPTER 2. MATHEMATICAL MODEL



Chapter 3

Weak solutions

A vast class of non-linear evolutionary problems arising in mathematical
fluid mechanics is not known to admit classical (differentiable, smooth) solu-
tions for all choices of data and on an arbitrary time interval. On the other
hand, most of the real world problems call for solutions defined in-the-large
approached in the numerical simulations. In order to perform a rigorous
analysis, we have to introduce a concept of generalized or weak solutions,
for which derivatives are interpreted in the sense of distributions. The dis-
sipation represented by viscosity should provide a strong regularizing effect.
Another motivation, at least in the case of the compressible Navier—Stokes
system (2.7), (2.8), is the possibility to study the fluid dynamics emanating
from irregular initial state, for instance, the density gy may not be continuous.
As shown by Hoff [11], the singularities incorporated initially will “survive”
in the system at any time; thus the weak solutions are necessary in order to
describe the dynamics.

3.1 Equation of continuity — weak formula-
tion

We consider equation (2.7) on the space-time cylinder (0,7") x , where

Q) is the flat torus introduced in Section 2.3. Multiplying (2.7) on ¢ €

C>((0,T) x Q), integrating the resulting expression over (0,7) x €, and
performing by parts integration, we obtain

/OT/Q (Q(t>$)8t90(ta z)+ o(t, z)u(t, ) - Vapl(t, x)) dz dt = 0. (3.1)

15



16 CHAPTER 3. WEAK SOLUTIONS

Definition 3.1 We say that a pair of functions o, u is a weak solution
to equation (2.7) in the space-time cylinder (0,T) x 2 if o, ou are locally
integrable in (0,T) x Q and the integral identity (3.1) holds for any test
function ¢ € C°((0,T) x Q).

3.1.1 Weak-strong compatibility

It is easy to see that any classical (smooth) solution of equation (2.7) is also a
weak solution. Similarly, any weak solution that is continuously differentiable
satisfies (2.7) pointwise. Such a property is called weak-strong compatibility.

3.1.2 Weak continuity

Up to now, we have left apart the problem of satisfaction of the initial con-
dition (2.14). Obviously, some kind of weak continuity is needed for (2.14)
to make sense. To this end, we make extra hypotheses, namely,

0 € L'(0,T; Lo (),  ou € L'(0,T; Liyo (% RY)). (32)
Taking
p(t,x) =y(t)o(x), ¥ € C2(0,T), ¢ € CZ(Q)
as a test function in (3.1) we may infer, by virtue of (3.2), that the function

t— / o(t,z)¢(x) dx is absolutely continuous in [0, 7] (3.3)
Q

for any ¢ € C2°(2). In particular, the initial condition (2.14) may be satisfied
in the sense that

lim /Qg(t,x)¢(:c) dz = /Q 00(z)p(x) dzx for any ¢ € C'°(Q).

t—0+

To this aim, take

gpg(t,l‘) = wE(t)Qo(tux% (S Ccoo([()?T] X Q)?
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where 9. € C2°(0, 1),
ngsgla ws/‘l[O,T] as e — 0.

Taking ¢. as a test function in (3.1) and letting ¢ — 0, we conclude,
making use of (3.3), that

/ o(r, )p(r, ) d / 00(2)(0, z) dz (3.4)
Q Q

for any 7 € [0, 7] and any ¢ € C°([0,7] x ).

Formula (3.4) can be alternatively used as a definition of weak solution
to problem (2.7), (2.14). It is interesting to compare (3.4) with the original
integral formulation of the principle of mass conservation stated in (2.1). To
this end, we take

po(t,7) = 6 (),

OT/Q <g(t, x)0p(t, z) + o(t, x)u(t, x) - Vo(t, x)) dx dt
T
4)

with ¢. € C2°(B) such that
0<¢.<1, ¢. “1pase—0.

It is easy to see that

| etroedrio) do— [ aaon0.0) do = [ ofra) do = [ oofo) ao

as ¢ — 0, which coincides with the expression on the left-hand side of (2.1).
Consequently, the right-hand side of (3.4) must posses a limit and we set

// (t,z)u(t,z) - Voo () de dt — — // (t,z)u(t,z) -n dS, dt.
OB

In other words, the weak solutions possess a normal trace on the boundary
of the cylinder (0,7) x B that satisfies (2.1), see Chen and Frid [2] for more
elaborate treatment of the normal traces of solutions to conservation laws.

3.1.3 Total mass conservation

Taking ¢ =1 for t € [0, 7] in (3.4) we obtain

/ o(t,z) de = / oo(z) dz = M, for any 7 > 0, (3.5)
Q Q

meaning, the total mass M, of the fluid is a constant of motion.
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3.2 Balance of momentum — weak formula-
tion

Similarly to the preceding part, we introduce a weak formulation of the bal-
ance of momentum (2.8):

Definition 3.2 The functions o, u represent a weak solution to the mo-
mentum equation (2.8) in the set (0,T) x Q if the integral identity

| [ (tewt.)- at.2) + uonto): Vaptta) 39

+p(0)(t, z)dive(t, x)) dx dt

_ /0 : /Q (vau(t,x):vxw(w)

+(A + p)diveu(t, z)divee(t, ) — o(t, )E(t, x) - (¢, x)) dz dt

is satisfied for any test function o € C=((0,T) x ;R?).

Of course, we have tacitly assumed that all quantities appearing in (3.6)
are at least locally integrable in (0,7") x Q. In particular, as (3.6) contains
explicitly V,u, we have to assume integrability of this term. As we shall see
in the following section, one can expect, given the available a priori bounds,
V.u to be square integrable, specifically,

u € L*(0,T; WH(Q; R?)).

If © ¢ R is a (bounded) domain with a non-void boundary, we can
enforce several kinds of boundary conditions by means of the properties of
the test functions. Thus, for instance, the no-slip boundary conditions

ulpo =0, (3.7)

require the integral identity (3.6) to be satisfied for any compactly supported
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test function ¢, while
u e L0, T; Wy (% RY)),

where W;?(€; R®) is the Sobolev space obtained as the closure of C2°(€Q; R?)

in the Wh?-norm. On the other hand, for the periodic boundary conditions,

we can allow test functions ¢ € C°((0,7) x ;R?) and the velocity u €
2 CWL2(0- RS

L0, T; Wi (S5 R?)).

Remark 3.1 We may get the weak-strong compatibility as in the case of

continuity equation.
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Chapter 4

A priori bounds

A priori bounds are natural constraints imposed on the set of (hypothetical)
smooth solutions by the data as well as by the differential equations satis-
fied. A priori bounds determine the function spaces framework the (weak)
solutions are looked for. By definition, they are formal, derived under the
principal hypothesis of smoothness of all quantities in question.

4.1 Total mass conservation

The fluid density o satisfies the equation of continuity that may be written
in the form

do+u-V,0= —odiv,u. (4.1)

This is a transport equation with the characteristic field defined

d
Xt w0) = u(t,X), X(0,20) = o.

Accordingly, (4.1) can be written as

%g(t, X(t,-) = —o(t,X(t,-))div,u(t, X(t,-)).

Consequently, we obtain

21
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;Ielsfz 0(0, z) exp (—t||divyul| e ((0.1)x) ) (4.2)
<ot z) <
< sup 0(0, ) exp (t[|diveul| L(o,r)x0))
IS

for any ¢ € [0, T7.

Unfortunately, the bounds established in (4.2) depend on ||div,u|lz~ on
which we have no information. Thus we may infer only that

o(t,xz) >0, (4.3)

provided o(0,x) > 0 in .
Relation (4.3) combined with the total mass conservation (3.5) yields

lo(t, )Ly = lloollzr (@), 0(0,-) = oo (4.4)

4.2 Energy balance

Taking the scalar product of the momentum equation (2.4) with u we deduce
the kinetic energy balance equation

1 1
O (§Q|u|2> +div, (§Q|u|2u) +div,(p(0)u)—p(o0)div,u—div,(Su)+S : V,u

(4.5)
= of - u.

Our goal is to integrate (4.5) by parts in order to deduce a priori bounds.
Imposing the no-slip boundary condition (2.13) or the space-periodic bound-
ary condition (2.11) we get

1
i (—Q|u|2) dzr — / p(o)div,u dz + / S:V,udz = / of -u dzx,
dt Jo \ 2 o 0 0

where, in accordance with (2.6),

/S :Veude = ,u/ IVoul® dz + (A + ,u)/ |div,ul* dz > c/ |V, ul? dr,
Q 0 Q Q
(4.6)
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¢ > 0, provided > 0 and A +2/3pu > 0.
Seeing that

/Qf~udx§/|f|\/§\/§|u| dz
Q Q

1
S L P, / o du + / oful’ dz ) .
2 Q Q

we focus on the integral

/p(g)divxu dz.
Q

23

Multiplying the equation of continuity (4.1) by ¥/(¢) we obtain the renor-

malized equation of continuity

9¢b(0) + div,(b(p)u) + <b’(g)g — b(g))divru = 0.

Consequently, in particular, the choice

leads to

Thus
) d
—/p(g)dlvxu dr = —/P(g) dux,
Q dt Jq

and we deduce the total energy balance

d

We conclude with

1
— —olu* + P(o) dx—i—/S:qu dx:/gf-udx.
dt Jo \2 Q 0

(4.7)

(4.8)
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ENERGY ESTIMATES:

sup [|\/ou(t, )| L2 rs) < c(Eo, T’ ), (4.9)
t€[0,T]
sup / P(o)(t,) dz < ¢(Ey, T, f), (4.10)
te0,7] JQ
T
|t B < (B0, T.5), (4.11)
0

where Ej denotes the initial energy

1
EO:/ (igoluo\Q—i-P(go)) dz.
Q

Note that in case of the Dirichlet boundary conditions we have ||ulj;2 <
C||V,ulls while for the space periodic conditions, due to the fact that we
control the total mass, we also control [, olu| da which yields |jufl;2 <
C([[Vzull2 + [[eully).

4.3 Pressure estimates

A seemingly direct way to pressure estimates is to “‘compute” the pressure
in the momentum balance (2.8):

p(0) = —A~div,0,(ou)— A~ div,div, (ou®u)+A~div,div,S+A " div,(of),

where A™1 is an “inverse” of the Laplacean. In order to justify this formal
step, we use the so-called Bogovskii operator B ~ div;l.
We multiply equation (2.8) on

Bld =5 |u(0) — i [ 0(0) ]

and integrate by parts to obtain

/ [ o) ar a (112
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:ﬁ/OT/Qp(Q) dx/Qb(g) dxdt+/OT/QS:V$B[Q] dz dt
_/OT/QQ(u®u) . V,B[d] dx—/OT/QQu-atB[g] do dt—/OT/ng-B[Q] de dt

" / (ou - Blgl(T.-) — aouo - Blao]) d.

Furthermore, we have
0Blo] = —B [div, (b(o)u) + (V(e)o—blo) Jdiveu  (4.13)

1

T/, (b'(g)g — b(g))divmu dx} :

We recall the basic properties of the Bogovskii operator:

BOGOVSKII OPERATOR:

div,B[h] = h for any h € LP(Q), / hdr=0,1<p<oo, B[h]lsga =0,
Q

(4.14)
HB[h]”W(}vP(Q;RS) < c)hllzr@), 1 <p < oo, (4.15)
I1BIA| Laosr?) < 118l La(oir?) (4.16)

for h € LP(Q), h =div,g, g -nlsa =0, 1 < ¢ < oo.

As will be seen in the last part (Chapter 8), we can show that for b(g) = ¢’

the right-hand side is possible to estimate provided

9§min{%,§7—1}. (4.17)
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Note that for v < 6 the restriction comes from the second term in (4.17) while
for v > 6 the first term is more restrictive. In fact, working a bit harder, we
can remove also the limit 8 < % for v > 6. Furthermore, to remove the term
at t := T we may use a suitable cut-off function in time.



Chapter 5

Complete weak formulation

A complete weak formulation of the (compressible) Navier—Stokes system
takes into account both the renormalized equation of continuity and the
energy inequality. Here and hereafter we assume that Q C R? is either a
bounded domain with Lipschitz boundary or a periodic box. For the sake of
definiteness, we take the pressure in the form

p(0) = ag”, with a > 0 and vy > 3/2. (5.1)

In Part II we restrict ourselves to the case when ~ is “sufficiently” large, Part
IIT will contain the proof only under restriction (5.1).

5.1 Equation of continuity
Let us introduce a class of (nonlinear) functions b such that
bc C'([0,00)), b(0) =0, ¥(r) =0 whenever r > M, (5.2)

We say that o, u is a (renormalized) solution of the equation of continuity
(2.3), supplemented with the initial condition,

0(07 ) = 0o,

if 0 € Cyear([0,T); L(Q)), 0 >0, u € L*(0,T; WH%(Q;R?)), and the integral
identity

27
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| [ (000D dio(o-+ 4o w Tusp (ble) = ¥(0)e)divsug) da
(5.3)

=—L@ww@»wmwn

is satisfied for any ¢ € C2([0,T) x Q) and any b belonging to the class
specified in (5.2).

In particular, taking b = 0 we deduce the standard weak formulation
of (2.3) in the form (we use the considerations from Section 3 to include
also the term at ¢ := 7; we avoid this term in (5.3) due to certain technical
complications connected with nonlinearity of b(+))

| (etr 1ot ) = 00p(0.) o (54)

:/()T/Q(Qé’tgo—i—gu-vzgo) dx dt

for any 7 € [0,7] and any ¢ € C=([0,T] x ).

In case of space-periodic boundary conditions we assume o and u space-
periodic, while for the homogeneous Dirichlet boundary conditions we assume
u € L2(0,T; Wy *(R*;R?)). Note that (5.4) actually holds on the whole phys-
ical space R? provided (in case of the Dirichlet boundary conditions) g, u were
extended to be zero outside €. Note also that (5.4) implies that the initial
condition 0(0,-) = go(-) is fulfilled. In case of the space periodic boundary
conditions we may extend the functions outside €2 due to the periodicity.

5.2 Momentum equation
In addition to the previous assumptions we suppose that

ou € Cyear ([0, T); L9(S; R?)) for a certain ¢ > 1, p(o) € L'((0,T) x ).
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The weak formulation of the momentum equation reads:

/Q (Qu(T, ) -p(r,) — (ou)o - (0, .)) Az (5.5)
= /OT/Q (Qu “Op+o(u®u): Vyp +P(@)div$go> dr dt
- /0 T /Q (W:cu : Vo + (A + p)divyudivee — of - (p) dz dt

for any 7 € [0, 7] and for any test function ¢ € C®([0,T] x Q;R?).

Note that (5.5) already includes the satisfaction of the initial condition

eu(0,-) = (eu)o.

5.3 Energy inequality

The weak solutions are not known to be uniquely determined by the initial
data. Therefore it is desirable to introduce as much physically grounded
conditions as allowed by the construction of the weak solutions. One of them
is

ENERGY INEQUALITY:

/QG““'Q*P(Q)) (7,-) d$+/OT/Q (419202 + A+ o) div,uf?) de dt

(5.6)
g/g(%gougu)oﬁﬂa(go)) dx+/OT/ng~udx dt

for a.a. 7 € (0,7), where
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Some remarks are in order. To begin, given the specific choice of the
pressure p(o) = ao” and the fact that the total mass of the fluid is a constant
of motion, the function P(p) in (5.6) can be taken as

a
P(o) = .
(o) po L

Next, we need a kind of compatibility condition between gy and (ou)g
provided we allow the initial density to vanish on a nonempty set:

(ou)p = 0 a.a. on the “vacuum” set {z € Q | go(x) = 0}. (5.7)
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Chapter 6

Weak sequential stability

The problem of weak sequential stability may be stated as follows:

WEAK SEQUENTIAL STABILITY:

Given a family {o., u.}e~o of weak solutions of the compressible Navier—
Stokes system, emanating from the initial data

0:(0,) = 00, (0u):(0,-) = (ou)o,
we want to show that
0: — 0, us —wuase—0

in a certain sense and at least for suitable subsequences, where o, u is
another weak solution of the same system.

Although showing weak sequential stability does not provide an explicit
proof of ezistence of the weak solutions, its verification represents one of the
prominent steps towards a rigorous ezistence theory for a given system of
equations.

33
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6.1 Uniform bounds

To begin the analysis, we need uniform bounds in terms of the data. To this
end, we choose the initial data in such a way that

1
/Q (290 |(ou)o.)® + P(ggﬁ)) dz < Ej, (6.1)

where the constant Ej is independent of €. Moreover, the main and most
difficult steps of the proof of weak sequential stability remain basically the
same under the simplifying assumption

f=0.

In accordance with the energy inequality (5.6), we get for any T < oo

sup |lo(t, v < ¢ (6.2)
te(0,T)
and
sup [|v/ecuc(t, )| 2oy < ¢ (6.3)
te(0,7)
together with
T
| e B de < (6.4
0

where the symbol ¢ stands for a generic constant independent of ¢.
Interpolating (6.2), (6.3), we get

[0=e] | Laos) = IVeev/020e |l Laars) < IV eell 2@ lv/0euel r2oz3),

with

q= 72_21 > 1 provided v > 1.
We conclude that
2y
SUD¢eo,1] | o-u.(t, )HLq(Q R3) <C, q= ﬁ (6.5)

Next, applying a similar treatment to the convective term in the momen-
tum equation, we have

6
4y 43

|0 ® uEHLfI(Q;R3X3) < HQSUEHLQW/(WH)(Q;R‘)”usHLG(Q;R3)> with ¢ =
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Using the standard embedding relation
W2(Q) — L%(Q), (6.6)

we may therefore conclude that

/THQu @ U2, qpansy At < e, ¢ = v (6.7)

o e Ue ell La(;R3%3) = 4’}/‘1‘3

Note that 6 3
4713>1aslongasy>§.

Finally, we have the pressure estimates (see Chapter 8 for the proof):

T T
/ /p(gg)gg dz dt = a/ / o) dr dt <c (6.8)
0o Ja o Ja

for o = min{3, 2y — 1}.

6.2 Limit passage

In view of the uniform bounds established in the previous section, we may
assume that
0. — o weakly-(*) in L>(0,7"; L7(2)), (6.9)

u. — u weakly in L?(0, T; W2(Q; R?)) (6.10)

passing to suitable subsequences as the case may be. Moreover, since p.

satisfies the equation of continuity (5.4), relation (6.9) may be strengthened
to (see Chapter 7, in particular Lemma 7.4 and Theorem 7.2)

0 — 0 1n Clear ([0, T]; L7(2)). (6.11)

Let us recall that, in view of (6.9), relation (6.11) simply means

{t — /Qgg(t, ) dx} — {t > /Qg(t, ) dx} in C[0, T

for any p € C°(Q).
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6.3 Compactness of the convective term

Our next goal is to establish convergence of the convective terms. Recall
that, in view of the estimate (6.5), we may suppose that

o-u. — ou weakly-(*) in L>(0, T L2w/(w+1)(Q;R3))

and even

where the bar denotes (and will always denote in the future) a weak limit of
a composition.
Our goal is to show that

ou = gu.
This can be observed in several ways. Seeing that
Wy (Q) —— LY(Q) compactly for 1 < ¢ < 6,
we deduce that

LP(Q) =< W~ 1*(Q) compactly whenever p > g (6.13)

In particular, relation (6.11) yields (for v > £, ¢f. Theorem 7.2)
0- — 0 in C([0,T); W2(Q))),
which, combined with (6.10) and (6.12), gives rise to the desired conclusion
ou = pu.

For more details see again Chapter 7.

6.4 Passing to the limit — step 1

Now, due to the fact that v > 3/2 and due to estimate (6.7), we may infer
that

0-U. ® U, — ou @ u weakly in L((0,T) x ; R**®) for a certain ¢ > 1.
(6.14)
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Recalling (6.12), compactness of the embedding (6.13) and using that % >
g for v > % we conclude that

ou®u = ouu.

Summing up the previous discussion we deduce that the limit functions
0, u satisfy the equation of continuity

| (etr et = opl0,9) da (6.15)

:/OT/Q(Q&@+Qu-ng0> dx dt

for any 7 € [0,T] and any ¢ € C=([0,T] x ), together with a relation for
the momentum

/Q <9“(T’ ) () = (ew)o - (0, -)) dz (6.16)

:/ /(Qu'aﬂp—l-gu@uzvxtp—l—@divx(p) dx dt
0o Ja

. / / (,uvmu V.o + (N u)divzudivmcp) de dt
0 Q

for any test function ¢ € C=([0,T] x Q;R?).
Here, we have also to assume at least weak convergence of the initial data,
specifically,

00 — 0o weakly in L7(€2), (6.17)
(ou)p . — (ou)y weakly in Ll(Q;R3).

Thus it remains to show the crucial relation

p(e) = p(o)

or, equivalently,
0. — pa.a. in (0,7) x Q. (6.18)

This will be carried over in a series of steps specified in the remaining part
of this chapter.
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6.5 Strong convergence of the densities

In order to simplify presentation and to highlight the leading ideas, we assume
that

v =5,

in particular
e = 0 in Cyeax([0, T]; L7(2)), v = 5.

6.5.1 Compactness via Div-Curl lemma

Div-Curl lemma, developed by Murat and Tartar [15], [18], represents an
efficient tool for handling compactness in non-linear problems, where the
classical Rellich-Kondraschev argument is not applicable.
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D1v-CURL LEMMA:

Lemma 6.1 Let B C RM be an open set. Suppose that
vV — v weakly in LP(B; RM),

w,, — W weakly in LY(B;RM)

as n — oo, where

Let, moreover,
{div[v]}2, be precompact in W~'*(B),

{curl[w]}°, be precompact in W~1%(B; RM*M)

for a certain s > 1.

Then
Vy, + W, = V- W weakly in L"(B).

We give the proof only for a very special case that will be needed in the
future, namely, we assume that

divv, =0, w, = V,,, / ®, dy = 0. (6.19)
R]W

Moreover, given the local character of the weak convergence, it is enough

to show the result for B = RM. By the same token, we may assume that

all functions are compactly supported. We recall that a (scalar) sequence
{gn}o, is precompact in W15 (RM) if

gn = divh,, with {h,}>°, precompact in L*(R™; RM).
Now, it follows from the standard compactness arguments that

®,, — ® (strongly) in LYRM), V, & = w.
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Taking ¢ € C®(RM) we have

/ V- Whe dy = / V- VP dy
RIVI RM

:—/ Vv, - Vep®, dy — — v - V,p® dy
R]\/f

RNI

=/ v - wo dy,
R]M

which completes the proof under the simplifying hypothesis (6.19).

6.5.2 Renormalized equation

We start with the renormalized equation (5.3) with b(0) = elog(e) — o

/OT/Q <(Qe log(o:) Otp — Qadivxugl/)) dz dt = _/ng’a log(go,.) dz (6.20)

for any ¢ € C°[0,T), ¥(0) = 1. Clearly, relation (6.20) is a direct conse-
quence of (5.3). Repeating the procedure from Chapter 2 we can get

/gslog 0:)( dx+/ /ggdlv%u8 dx dt = /QQ8 log(0o,) dz. (6.21)
)

Passing to the limit for ¢ — 0 in (6.21) and assuming gp. — 0o in LP(Q2) for
some p > 1 we get

t
/glog o(t,-) dx+/ /gdivmu dz dT:/golog(go) dz. (6.22)
Q 0 Jo Q

Our next goal is to show that the limit functions g, u, besides (6.15), satisfy
also its renormalized version. To this end, we use the procedure proposed
by DiPerna and Lions [4], specifically, we regularize (6.15) by a family of
regularizing kernels k;5(z) to obtain:

atQé + diVx(QtSu) = diVm(Qéu) - [divx(gu>]5a

with
vs = kg * v, where * stands for spatial convolution.
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We easily deduce that

Ob(os) + div(blos)u) + (¥(2s)es — o) )div,u

— ¥/ (05) (divx(g(gu) _ [divx(gu)](;).

Taking the limit 6 — 0 and using Friedrich’s lemma (see Chapter 7; here
we need that o € L((0,T) x )) and the procedure from Chapter 2 we get

¢
/glog(g)(t,-) dx—l—/ /Qdivzu dz dT:/leog(Qo) dz;
Q 0o Jo Q

whence, in combination with (6.22),

/Q <Qlo—g(g)—glog(g))(t, ) dyz;—l—/ot/Q (M—Qdivmu) dz dr =0. (6.23)

Assume, for a moment, that we can show

/ / odiv,u dz dt > / / odiv,u dz dt for any 7 > 0, (6.24)
0o Jo 0o Jo
which, together with lower semi-continuity of convex functionals, yields

olog(o) = olog(o). (6.25)

In order to continue, we need the following (standard) result:

Lemma 6.2 Suppose that
0. — 0 weakly in L*(Q),

where
olog(o) = olog(o).

Then
0- — 0 in L'(Q).
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Proof: Suppose that
0<d<o.

Consequently, because of convexity of z — zlog(z), we have a.e. in Qs =
{(t,z) € Qs o(t,x) < M, o(t, x) > 0}
0=log(0:) — olog(o) = (log(e) + 1) (¢: — o) + (e, ¢:) o= — of?
1 .
(log(0) +1)(e- — o) + gz7lo- —o* if oc(t,x) <21,
>

(log(0) + 1)(o. — o) + 1=
: 4|Q£ - Q’

/ 0 — of da dt
{6<0}NQ

<cori)(| [ toalo) + 1ie-—o) dr

if o.(t,x) > 2M.

Therefore

+‘ /{M}OQ/ (0-log(e:) — 0log(o)) dx dtD
reOni)(| [ oso) + (e~ )

+‘/ (0-1og(0.) — olog(p)) dx dtDQ.
{6<0}NQm

Since f{(t e@o(taysary [0 — 0 do dt — 0 for M — oo uniformly in € €

(0,1), we conclude that
0. — o0 a.a. on the set {9 > §} for any § > 0.

Now, since
0. — o0 a.a. on the set {9 =0}

and
H0< o< d} —0asd—0,

we obtain the desired conclusion. [

In accordance with the previous discussion, the proof of strong (pointwise)
convergence of {o.}.~o reduces to showing (6.24). This will be done in the
next section.
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6.5.3 The effective viscous flux

The effective viscous flux
(2p + A)div,u — p(o)

is a remarkable quantity that enjoys better regularity and compactness prop-
erties than its components separately. To see this, we start with the momen-
tum equation

/Q <Q€u5(7—’ - (r,-) — (ou)o - (0, )) dx (6.26)
= [ ] (o004 0t 9 ) Vago -t plendivap)

_ / / (,qug LV + (Mt u)divxugdivxgo) de dt,
0 Q

together with its weak limit

/Q(Qu(Ta')"P(Ta‘)—(Qu)O'SD(Ow)) da (6.27)
— /OT/Q (Qu cOp+o(u®@u): Ve ‘I‘Mdin(P) dr dt

—/ / (,qu Ve + (A + u)divzudivmcp> dz dt.
0o Ja

Our goal is to take
¢ =p. = oV.A lge], ¢ € CZ(Q)
as a test function in (6.26), and
¢ = oV, A 1n0], ¢ € C(Q),

in (6.27).

Here, A~! represents the inverse of the Laplacean for space-periodic func-
tions for space periodic boundary conditions. For homogeneous Dirichlet
boundary conditions it is possible to use the inverse Laplace operator intro-
duced in (8.34). Since Q C R? is a bounded domain, we have

V.A 1qo.] bounded in L>=(0,T; W7 (Q; R?)), ~ > 3.
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Moreover, as 1gpo. as well as 1gp satisfy the equation of continuity, we
have

8thA’1[1Qg5] = —VIA’ldivx[ggus], 8tVIA’1[1QQ] = —V,;A’ldivx[gu].

Step 1: As
O — 0 in Cweak([O7T]; LW(Q)%

we have, in accordance with the standard Sobolev embedding relation
W (Q) —— C(Q),

V. A g0, = V. A 1g0] in C([0,T] x Q).
In particular, we deduce from (6.26), (6.27),

e—0

lim |:/ / (que ’ 8tQ08 + 0:u: QU Vz% +p<9€>divm§0a) dz dt
0 JQ

_ / / (nVeu s Vag, + O+ p)divadiveg, ) da] di
0 Q

= / / (QU -Op+o(u®u): Ve —i—p(g)divxgo) dz dt
0 Q

_/ / (uvxu Vep+ (A + u)dikudivmcp) dz dt,
0 Jo

with
(P = ¢VIA_1 [1QQ]>

similarly for ¢_. Therefore

i [ [ [ (oplede: +poVas- Vo8 flogd) dodt (628)

e—0

—/ / ¢<vaue : VEA Mlgo] + (M + u)divxuage> dx dt}
0o Ja

e—0

- hIIl/ / (:uvxua : vx¢ : VIA_l[]‘QQE]
0 Q

FO+ 0)div,u. V6 - vxa—luggg]) dz dt
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_ /0 ' /Q (600 + P(O)Vetr - VoA ! [lag]) du dt
_ /OT /Q ¢<vau : ViA_l[lﬂQ] + (A + ﬂ)divxug> dz dt
- /0 ’ /Q <”vxu.v$¢-va-1[1Qg] +()\—i—u)divxuvxqb-VxA_l[ngD dz dt

+ lim /T/Q <¢qug - VA Hdiv, (o-u. )]

e—0 0

—0:(u. ®@u.) : V, (¢V, A 1g0.]) ) dx dt

-/ ' | (60n- V.87 v, (o] = ot 9w V. (4V,A [10g]) ) d

Step 2: We have

. 2
/waus.v Ulgp.] dx—/¢2 [0, 0710, ][loe]) da

2,j=1

/ S (0 (600 A0, [1ng.)) do

2,7=1

/Z (8,00l [0,, 0710, ][1a0.]) da

2,j=1

/ pdiv,u,p. do+ / V.-uco, dz— / S (00,0001, A1, Jlnl) do.

2,j=1

Consequently, going back to (6.28) and dropping the compact terms, we
obtain

hm/ / (A + 2u)dlvxuggs> dz dt (6.29)

/ / Q - (A + 2u)dlvxug> dx dt

= hm/ /Qd) OcUg - VxA_l[diV:(:(QauE)}

e—0 0
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—o0:(u: ®@u,.) : VxA_IVm[IQQSD dz dt

~ [ [ o(on- V.a divion)] - olw o w): VA7V, 1n) do dt

Step 3: Our ultimate goal is to show that the right-hand side of (6.29)
vanishes. To this end, we write

OcUg - VrA_l[diVx(qus)] - Qs(us & ue) : va_lvx[lQQe]

=u, - (ggva’l[div$(qu€)] — o.u, - VIA”V‘T[ngED.
Consider the bilinear form

3
vow] = 37 (R l0?) = R V]), Riy = 0,070,

1,j=1

where we may write

3
3 (v Rusl) — w'Rs o))
i,j=1

_ Z (0 = R ) Raglo) — (' — Ry R 07)

=U-V-W-Z,
where
3 3
U= (0 =Ry, W= (w' = Ry;[w]), div,U = div, W =0,
j=1 j=1
and

3 3
Vi=0,, (Z A—laﬂwﬂ) , 7' =0, (Z A—laﬂvi> ,i=1,2,3.
j=1 j=1

Thus a direct application of Div-Curl lemma (Lemma 6.1) yields

[Ve, w.] = [v,w] weakly in L*(R?)
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whenever v, — v weakly in LP(R?*;R?), w. — w weakly in LI(R*; R?), and

1 1 1
S4I=Z<1.
P q s

Seeing that
0 — 01 Chear ([0, T); L(R)), 0-u — ou in Cyeaic([0, T); L2/ 0T (Q; R?))

we conclude that (we use v with v; = d;z0 for £ = 1,2,3 and w = pu;
similarly for v, and w.)

Loo-(t, ) VoA~ divy (0oue) (¢, )] — (0-ue)(t, ) - VoA Vo [lgo:(t, )] (6.30)
_>
o(t, ) VoA [diva(ou)(t, )] — (u)(t, ) - VoA Vo [lgo(t, )]
weakly in L*(€; R?) for all ¢ € [0,T],

with 5 6
s:fy—_zg>gsmcefy>5
Thus we conclude that the convergence in (6.30) takes place in the space
L9(0,T; W12 (Q; R?)) for any 1 < ¢ < o0;

whence, going back to (6.29), we conclude

lim/ / — (A + 2u)d1vxuaga) dz dt (6.31)
e—0

/ / (A + 2,u)d1vxug) dz dt.

As a matter of fact, using exactly same method and localizing also in the
space variable, we could prove that a.e. in (0,7) x Q

p(0)o — (A +2p)div,up = @Q — (A + 2p)div,up, (6.32)

which is the celebrated relation on “weak continuity” of the effective viscous
pressure discovered by Lions [14].
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Since p is a non-decreasing function, we have

/OT/Q <p(96) - p(@)) (0- — 0) dz dt > 0

now relation (6.31) yields the desired conclusion (6.24), namely

/ / (divxug — divxug) dx dt > 0.
0o Ja

Thus we get (6.25); whence
0- = pa.a. in (0,7) x Q (6.33)

and in L((0,T) x Q) for any ¢ < v+ min {2, 2y — 1}.
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o1

Last part of the lecture series is devoted to the proof of existence of weak
solutions to the compressible Navier—Stokes system provided p(o) ~ ¢” with
v > % The proof is technically much more complicated than the previous
part, however, there are several places which are quite similar to it. Moreover,
in the following chapter we also prove several facts (renormalized solution to
the continuity equation, continuity in time, estimates of the density etc.)
which we skipped in the previous part due to technical complications we
tried to avoid there.

We first show the Friedrichs commutator lemma which plays a central role
in the study of renormalized solutions to the continuity equation. Next we
consider the continuity in time of the density and the momentum. The last
chapter contains the core of the existence proof: the approximate problem,
existence of a solution for fixed positive regularizing parameters and finally
the limit passages which give us solution to our original problem. Note that
the proof is performed for the homogeneous Dirichlet boundary conditions
for the velocity. The presentation of this part is mostly based on the material
from book [16] by A. Novotny and I. Straskraba. For another approach, based
on the construction of the approximative problem via a numerical method,
see [9].
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Chapter 7

Mathematical tools

7.1 Continuity equation: renormalized solu-
tions and extension

We recall that for a function f € LP(RR; Lq(RN)), 1<p<oo,1<qg<oo,or
f € C(R; LYRY) we can define the mollifiers:

e over time

T.(f)(t,7) = / welt — ) (r, ) dr;

R
we have for 1 < ¢ < oo

T.(f) € C=(R; LY(RY)),
T.(f) — f in LP(R; LY(R™)) if f € LP(R; LY(RY)), 1<p < oo,
T.(f) = f in O(R; LYRY)) if f € Cp(R; LYR™));

moreover
1T () o sraeyyy < 1 flp@ipamyyy, 1< p < o0

e over space
S.(Pta) = [ wnle =) ft) dy
then we have for 1 <p < o0

S.(f) € LP(R; C=(RY)),
S.(f) = f in LP(R; LYRM)) if f € LP(R; LY(RY)), 1< ¢ < oo;

93
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moreover
HSE(f)”LP(R;Lq(RN)) < HfHLP(R;Lq(RN))a 1<g<

A central technical result is the Friedrichs commutator lemma.
Lemma 7.1 Let N > 2,1 < ¢q,8 < o0, (¢,8) # (1,00), %%—% < 1. Let
1<a< o, % —l—é < 1. Assume for I C R a bounded time interval

o€ L*(I; LY (RY)), wue LP(I; WhI(RY;RY).

loc loc

Then
S.(u-Vz0) —u-V,S.(0) = 0 in L¥(I; L (RY)).

loc
Here, % = é—l—% and r € [1,q) if B = 00 and q € (1,00], - + = <

otherwise, where

Q=
™[
3 =
IA
—_

u- V.0 := div.(ou) — odiv,(u) (in D'(RY)).

Proof: To simplify, we consider only the case 3, ¢ < oo which is enough for
our purpose.

Step 1: We have
(S:(u-V.0).¢)
_ / ' / N / olty)ult,y) - Vewa(w — y)dy) g(t, ) da dt
_ /0 ' /R N /R olt y)diva(t, y)s(r — y)dy) olt,2) drdr,

<u-VxSa(Q),sO> = /OT /RN u(t, z)- (/RN Vawe(z—y)o(t,y) dy) o(t, ) dz dt.
Therefore

(00w Vasione) = [ [ (L) = 2)ottn)arar

with

Lta) = [ oft.o)(att) = ut.0)) - Voo =) o



7.1. CONTINUITY EQUATION

and

Jo(t,x) = /]RN o(t, y)diveu(t, y)we(x — y) dy.

We define rq as

and get

J. — odiv,u strongly in L*(I; L[° (R™)).

loc

In Steps 2, 3 and 4 we show that
I. — odivu  strongly in L*(I; L7° (RY))

loc

which will finish the proof of this lemma.

Step 2: We aim at proving

95

Hellzrosr) < Clle@) Lo (B Vel a(pp, pimrvmy - for aa. € (0,T).
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We have
Il 7r0 (5

_ /BR

([ 1wetria:)® «
|z]<1

X / / o(t,x —ez)|™
Br J|zI<1

0

dzx

/x ) (ute) = uit.0)) o Ve () ay

/ o(t,x — ez)u(t’ - 6? —ulto) Vw(z)dz| dx
|z]<1

IN

To

t,x — —u(t
(VI 52) u(?‘r) dde

: /B/| _ et (t“”) 2O 4 de (for= < 1)

. " u<t,f+ez>—u<t,£>qd)fd
< c@BI¥ [ el (/| 8 2)" ag
<

B
C(%M%B)(/B |Q(ta§)|ﬁd§) x

u(t, & +ez) —u(t, )| “
. </BR+1 /|Z|§1 € 4 d€>

< Cllo) s @ e IV a0 ) La(pyy, pmy vy

Step 3: Let us show the strong convergence, first for a.a. t € (0,7, in

Lfgc(]RN ). Due to Step 2 it is enough to verify that the strong convergence

holds for any o € C®(RY), t € (0,T) fixed. Indeed, let o, € C®(RY),
0n — 0(t,+) in L°(Bgy1). Then

I(e = edivau) (L, )| Lro(Br)

< | (et = 0at) (utt.0) = utt,) - Vol =)y

LTo(BR)

| [ enlo () = u(t.)) - Vs = )y = (audivan. )
+ || (en = eft.))divout, )

L"0(BR)

L'0(Bg)
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The first term is bounded by (see also the treatment of the second term,
below)

Cllon — o(t, M reBran) IVault, ey, pmy<vy = 0 for n — oo,
the third is bounded by
Cllon — o(t, )|l 18 (Br | diveult, ‘)”Lq(BR;RNxN) —0 forn — oo.

To conclude, let p be a smooth function. Using the change of variables
z = ¥ as above,

T(t,) = Lgl oft,  — c2) (““’ z—ez) —ult x>) Ve(z) d.

3

Asu e WH(RY;RY) for a.a. t € (0,T),

loc

u(t,z —ez) —u(t,x)

1
8 =—z- / Vou(t,z —erz)dr — —z - Vu(t, o)
0

for a.a. ¢t € (0,7) and a.a. (z,2) € RY x B; (a.a. points are Lebesgue
points). Moreover, as g is smooth, o(t,z —ez) — o(t, z), (z,2) € Bry1 X By,
t € (0,7). Therefore, by Vitali’s theorem

/R N(Eso)(t,x)dx - - /B 1 20jw(z) dz / ol(t, )0, (t, x)p(t, z) dz

RN
= / (odiv,u)(t, z)p(t, z) da.
RN
Step 4: We have

T
el 2s(rproBry < O/O 1o(t, 758y ) IVt 5o m,pmivy dt

< Cllolze o ma IVl Lo so(sapmy <)

A

Due to this and the fact that

I. — odiv,u in L° (RY) for a.a. t € (0,7),

loc

we get due to Step 2 by the Lebesgue dominated convergence theorem the
claim of the lemma. [
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Next we show that we may extend (sufficiently regular) solution to the
continuity equation outside a Lipschitz domain in such a way that the exten-
sion (by zero in the case of our boundary conditions) solves the continuity
equation in the full RY. In particular, this shows that we may use as test
functions smooth functions up to the boundary.

Lemma 7.2 Let Q be a bounded Lipschitz domain in RN, N > 2, I C R be
an open interval and Qr = I x Q. Let o € L*(Qr), u € L*(I; Wol’z(Q;]RN))
and f € LY(Qr) satisfy

0o+ divy(ou) = f  in D'(Qr).
Extending (o,u, f) by (0,0,0) outside 2,
Oio +div,(ou) = f in D'(I x RY).

Proof: We have to show (after the extension by (0,0,0))

T T
—/ / g@mdxdt—/ / ou-V,ndxdt
0 JRVN 0 JRYN

T
— / fndzdt Vi€ C=((0,T) x RY).
0 JRVN

Denote
¢, €CX(Q),meN, 0< P, <1,

O, (r)=1for x € {y € Q; dist(y, 0Q) > %} :
V... (z)| < 2m for z € Q.
Evidently, ®,, — 1 pointwise in €2 and for any fixed compact K C €2,
supp V,®,, C Q\ K for m > my(K) € N, |supp V. P,,| — 0.
We can write

T T T
/ fndx dt = / fPndx dt +/ fn(l —&,)dx dt,
0 JRYN 0 JRVN 0 JRVN

g

—0
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T T T
/ / 00 dx dt = / / 00¢(®ym) dv dt +/ / 00m(1 — &,,) dx dt,
0 JRVN 0 JRVN 0 JRY
e

T T
/ / ou-V,ndx dt = / / ou -V, (®,,n)dx dt
0o JRN 0 JRN
T T
+/ / ou-V,n(l—-3a,)dr dt—/ / ou-V,®,,ndx dt.
Jo JRY 0 JRY

~
—0

We know that

T T
/ / £, d dt = / / 00)(®y) o di— / / UV, (@) da dt
RN N ]RN

=7 has support in 2. Therefore we have to show that

]m:/ / ou-V,®,ndx dt — 0.
0 JRV

But due to the Hardy inequality

T
I < / / ol [0]| Vo [] di dt
0 RN

u

dist(x, 00) dt

L2(Q;RY)

T
< 2w bt o)l [ lelomms.on |
7I 0

IN

T
0(7779)/ ”QHLZ({supme‘Pm})||u||W01*2(Q;RN) dt
0

= C(n’Q)”Q||L2(07T§L2({SuppVz‘I’m}))Hu“LQ(O,T;WOl’Q(Q;RN)) —0
as m — o0o. The lemma is proved. [
Remark 7.1 Hence, in case o € L*((0,T)x Q) (as u € L*(0,T; W, *(Q; R?))

will be satisfied), we further have

/ o(t,z)dx = / o(s,z)dx for any t,s € [0, 7.
Q 0

It is enough to take n = 1 in [s,t] x Q, provided g is weakly continuous in
L' () (which will be proved later). On the other hand, if only ¢ € LP(Qr),
1 < p < 2, the mass may not be conserved.
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An explicit counterexample (due to E. Feireisl and H. Petzeltova) shows
this, even in 1D. Let Q = (0, 1) and

u(a:)z(a:(l—x))a, Q(t,x)zﬁh(t—/oxﬁdy), %<o¢<1,

with h € CY(R), h(s) = 0 for s < 0. Evidently
u o~z =0 = a> 3,

1,2
u e Wy7(0,1), , » |
u~(1—2) =1 = a>3,

1 1 1
QGO([OvT]7LP(071))a]—§p<_ (_ELp7p<_> :>OZ<1,
u Q

o
and
_ 1 31 _[r_1_
o 1 1 t0 z\ou) = V.
Ou(ou) = h <t - Iy @dy> el
But

/ o(t, ) dz is not constant, as
)

/ 0(0,x) dx = 0, but for h suitably chosen / o(t,z)dx # 0Vt > 0.
Q Q

This example can also be generalized to higher space dimensions.

We finish this section by showing that, under certain regularity assump-
tions, a weak solution to the continuity equation is also a renormalized so-
lution. This fact will be important in the proof of the existence of weak
solution in the last chapter.

Due to Lemma 7.1 we have

Lemma 7.3 Let N >2,2< <00, \g<1, =1 <X\ <5 -1 and

be C([0,00))NCH(0,00)), V()| <ect™, tel0,1], (7.1)
b/ (1) < et t > 1. (7.2)

Let o € L(I; LY (RM)), 0> 0 ace. in I xRN, u e L2(I; W2A(RY;RY)) and

loc

fe LI L (RY)), 2 = % if M >0, z=11if \y <0. Suppose that

loc

Do + divy(ou) = f in D'(I x RY). (7.3)
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(i) Then for any b € C*([0,00)) satisfying (7.2) we have

9ib(0) + div,(b(e)u) + {eb' () — b(e)}div,u = fV'(0) in D'(I x I[(%N).)
7.4
(i) If f =0, then (7.4) holds for any b satisfying (7.1) and (7.2).

Proof: We consider only case (ii), leaving (i) as possible exercise for the
reader.
We regularize (7.3) over space variable and get

0:5-(0) + div,(S.(0)u) = r.(o,u) a.e. in I x RY, (7.5)
where
re(0,u) = div,(S:(0)u) — div,(S:(ou)).

But
re(o,u) = u- V,S:(0) + S-(0)div,u — S.(div,(ou))
=u-V.5(0) — S:(u-V,0) + S:(0)div,u — S.(ediv,u),
hence by Lemma 7.1 and an easy observation
1 1 1
Ts(@» 11) — 0 LT(I; Lfoc(RN))a - = B + §<§ 1)
r

To avoid singularity at ¢ = 0, we multiply (7.5) by b},(5:(0)) with b,(-) =
b(h+-), h > 0, and obtain
Obn(S:(0)) + div.e(Bu(S: (D)) + (S:()(S:(0)) — ba(S:(0)) ) divi
= 7.0,(S:(0)) ae. in I xRN

Now we pass with ¢ — 07, As S.(9) — o in L°(I; L] (RY)) (ie. for a

loc
subsequence a.e. in I x RY), we get by Vitali’s (convergence) theorem that

b (S:(0)) — bn(0),
Se(0)b;,(S=(0)) — b (S:=(0)) — obj(0) — br(o) in L (I xRY), 1<p<2

(S-(0),(S-(0)) < CS.(0)"*51 for S.(g) > 1). As this term is bounded also
in L2(I x ') for € bounded subset of R, then the convergence holds also
in the weak sense in L?(I x €). Therefore, passing with & — 0, we have

D4y (0) + divy(bp(0)u) + (Qbh(g) - bh(@))diku =0,
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T
\ [ /b ) dedt] < [ lrlosen (S@) o dt =0,

where £ =11 =5 — 4 = 52 and [[6,(S:(0) -2 < 1S:(@)la(0y-

Fmally we aim to pass with h — 0%. Recall that
{(t.2)s0 = Ky 0 (1 x )] < kol T e

Then we write for ¢» € C2(I x RY)

/szN <Qb;1(9) - bh(@))divzuw dz dt

)N{e=k})’

X N{e<kiNsupp

+/ (Qb%(g) — bh(g)>diku¢ dz dt.
(IXRN)ﬂ{g>k}ﬂsuppw
Now, passing with & — 07, the first term on the right-hand side goes to
/ (¥ (0) = bl0) ) divaupl ey v,
IxRN

due to the Lebesgue dominated convergence theorem. The second term can
be controlled by

C/ (Q(Q + h)g_1 + g§> |div ul || de dt
{o>k}

< 0/ (% + o) Idiv,uljp|dz at
{o>k}

el

| Q‘|gﬁ((1><9/)m{92k}) ||diquHL2(I><Q’)

5 B q.
+ HQHzﬁ((IXQ/)ﬂ{sz})kl 2 HleIuHLQ(IXQ’)> _>k%oo 0

Further,
/ (Qb’(g) _ b@)) div,ul ey dz dt
IxRN

— ko0 / (gb’(g) — b(g))divxugb dzx dt,
IxRN

by the Lebesgue dominated convergence theorem. The other terms can be
controlled similarly. The lemma is proved. [J
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7.2 Continuity in time

First, we have

Definition 7.1 The function g belongs to Cyeax([0,T]; L4(2)), 1 < g < o0,
if [9pdz € C([0,T)) for all p € L7 (Q).

We have the following easy result:

Lemma 7.4 Let 1 < g < 0o, Q C RY be a domain and I C R be an open
and bounded interval. Let f € L*®(I;LY(Q)) and 0, [, fndx € L'(I) for all
n € C=(Q). Then there exists g € Cyeax(I; LI(2)) such that for a.a. t € I
f(t,-) =g(t,-) (in the sense of L1(2)).

Proof: Take any n € C°(Q). As fQ fn dr € VV1 1(I), we know that there
exists w, € AC([0,77]) such that w,(t) = [, f(t,-)ndz for a.e. t € I. Fur-
thermore, by virtue of the theorem on Lebesgue points we know that there
exists N C I with zero one-dimensional Lebesgue measure such that for any

t €I\ N and any n € C°(12)

lim — dd— d
hfél+/ /fnxS/f -)n da;

whence we see that w,(t) = [, f(t,-)nda for any n € C°(Q) and any t € I\N
(the set N is in partlcular the same for all functions n) and

lim —/ / fn dx ds = w,(t) foralltel,

h—0+ h

similarly for limj, ,o- (at the endpoints the limits are one-sided). It implies
that

|wn )] < N f [z .r:29@) 11l Lo )

Thus by the Riesz representation theorem,
w(£) = / o(t, mde  for all n € C=()
Q

and g(t,-) € L1(Q). We will show that g € Cyear([0,T]; L1(£2)). To this aim
choose € > 0 and take arbitrary ¢ € L7 (). Since C°(9) is dense in L7 (),
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1 < ¢ < oo, we have

<

[ (stt+69 = g(t.))oda

/Q (g(t +4,) —g(t, ~))ndx
| (a5 = g(6.9) (o = n da

where n € C2°(Q2) is suitably chosen in such a way that the second integral
is less than /2. Now, due to the continuity of fQ gndz, we can choose 9
sufficiently small that for 0 < |§] < dp the first integral is bounded by &/2.
The lemma is proved. [.

_|_

Y

Remark 7.2 Looking at the weak formulation of the continuity equation,
as o € L>(0,T;L(Q)) and u € L*(0,T; Wy (4 R?)), we immediately see
(at least for v > ) that ¢ € Cheax([0,T]; L7(9)), as

8t/gndx:—/gu-vx77dx € LY(0,7).
) Q

Remark 7.3 Similarly we have that gu € Cweak([O,T];L%(Q;]R‘g)). In-
deed,

2y e . T
[ telah P = [ ohupy o s
Q Q

a2 T
< (/ olul? dx) </ dex) e L>(I).
Q Q

Looking at the weak formulation of the momentum equation, it is an easy
task to verify that for ¢ € C°([0,T] x Q;R?)

8t</ggu-godx> e L'(I),

which finishes the proof.

In what follows we will use the following abstract version of the Arzela—
Ascoli theorem (see [12, Theorem 1.6.9])

Theorem 7.1 Let X and B be Banach spaces such that B —— X. Let
f.. be a sequence of functions: I — B which is uniformly bounded in B and
uniformly continuous in X. Then there exists f € C(I; X) such that f, — f
in C(I; X) at least for a chosen subsequence.
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Then we have

Theorem 7.2 Let 1 < p,q < 00, & be a bounded Lipschitz domain in RV,
N > 2. Let {g,}32, be a sequence of functions: I — LI(S2) such that

e g, € Cyear(I; LY(Q)) for alln € N
e g, is uniformly continuous in W~1F(Q)
e g, is uniformly bounded in L(2).
Then at least for a chosen subsequence
(1) _
gn — g i Cyeax(L; L(Q)).
(it) If moreover LI(Q2) —— W=1P(Q) (ie. 1 <p < 5 and 1 < ¢ < o0, or

M < g < o0), then

N
N_1 <SP <0y

gn — g in C’(T; W=HP(Q)).

Proof: (i) As W=1r(Q) — W~14(Q) for s = min {p, %}, the sequence g,
is uniformly continuous in W~"*(Q). As the embedding L%(Q) — W~"*(Q)
is compact, we have by virtue of Theorem 7.1 g, — ¢ in C(I; /W ~14(Q)), at
least for a chosen subsequence.

Therefore, for a given € > 0 there exists ng such that for m, n > ny:

| [t = gt

< [Hgn(t, ) = gm(t; Nw-ro@ 1nllwre @) < ellnllwrs @),

for all n € C(R), for all t € I. Hence for any n € C2°(£2) the mappings ¢ +>
Jo, 9n(t,-)n da form a Cauchy sequence in C/(I) which has a limit 4, € C(I).
Similarly as in Lemma 7.4 it is possible to verify that if ||g, || Lo (0,r;ze(0)) < C,
then max;cjo. 17 ||gn(t, )| Loy < C, uniformly in n. Thus

sup |4,(0) < [tmsup [ gt da| <l
Q

tel n— 00

n € CX(Q), we see that n — A, is a linear densely defined bounded operator
from L7(Q2) to R. Hence

A,(t) = /Qg(t, Indx  with g(¢,-) € LY(Q).
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Moreover, t — [, g(t,-)n dz € C(I) for all n € C°(Q) and by the density
argument also for € L (Q). Moreover, again by the density argument

sup ‘ /Q(gn(t, )= g(t,)n dx‘ ~ns00 0,

tel
hence

/an(t,.)n d — /Qg(t,-)n dz i C(T)

for any n € L7 (Q).

To prove (ii), recall that LI(Q2) —— W=1P(Q) and the result follows
from Theorem 7.1. [J

Next

Lemma 7.5 Let § be a bounded Lipschitz domain in RY, N>2 1<q<
00, 1 < p <oo. If gn = g in Cyeax(l; L)), then g, — g strongly in
LP(I;W=E(Q)) provided LY(Q) < WH(Q).

Proof: As
gn(t,”) = g(t,") in LIYQ), tel,
and L(Q) << W~L7(Q), we have

gn(t,) = g(t,) in W (Q), tel

As in particular g, is bounded in L>([; L(2)), then also (cf. the proofs of
Lemma 7.4 and Theorem 7.2)

sup [|gn(t, )| La) < C
tel

and so is bounded sup,7 ||gn(t, -)[|[w-1.-(q)- Thus by the Lebesgue dominated
convergence theorem

T
[ 102 = 9000y 50 0

O
We further have
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Lemma 7.6 Let N > 2,1 < < o0, 0 € (0, g) and €2 be a bounded domain
in RN . Let the pair (o,u) fulfill
0>0ae in(0,T)xRY, pe L=(0,T; L’ (R™)) N Cyear([0, T]; LP()),

loc

u e L0, T; WL (RN RM))

loc

and let (0,1) solve the renormalized continuity equation with b(s) = s%, i.e.

0,0° + div,(o’u) + (0 — 1)’div,u =0 in D'((0,T) x RY). (7.6)
Then ¢ € C([0,T]; LP(2)), 1 <p < .

Remark 7.4 In our case of the compressible Navier—Stokes equations with
the pressure law p(p) = 0" we have o € C([0,T]; LP(2)), 1 < p < 7.

Proof: Due to (7.6) we know that 9, [, p’ndz € L*(0,T) for all n € C°(Q),
hence by Lemma 7.4 we know that ¢ = ¢ a.e. in (0,7) x €, where ¢ €

Cweak([O,T];L%(Q)). We now take (7.6) with ¢ and regularize it over the
space variable by the mollifier S.. Thus

0:5-(9%)+div,(S.(8")u) = (1-0)S.(div,u)+r.(0°,u) in D’((O,T)xI(RN)),
7.7
where 7.(¢%, u) = div,(S.(2°)u) — div,(S.(¢°u)). Indeed,

S:(2") € C(10,T] x ), [18:(&")(t, M oy < 18" (¢, ) page)

by the Hausdorff-Young inequality. Therefore there exists €y > 0 such that

sup  sup [|S-(8")(t, )| pagery < 00, 1<¢ <
e€(0,g0) t€[0,T]

Furthermore,

S(0%)(t, ) — (¢, ) strongly in L9(Q2),1 < ¢ < g,t € [0,7], (78)
S.(¢%div,u) — @div,u  strongly in L2(0, ;L2924B—ﬁ(Q ). '

~—

By Lemma 7.1 (Friedrichs commutator lemma)

~f . 2 _28
re(0”,u) = 0 in L(I; L2+5 (Q))).
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We now apply Lemma 7.3 (renormalized solution with non-zero right hand
side) with b(s) = (s + 1)? to (7.7)

91(S-(8%) 4+ 1)* 4 divy((S-(2%) + 1)%u) + (5-(8%)* — 1)div,u
= 2(1 — 0)(S-(8") + 1)S.(div,u) + 2(S.(8%) + 1)r.(8%, u) (7.9)

in D'((0,T) x RY). We have that { [, [S-(8°)|*n dx}.o is uniformly bounded
for every n € C*(Q2) on [0,7] and by (7.9) together with assumptions on
0, u also uniformly continuous on [0, 7]. Now, due to (7.8) and Arzela—Ascoli
theorem

/\Sg(éo)\zndx%/léo\zndx in C[0,T], neCx*Q).
Q Q

Therefore, by density argument (n. — 1), [,]0°]*dz € C([0,T]). As ¢° €
Cweak([oa T]7 L2<Q))7 we get

" € C([0,T); L*(Q).
Now, due to interpolation of Lebesgue spaces
0€C(0,T; LP(Q)), 1<p<p.

Finally, due to our assumption ¢ = ¢ (in the sense of the L?({2)-space) for
every t € [0,7]. O



Chapter 8

Existence proof

8.1 Approximations

Recall that we aim at proving the existence of weak solutions (in the sense
as presented in Chapter 5) to the following problem (we set a = 1 in the
pressure law for the sake of simplicity):

Oi(ou) + div,(ou ® u) — pAu — (p + \)V,div,u
+V.0" =pof in (0,7) x Q,
0o+ divy(ou) =0 1in (0,7) x €, (8.1)
u(t,z) =0 on (0,7) x 052,
0(0,2) = (), (eu)(0,2) = (eu)o(x) in Q.

We first mollify the initial condition. We take a smooth compactly sup-
ported regularization of the density 0o s and set

00,5 = 0 + 0o5-

Then gy s is smooth, positive in €2 and constant around the boundary (thus

8;%5 = 0 at 0Q). Then we denote (pu)ys the compactly supported regular-

ization of initial momentum and denote

ou)os
Ups = ( )0 .

00,6

At the first level we regularize the pressure (6 > 0) and get the regularized

69
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system with artificial pressure

O(ou) + div,(ou ® u) — pAu — (u+ \)V,div,u
+V,0" +0V,0° = of in (0,T) x €,
Oro+ divy(ou) =0 in (0,7) x Q, (8.2)
u(t,z) =0 on (0,7) x 01,
Q(va) = QO,5(J;>7 (QU)(O,ZL‘) = (Qu)(]ﬁ(x) in €.

At the next level we regularize the continuity equation (¢ > 0) and get
the continuity equation with dissipation

i(ou) + div,(ou ® u) — pAu — (pu + \)V,div,u
+V20" +0V,.0° +e(Veo-Vo)u=of in (0,T) x Q,
Oro + divy(ou) —eAp=0 in (0,7) x , (8.3)
Oo '
u(t,z) =0, e 0 on (0,7) x 09,
0(0, ) = 0o,5(z), (ou)(0,2) = (ou)os(z) in €.

The e-term in the approximate balance of momentum is added in order to
obtain a suitable form of the energy equality which will be seen below.

The last level is based on the finite dimensional projection (Galerkin ap-
proximation) of the momentum equation. We take a basis in Wy?(Q;R?)
(orthogonal) which is orthonormal in L?(€2; R?*) and is formed by eigenfunc-
tions of the Lamé equation

—IMA@] - ([L + )\)delva@] = O[j@j,

O<ag<m<...,® ¢ Wol’p(Q;]st) NW2P(Q;R?), 1 < p < oo arbitrary,
with the scalar products

(u, V)W(}’2(Q;R3) = /

(,uku : Vv + (p+ Ndiv,u divxv> dz,
Q

(W, v)2p3) = [ u-vdaz.
Q

We first show existence of solutions to the Galerkin approximation (Sec-
tion 8.2). Then we collect estimates independent of the dimension of the
Galerkin approximation and pass in Section 8.3 with n — oo. We receive
system (8.3), i.e. system with continuity equation with dissipation. Next we
prove estimates independent of the parameter ¢ and pass with ¢ — 07 and
get the system with the artificial pressure (8.2) (Section 8.4). In the last
section we collect estimates independent of § and pass with 6 — 07 to get a
solution to the original system (8.1).
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8.2 Existence for the Galerkin approximation

We take §, e > 0, n € N and § > 1 sufficiently large (e.g. § > 15 is enough).
Let us denote X,, = Lin{®,,...,®,}. Our aim is to show:

Theorem 8.1 Under the assumption of Theorem 8.3, let
0 < 0(0) <005 <0(6) <00, 005 € C>(Q).

Then for any €, 6 > 0 and n € N there exists a (unique) couple (o, u,) such
that:

(i) for any p € [1,00), 0, € C([0,T]; WH(Q)) N LP(I; W?P()), G0, €
LP(I; IP(Q)), 0 > 0 a.e. in (0,T) x 2, u,, € C*([0,T); X,,)

(it)

/ / at Qnun : Qn(un®un> : qu) + ,uvacun : va:q)

(u+ N)div,u,div,® — (o] + 5@2)divx<1>
T
+ V0.V, - <I>> do dt = / / ouf - ®dz dt VP € X,
0 Ja
(iii)
Oron + dive(opuy,) — Ao, =0 a.e. in (0,T) x Q

(1v) 0,(0) = 005, u,(0) = P,uy, 8”]39 = 0, where P, is the projector of
L2 R?) to X, and go5 € C=() is the regularized initial condition

(v) denoting
50°

ot = [ (ol + L5+ 725 ) () de

we have
Es(0n, uy)( / / 1|V, 2+ (4 A (diveu,) )dxdT
+5’Y/ /QZ Q\ngn\zdxd7+€56// 2|V, dedr  (84)

//gnf u, ded7r + &E(00s, Poug)  a.e. in (0,7).
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Let us first look at the parabolic Neumann problem

Owo—elAo=nh in (0,T) x Q, (8.5)
0(0) = o in €,
do| . .
Inlon 0 in (0,7)

with h and gg given sufficiently regular functions. We have the following
result (for the proof see e.g. [1])

Lemma 8.1 Let 0 < 0 < 1,1 < p,q < 00, Q bounded, Q € C*?, o, €

—~ Il 52

W2_%’q(Q) ={z € C°°<Q)> an‘aQ 0} w5 ) , where || - HWQ,%,q(Q) 1s the
norm in the Sobolev-Slobodetskii space. Let h € LP(0,T;L9(2)). Then
there exists unique o € LP(0,T; W>4(Q))NC([0, T1; WZ_%"I(Q)) with the time
derivative Oy € LP(0,T; L9(2)), together with the estimates

el + 10l eoo.riza@)) +ellell oo rwza@)

Lo (0,T;W> q(Q)

< Cp.q.9)(= ¥ ool +hllzwioirncan)-

w2 Q)
If h = div,b, b € LP(0,T; L1(%; R?)), 0o € LI(RQ), then there exists unique
o€ LP(0,T; W (Q)) nC([0,T]; LY()), solving in D'(0,T)

" gndx—i—a/vzg andx——/b~vxndx, Vn € C™(Q)
Q

and

_1
e 7|0l oo o,r5n9()) + €IV a0l oo, rs09(52))
_1
<C(p,q, ) (81 *[leoll Laey + “bHLp(o,T;Lq(ﬂ;R%))-
We now return to

0o+ divy(ou) —eAp=0 in (0,7) x Q,

0(0) = gos in Q, (8.6)
do .
n 89—0 in (0,7).

We aim at proving
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Lemma 8.2 Let 0 < § < 1, Q € C?? bounded, 0 < 0 < 005 <0 < 00,

005 € C*(Q) and 85(1’1’6 =0 on 9Q. Let u € L>(0,T; Wy (% R?)), where
W™ (R = {z € Wh(Q;R?);z|sq = 0}. Then there exists unique
solution to (8.6) o = o(u) € LP(0,T;W?P(Q)) N C([0,T]); WLP(Q)), 00 €

LP(0,T;LP(R2)), 1 < p < oo, arbitrary. Moreover

oo~ I IMDlhwtoo 947 < 53 1) < gelo Moo ms) A7 (8.7)
fort € |0,T] and a.a. x € Q. If ||u|| ;e rwroqrsy < K, then
Loo(I; oo (;R?))

(e} 2
loll e ©.swrz) < C||Qo,5||wl,2(9)ee(K+K )

c
S(K+K2)t

||v:2cg||L2((0,t)><Q;]R3X3) < ;\/EHQO,(SHWL?(Q)KG + g||9075||W1,2(Q),

C 2
tO||L2((0,t)xQ) = Qos|lwr2()fLes 00.5||lwt2(),
[Geoll < CVH| o sl Kew RO 4 g4
[(o(u1) — o(u2))lz2(0.0x0) <
C(K,e, T)t“QO,éHWl»?(Q)Hul - u2||L°°(0,t;W1v°°(Q;R3))7

where t € [0,T7].

Proof:

Step 1: First, if Q € C2, u € L=(0,T; Wy™(Q;R?)), 005 € WH3(Q), there
exists unique g € C([0, T]; WH2(Q)) N L*(0,T; W?2(Q)), 00 € L*((0,T) x Q)
solution to (8.6).

e We construct the solution by the Galerkin method, with the orthonor-
mal (in L?) and orthogonal (in W1?) basis of the Laplace equation with
the Neumann boundary condition at 0f2.

e For n € N, testing by 0,, Ag,, 10, we get (note that — [, Va0, -
Voo, dz = [, Vip, : Vip,dz, as [, Vaon- ana%f dS = 0 due to the
boundary conditions)

[0 (@)l 0w 2 () < C(T) ll poo (rw1.00 (um2))  €)
||V$Qn||L2([;W1,2(Q;R3)) S C(T, ||u||L°°(I;le°°(Q;R3))7 5)’
tUn LQ((OyT)XQ) = 9 LOO(I;W1’°°(Q;R3)), .
10e0n]| < (T, ||ul| )
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e Letting n — oo in

T T
/ (/ 0y 0 d:c> zdt + 8/ / Vaion - Vazde dt
0 Q 0o Jo

T
= —/ / div(opu)pzda dt Vo € Lin{hy, ..., h,},z € C°(0,T)
o Jo

leads to

T T
/ </ atg¢dx) zdt—i—e/ /Vzg-vxwzdx dt
0 Q 0 Ja

:_Aaé&%@mwauu

for any z € C°(0,7) and ¢ € Lin{hy, ho,...}, where {h;}°, is the
basis formed by the eigenfunctions of the Laplace equations with the
homogeneous Neumann boundary condition on 0f2.

e By the density argument

T T
/ /@Qndxdli—l—é/ /Vzgvxndx dt
0o Ja 0o Ja

T
_—/ /@Mwmmm W € L2(0,T: W'2(Q).
0o Ja
e Finally, the continuity in W12(Q) follows by standard arguments.

Step 2: Now, let Q € C*. We apply Lemma 8.1 (with the right-hand
side h := —div,(ou) € L*(0,T; L5(2)) N L>(0,T; L*()) and get (by boot-
strapping argument) that ¢ € L?(0,7;W*P(Q)) N C([0,T]; W'?(Q)) with
0o € LP((0,T) x Q) for any 1 < p < oo.

Step 3: Consider R(t) = gelo ldivau()lLeo@ dr  Thep

R (t) = [[diveu(t, )= R() = 0, R(0) =2

and
R +divy(Ru) >0 a.e. in Q7.
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Denote w(t,x) = o(t,z) — R(t). Then

Ow + divy(wu) —cAw <0 a.e. in Qr,

Ow
CU(O,ZL’) 0o 0>V, on

(8.9)

o0
Test (8.9) by wt = max{w, 0}

1d
— +€/ V,wt?dz
2 dt L@ 0

1 . L.
<=5 [l Pivaude < 5 dv,ullimo o g

and thus q
&Haﬁ”%%@) < [[divau oo o0 [172(g)-

By the Gronwall inequality
ot (£, 2y < [l (0, )| paeyelo 4=l dr — g

and thus
o(t,z) — R(t) <0 a.e. in Q.

Analogously, denoting r(t) = ge™ Jo lldivau(m)lzoe (@ dr. w(t,z) = o(t,x) —r(t)

0w + divy(wu) —eAw >0 a.e. in Qr,

Jw (8.10)
w = — 0> —_— = 0.
0)=0-220, on lag 0

Testing by w™ implies [|w™ (¢, )|/ z2) = 0 and thus
o(t,x) —r(t) >0 a.e. in Qr.

Whence (8.7).
Step 4: (L? bounds):

d, o < 2
= —llollzz@) < lullwie@es ol
dt
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b) Test (8.6) by —Ap

d
—/ |V1Q\2dx+2e/\Agl2dx
dt Jo Q
:2/ Qdivqugdx+2/u~VmgAgdx
Q Q
< Cllullyrco@rs llollwrz@ll Aol 22

!

< ?||u||%vl,oo(Q;R3)||Q||%V1,2(Q) + EHAQH%Q(Q)'

Therefore

d 2
EHQHWLQ(Q) <

o |Q

(Il gy + 111 ) ) Nl

i.e.

ol o< (0,6:w12(0)
C

S H QO,JHWLQ(Q)Q € (”uHLOO(Ovt?WlQ(Q;M))+HuH2L°0(0,t;W1,2(Q;R3)))t.

Further

t
: [ 180l 07 < llollwrare
0
t
+CHuHLOO(O,t;WL‘X’(Q;RS))H(Q||L°°(0,t;W1’2(Q))/ HAQ”LQ(Q) dr
0

which gives (8.8),. Similarly, testing (8.6) by 00

t
€
| 10ty dr+ 51V, M
€ ¢ e
< _HVmQOﬁHiQ(Q;RS) —i—/ /divx(Qu)atQ dr dt < §HVIQO,5H%Q(Q;R3)
0 Ja
+ C(”u||Loo(o,T;W1,oo(Q;R3))a ”Q”LC’C(O,T;WLQ(Q;R3))7 \/ZHatQHLz(O,T;L?(Q)))a

which yields (8.8);.
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Step 5: (Uniqueness) First, to get (8.8)4, take uy, us and subtract from the
equation for go; = p1(u;) the equation for go = 09(us). It reads:

(01 — 02) —eA(01 — 02) = —01dive(u; — uy) — V.01 - (U1 — ug)
_(91 - QQ)diVmu2 — Vx(Ql - Qz) - Ua.

Test the above obtained equality by (o1 — 02):

d
aHQl — 02720y + 26| Va(o1 — 02172y =
/ [— 01div, (u; —uy) — Va01 - (W —ug) — (01 — 02)div,us — Vi (01 — 02) '112} X
Q

X (01— 02)dx < C(HQlHWL?(Q)HQl - 02HL2(9)||111 - U2HWL<><>(Q;R3)

+ [l @ o1 — e2ll72(@)

and thus
Lo — ol
dt 01 — 02{|L2(0)
< Cllorllwrz@llur — wallwreo@rs) + Clluellwrc@rs)llor — 02l 2()-

Applying Gronwall’s lemma

[(o1 = 02)(t, M2 <

t t
C/ (HQlHWl@(Q)HUl - 112HW1700(9;R3)GIT C”u2”W1’°°(Q?R3)(S)dS) dr,
0

which proves (8.8), and hence also the uniqueness. [

Remark 8.1 We can also show the validity of the renormalized continuity
equation. Using the same method as in the proof of the validity of renormal-
ized continuity equation, we have for any b sufficiently smooth, convex

Iib(0) + div,(b(p)u) + (ob'(0) — b(p))div,u — eAb(o) < 0.
Indeed, formally, multiplying the continuity equation by &'(p)

0:b(0) + div,(b(o)u) + (oV'(0) — b(p))div,u — eAb(p) = —eb”(0)|V.0|* <0,
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where we used that
Ab(g) = div,(V'(0)V.0) = V' (0) Ao+ b"(0)[V.0l*.

The details are similar as in the case with € = 0, the only problematic term
has a good sign. Note also that we can integrate the continuity equation over
Q2 (i.e. use as test function 1)

d

— [ o(t,x)dz =0 = / o(t,z) dz = const. (in time).

We now return to the full system with the Galerkin approximation for
the velocity. We want to obtain a solution for the Galerkin approximation of

0i(ou) + div,(ou ® u) — pAu — (pu + \)V,div,u
+V. (0" +60°) +eV,0- V,u = of

with ¢ being a solution to the (regularized) continuity equation with the
velocity u.

We shall apply the following version of the Schauder fixed point theorem
(for the proof see e.g. [6])

Theorem 8.2 Let T: X — X be continuous and compact, X a Banach
space. Let for any s € [0, 1] the fized points sTu = u be bounded. Then T
possesses at least one fixed point.

We define the mapping 7" as follows. Take w € C([0,T];X,,), where X,
is the finite dimensional space spanned by the first n eigenvalues of —puAu —
(14 AV diveu with ulsg = 0. We look for u,,, the Galerkin approximation
of the linearized momentum equation, i.e. for the solution to

/ Oi(o(w)uy,) - h; dac+/ div,(o(w)w ® u,) - h; dx
Q Q
+ ,u/ V., : V.hdoe+(p+ A) / div,u,div,h;dz  (8.11)
Q Q
Q Q

:/Qf-hidx, u,(0) = P,uy, i=1,...,n.
Q
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Since for w € C([0,T]; X,,) the solution to the regularized continuity equation
is bounded away from zero, it is not difficult to see that there exists a solution
to (8.11). Moreover, as the problem is linear, 0,0 € LP((0,T) x Q) for any
p < 00, by a standard energy method and Gronwall’s argument, the solution
is unique.

It is also possible to show that T is a continuous and compact mapping
from C'([0,T]; X,,) to itself. The main point is that we get an estimate of dyu,,
while in the spatial variable the compactness is just a consequence of the fact
that X,, is finite dimensional. What remains to show is the boundedness of
the possible fixed points. Take s € [0, 1] and

sT(u,) = uy,, ie, T(u,) = il
s
Then

/ Oi(ou,,) - uy, d:H—/ div,(ou, ® u,) - u, dz

Q Q

+ / eVgo- Vyu, -u,dz + / w|Vau,|* dz
Q Q

+ /(u + A)(div,u,)? dx%—s/(VzQ7 + 6V, dz = s/ of -u, dz
Q 0 Q

for s € [0,1]. Next, we have

1 1
/at(gun).undx :—8t/g|un|2dx+—/8tg|un|2dx,
Q 2 " Jg 2 Jq
1
/divx(gun@)un)-undx :—/divx(gun)\unIde,
Q 2 Jq

/5VIQ-qun-undx :E/Vmgvmlunﬁdx:—E/Ag|un|2dx.
Q 2 Ja 2 Jo

Summing these three integrals we get %&g fQ olu,|? dz, due to the continuity
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equation. Further

/vmg undaj ——/Qun xQ’y ldx

= 1 0" *div,(pu) dw
’y —

1
= 8t/ o' dr — &7 0" TApdx
Q L Ja

1
/ V0" u,dz = , | of dx + 66/ Q/B_Q\ng|2dm.
Q B—=1"Jq Q
Thus

d
—&5(0,u,) + ,u/ |Vou,|? do + (p + A) /(dikun)2 dz

(8.12)
+s€7/ 0" 2| Vo dz + 8555/ 0" 2| V,0)* dz < s/ of -u, dz,
Q0 0 Q

where £ (0,u,) = 5 [o (olwn]® + 5255 + s ) dr. As

/Qf-undx
Q

g‘/g\/ﬁ\/éun-fdx

1 1
< HQHzoo((LT;Ll(Q))Hf||L°°((0,T)><Q;R3)Hg|u"’2||zl((0,T)><Q)’

we get the L>(0,T') control of the kinetic energy [, olu,|*dz and L'(0,7)
control of [, [V,u,[*dz independently of s. As X,, is finite dimensional,
using (8.12) and (8.7), we see that p is pointwisely controlled independently
of s and thus, using once more (8.12), we see that |u,|c(or;x,) is also
controlled independently of s. Therefore we can apply Theorem 8.2 to finish
the proof of Theorem 8.1. Note that (8.4) follows from (8.12) integrating
over (0,7), setting s =1 and ¢ := g,. O
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8.3 Estimates independent of n, limit passage
n — 0o
Recall that we have from the energy inequality (8.12)

[on|tnl?| L0, () < C,
lonll Lo 0,180 < C,

”unHLQ(O,T;le?(Q;R?’)) <C, (8.13)
|07 |20, w1 2(0)) < C.
Note that
2 3
HQ"”L%B((O,T)xQ) < ||Qn||zoo(07T;Lﬁ(Q))||Qn||zﬁ(07T;L3B(Q)) <C. (8.14)
Next we test the continuity equation by g,.
1d 2 2 .
slonlls +ellVaonlz = = diva(onun)on do
2dt Q
1 9 1 2 1
=—- [ u, - Vyo,dv =—= [ g,div,u, dz.
2 Jq 2 Jq
Taking 3 > 22 (33 = 4) we therefore have
lonll 20, w120)) < C. (8.15)

As we control
0utln = V/auy/@ntty in (0, T; LE (O RY))
(recall that /0, is controlled in L>(0,T; L**(Q)) and ,/g,u, is controlled in
L>(0,T; L*(2R?))), and
. 2 68 3
on, in L7(0,T; L5+6 (Q; R”))
(recall that g, is controlled in L>(0,T; L#(Q)) and u,, in L*(0, T; L5(Q; R?))),
108—6
then ¢,u, is bounded in L3t ((0,T) x ;R*). Hence for 8 > 3 we control
onW, in L3((0,T) x ;R?) for some § > 2 and by virtue of Lemma 8.1 also
V.0, in L3((0,T) x ;R*). Thus we know that div,(g,u,) is bounded in
Li((0,T) x §2) for some g > 1. Whence Lemma 8.1 implies estimates

HviQnHLq((o,T)xQ;RfWS) <C, (8.16)
10con| Lacoryx0) < C
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for some ¢ > 1.
We now recall our problem

/ O (onuy,) - hydz — / on(u, ®u,) : V,h;dr + u/ V.u, : V., h;dz
Q Q Q

) |

div,u,divyh; do— / (0 + 602)div,h; dz
Q Q

+€/ Vion - Veu, -h;de :/ onf - h;dx, (8.17)
Q Q

8t(Qn) - 5A9n+dlvx(gnun) = Oa

don

| =0

o0

We have (for a chosen subsequence, denoted however again by the same index
n)
Oron, — G0 in LA((0,7T) x ),
V20, — V2o in LI((0,T) x Q;R>?),
= V.0, — Vo inL7((0,T) x 4 R?) Vvr <2,
on =" 0 in L¥(0,T; L°(Q)),
on — 0 in L37((0,T) x Q),
= o,— 0 iInL"((0,7)xQ) Vr< gﬁ,
u, —u in L2(0,T; W"3(Q;R?)),
= onu, — ou in LG ((0,T) x Q).
Next we want to show that in fact g,u,, — pu strongly. To this aim, let

us observe that for P, the orthogonal projection from L?(€2;R*) to X,, we
have

d

T P.(opu,) - ®dz = / on(u, @ uy,) : V. P, (®)dx
Q

Q

— ,u/ Vo, : Vo Py (®)de — (p+ A) / div,u,div, P, (®) dx
Q Q

+/(QZ+5gﬁ)divxPn(<I>) dx—s/ Vion-Vaeu, P, (P) dx+/ onf- P, (®) dz,
Q Q Q
(8.18)
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t € (0,7) and ® € C=(£2;R*). We now recall the properties of the projection
P,:
/ P,(u)-vdr = / u- P,(v)dz, Yu,v € L*(;R?),
Q Q
T (P = Dl s = 0. e LAQRY),
1 Pn (@) [[wr2ms) < Cllullyrzors), k=12,
u € Wi RY) N WH2(Q;RY), (8.19)
lim [[(P, — Dullyiogesy =0,  Vu e Wy (4 R?),
n—00 ’
P,— 1z . 6
lim ( sup (H( ) HLQ(QRS))) =0, q> v

N0 N ZeWL.a(Q;R3);2£0 ||ZHW17‘1(Q;]R3)

To prove the last statement (the only nontrivial), assume the contrary. Hence
there exists ¢o > 0 and {z,}>>, C W(Q;R?) such that Znllwra@rs) = 1
and ||(P, — I)Zn|| 12(r?3) > €0- Due to the compact embedding, there exists
a subsequence z,, — z in L?({2; R?); whence

(P = D2 |l 1205m9) < [[(Poy = 1) (20, =2) || L2y [ (Po = D2l r20r3) — 0

as k — oo, due to (8.19), and (8.19);.
It is an easy matter to observe that using (8.18) and (8.19) we have for
some a > 1

10:(Pa(0n1))|| Lo -22(m2)) < C.
Moreover,

||Pn(9nun)”Lq(O,T;WL?(Q;R?’)) < OHQnunHL‘I(O,T;leZ(Q;R?’)) <C, q>1,

provided g > 15; if ;?5;16) > 3, then by Lemma 8.1 V,p, is bounded in
L7((0,T) x Q; R?) for some r > 3 and thus g, is bounded in L"(0,T; L=()).

By virtue of the Aubin—Lions lemma,

P,(onu,) — 2, strongly in L7(0,T; L*(€; R?)).

It is not difficult to see, due to the fact that p,u, converges to pu weakly,
that z = pu; it is enough to note that

T T
/ /z-tpndxdt<—/ /Pn(gnun)-cpnd:cdt
0o Jo 0 Jo
T T
:/ /Qnun'Pn<(P)77dxdt—>/ /gu-cpndxdt
0 Jo o Ja
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for all n € C>((0,T)) and all p € C=(; R?).
Then as

| onun — Qu||Lq(0,T;L2(Q;R3))
< lonu, — Pn(Qnun)HLQ(O,T;LZ(Q;R?’)) + | Pu(0nutn) — QU-HLQ(O,T;L?(Q;RS)):

we get due to (8.19)s that o,u, — ou in L(0,T; L*(Q;R*). Whence (recall
that 5 > 15)

onl, — ou in L*((0,T) x Q;R?). (8.20)
Therefore we have for some s > 1

o, @u, = ou®u in L*((0,T) x Q;R>*). (8.21)

Finally, as V0, is bounded in L*1((0,T) x Q;R?), s; > 3, we have that
Veon — Veoin L3((0,T) x Q;R?), and

eVa0n - Vou, = eVyo-Vou  in Lg((O, T) x Q;R?).

Altogether we can pass to the limit in (8.17) to get

—/OT/Q(QU) - PO dr dt

T T
—/ / olu®@u): V,®dr dt +/ / puVau VY de dt
0 Jo o Ja

T T
+(p+ A) / / div udiv, Py dz dt — / /(Q7 + 607)div, ®1 dr dt
o Ja o Jo

T T
+€/ /VIQ-qu%I)wdx dt:/ /Qf-fﬁwd:v dt,
0 Ja 0 Ja
(8.22)

first for any ® € Lin{h;,hy,...} and ¢ € C°(0,T), later due to density
argument we could enlarge the space. As we do not need to specify the space
now, we will not mention it explicitly. Finally, we may repeat the considera-
tions performed in Chapter 3 connected with the weak continuity of the mo-

mentum (note that by Lemma 7.4 we know that pu € Cyeax([0, T7; LB%(Q)))
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and get

/Q(@u-)w(ﬂ-)dx—/ng,(;uo-<p(o,~)dx:/OT/Q(gu)-atgodx dt

—|—/ / olu®u): Vypdr dt —/ /uvxu : Ve da dt
0 JQ 0 _JQ (8.23)

—(u—l—)\)/ /divxudivxcpdx dt—/ /(Q’Y—F(SQ’B)CHVIQOCLCE dt
0 Ja 0o Jo

—|—€/ /mevxu-godxdt—/ /Qf~<pdxdt
0o Jo o Ja

for any ¢ € C°([0,7] x Q;R*) and any 0 < 7 < T'.

After the limit passage in the continuity equation we get

do

0o — eAp + div,(ou) = 0, on

=0, (8.24)
a0
satisfied a.e. and in the weak sense.

Finally, we may also pass to the limit in the energy inequality. We take
(8.12) with s = 1 and integrate if over the time interval [0,¢] C [0,7]. To
pass to the limit in this inequality, we multiply it by a smooth compactly
supported function ¢ in the time interval (0,7) and integrate it once more
over the time variable, now over [0, T]. In this form we may perform the limit
passage n — oo (in the terms with velocity gradients, we also use Fatou’s
lemma) and finally we get rid of the function ¢. We have

/(1g|u\2+ < 52 )( )da + /t/\v uf?dzd
— 7". T T
o 270 T T o Ja

—i—(,u—I—)\)/ /(divmu)2dmd7+€5ﬁ/ /gﬁ_2|vx9|2dxd7

0o Ja 0o Jao
T 8.25
—i—&w/ /QV_Z\V:L«QFdJ:dT ( )

0 Q
B
T 1 an 00,5
< Qf~udxd7'+/ —o0s|aol? + —= + 65— dx
/0/9 Q<2 0./ Uol v—1 p—1

for a.a. t € (0,77.
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8.4 Estimates independent of ¢, limit passage
e — 0"

Recall that from the energy inequality (8.25) we have

|0 |ue|* | Lo 0,121 () < C,
|0 Lo 0,75 18(0)) < C (8.26)
el 20w 2(urey) < C-

For $ > 4 we may test the continuity equation by o. and get
Velloellzorwr2@) < C. (8.27)

However, at this point we need some better (and independent of ¢) estimates
of the pressure. We recall the properties of the Bogovskii operator (see
(4.14)—(4.16) from Chapter 4).

We use as the test function in the momentum equation (8.23)
(e o)
O — 157 [ Qosd ).
iRl

p

1
Qs__/QO,(Sd:C

Note further that

) ( (Qa— 0l / 9050133)) B(dy0.) = —B(div(0-u.) —eAg.).

We have

Recall that (1 < p < o0)

< C(p,ﬂ)/ or dx.

Q

T
/ /(gz+1+595+1 )dz dt = ZIJ’
o Jo

1 1 5
I = — S d dx ) dt
! |Q‘/o (/Q(QE QE) x/QQM I> 7

where
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T
I = _/ /(Qaue) X (B (Qe - L/ 00,5 dx)) dz dt
o Ja 2 Jo

T
- _/ / ocu. - B (0y0:) do dt
0o Ja

T
= / / (Qeue : B(divx(geua)) — EQeUe B(Aga)) @ZJ dz dt
0 Q
= L+

T 1
I; = —/ / o:(u-®@u.) : V. B (Qe - @/ 00,6 d$> dx dt,
0o Jo Q
T 1
Iy = / /“una : V.B (Qa — —/ 00,5 d{L’> dz dt,
o Jo Q] Jo
T 1
I; = / /(,u + A)div,u. <g€ — —/ 00,6 dx) dx dt,
o Ja Q[ Jo
T 1
16 = / / 5va£ ' vxua -B (QE - _/ 00,6 d[E) dz dt’
o Jo 9] Jo
T 1
[7:_/ /gef-B(ge——/gde) dz dt,
o Ja 9] Jo
1
kz—/&mm0ﬂ<ﬁf%"—/@ﬂad%
Q 12 Jo

1
Iy = —/ Qo,sUg * B (Q0,5 - —/ 00,6 dl’) dz.
Q 9] Jao

We estimate each term separately:

15 < Cleel o o @) + OllellZoe o 7:20() < C(DATA),
T
Imﬁ//&mummm%mmu
0 Q
T
<0 [ oo el oz lo-vcl s
0

T
§0/|@ﬁmmm@®mwgcmmm)
0
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if § >3,

T
2l < c/ /|@5u5|
0 Q

T
< C/ eIV el 2yl 0cl L3 (@ [0 [| o (orey At < C(DAT'A)
0

B(eAop.)| dz dt

if B > 3 (note that Vo, -n = 0 on 09),

T
1
uo< o [or ‘vxs <@E o [eus dx)‘ i dt
o Ja 12| Jq
T
< [ loda B dt < CDATA)
0
it 8 > 3,
\Lu] 4+ 15] <
r 1
C ||V$u5”L2(Q;R3x3) sz O — @ 00,5 dz dt
0 Q LQ(Q;RSXS)

T
<C [ IVl oo dt < CDATA)
0

if § =2,

T
’[6’ < C/ 5HV;,;Q5HL2(Q;R3)HvxugHLz(Q;R:sx:s)X
0
dt

1
B (Qa - ﬁ/ 00,5 dﬂ?)
‘ ‘ Q Lo (Q;R?)

T
< C/ eIVl 2o [ Vatte || 2 @moxs | 02| Lo (o) At < C(DATA)
0

X

it 5> 3,

T
Ll <cC / loollos
0

1
B (Qe - @ /Q 00,5 dZL’>

s dt

2
LB-T(Q;R?)

T
<c / 0220y
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if 5> 32

<
|Ig‘ HQEUEH OTL[;H-l(Q)

1
\B (Qa Tl /Q o3 d"”)

for 8 > 3; here we use that g.u. € Clear ([0, T]; L%(Q;R:S)) and the embed-
ding W#(Q) — C(Q). Finally

C([0,T]xQ)
< C(DATA)

II,| < C(DATA).

Therefore,
T
/ / (02 4+ 60T da dt < C(DATA)
0 Ja
provided
8> 3.
Hence )
| o<l Lo,y <) + 7 || 0cll Lo+ (0,my <) < C. (8.28)

Using Theorem 7.2 together with the considerations as in Chapter 3 based
on the weak formulation of the continuity equation we have

0: = 0 1In Cyeax(0,T LB(Q)).

Using the weak formulation of the momentum equation and the arguments
as above and in Chapter 3 we have

0:u: — ou  in Cyeax ([0, T7; L%(Q;R?’)).

Writing the continuity equation (8.24) in the weak form,
[e)mde = [ 500,90

/ /Qaatq)d$ dt — / /evxgg V,®dx dt

+/ / o, - V,ddz dt Vb € C([0,7] x Q), 7 € (0,7,
0 Q
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we may pass with e — 0% (e||V,0: |l r2(0.1)x0r3) = 0)

[teweyae [ o= [ [ owara

T (8.29)
+/ /QauE-VxCI)dx dt Vo € C>([0,7] xQ), 7 € (0,71,
o Ja

8
whence it also holds for ® € W2((0, 7) x 2) such that ® € C([0, 7]; L7-1(Q))
and we recover the weak formulation of the continuity equation.

Next we consider the momentum equation. Since

T
5/ / |Vi0: - Vou|de dt
0o Ja

< VeVEVaeellL2o,mse2@men | Vaell L2 0,1 xsmsxe)
and exactly as in Chapter 6
o1, ®u. — pu®u in L1((0,T) x Q;R**?) for some ¢ > 1,
we recover after the limit passage ¢ — 0%

/Q(QU_-(I))(T,-)dl‘—/Q075u0'q)(0,-)d$

Q

:/ /gu~8t<1>d:cdt+/ /Q(U@u):VﬁI’dxdi

Ao Jo 0o Ja . (8.30)
—u/ /qu:foﬁdx dt — (,u—i—)\)/ /divxudivxédx dt

o Jo 0o Ja

+/ /(Q7+5gﬂ)diVx<I’dx dt—i—/ /Qf~<I>d:U dt,
o Ja o Jo

for any ® € C=([0,7] x ;R*) and any 0 < 7 < T. By density argument,
6

it also holds for ® bounded (continuous) with 9,® € L*(0, 7; Lo (4 RY)),

V.® € L?((0,7) x Q;R*?) and div,® € L°T'((0,7) x Q) such that the

function ® € C([0, 7]; L%(Q;RS)), 0 < 7 <T. The last task is to show that
07 + 005 = 07 + 50, i.e., the strong convergence of the density.

8.4.1 Strong convergence of the density

First recall that we have the following renormalized formulation of the con-
tinuity equation (note that the equation holds pointwise a.e. in (0,7) x 2)

94(b(o:)) + diva(b(oe)us) + (0:b'(0-) — b(o:))divyu. — eAb(o.)

= —el"(0.)[Vaor? <0 (8.31)
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with b sufficiently smooth and convex. Due to the fact § > 2, we also have in
the limit (we can prove it directly from the weak formulation of the continuity
equation for the limit functions, see Lemma 7.3)

9,(b(0)) + div.(b(0)u) + (o' () — b(e))div,u =0 (8.32)

for b sufficiently smooth; however, now it holds only in the sense of distribu-
tions. We will return to the precise formulation below.

We now proceed as in the weak sequential compactness part. The aim is
to show the effective viscous flux identity

0T+ 605+ — (20 + N odivyu = 070+ 6080 — (21 + N)odiv,u  ae. in Q.

L (8.33)
However, we should be careful with the term ¢°t! since the existence of
the weak limit is not a consequence of the estimates of the density proved
above. We will comment on this below. To show (8.33) we proceed exactly
as in Chapter 6. One difference is that for ¢, = ®V,A 1 [p.1g] with & €
C>([0,T] x Q) we have

Op. = PV, A 00.1g] + Lot = =V, A" div,(o.u.) + eV, (0.1q) +lo.t.,
———

—0

where l.o.t. denotes lower order terms coming from the derivatives of the
function ®. Next, A~' represents here the inverse of the Laplacean on R?,
specifically,

8xjA_1[’U] = .F,;:_m {%‘Fx—)g[v]} .

Finally, the term

T
5/ / V0 - Vaou. - . dedt — 0 (8.34)
0 Jo

for e — 0T. The rest is the same, hence we obtain the effective viscous flux
identity. Note that all other terms (except for ¢?*!) are equiintegrable and
thus also ¢?*! is equiintegrable (the localization of the equality is straight-
forward). Thus o?*' — 98+ as it the sequence is bounded in L'((0,T) x Q).

We intend to use in the renormalized continuity equation b(p) = gln p.
Note that 0" (p) = (lnp+1) = % > (), i.e. it is a convex function, however, it
has superlinear growth at infinity and the derivative is not bounded at zero.
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However, we can handle the growth by means of Lemma 7.3. Next, due to
Lemma 7.6 we know that the density is continuous with values in L?(2) for
any q < 3. We therefore have (we apply the same procedure as we used to
the continuity equation in Chapter 3)

/(@hlw)( )dx—/ 00,610 00,50(0, -) dz

/ /glng@tgodx dt—l—/ /angu Vepdx dt—/ /levxugodm dt

(8.35)

for any ¢ € C°([0,7] x Q) and any 0 < 7 < T. However, we may argue as
in the proof of Lemma 7.2 to see that we may in fact use test functions from
C([0,7] x §2). This finally allows to use as test function 1q1jg - to conclude

/(glng)(T,-) dx—/goﬁglngoﬁdx—k/ /gdivgcudx dt = 0.
Q Q 0o Ja

Further, for € > 0 we have a.e. in (0,7) x Q
at(@e 1I1 Qe) + diV:v(Qa 111 qua) + Qsdivx’ue - 5A(Qa hl Qe) S O

Integrating it over € (recall that dn0:-|9q = 0) and over (0, 7) yields

/(lenQS)(T,')dx—/QO}glﬂQoﬁdl‘*"/ /Qadivxuadx dt <0.
Q Q o Ja

Passing with e — 07 (note that o.In o, converges in Cyea ([0, T]; L4(£2)) for
any q < [3)

/(glng)(r,')dx—/Qo,glngo,gdx—i—/ /Qdivxudx dt <0.
Q Q 0o Ja

Therefore

/((M)(T,-)_(ang)(ﬂ-)) dx < /T/(Qdivxu—M) dz dt
@ T 0o Ja
- 2u1+A/0 /Q(@Q—W)MS(EQ—W)) dz dt.

ot — g0 = lim 1 (oI =

0l0) = Ehm (0 —0")(0- — 0) > 0,
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we have ¢7p < ¢7t! and thus

(A(QHWXﬂO—(mn@UwaxSO

We now apply the following result

Lemma 8.3 Let O C RM be a measurable set and {v,}°, a sequence of
functions in L'(Q) such that

v, = v in LYO).

Let &: R — (—o00,00] be a continuous convex function. Then

/@(v)dxﬁliminf/@(vn) dz.
Q Q

n—0o0

Moreover, if ®(v,) — ®(v) in L'(O), then

O(v) < ()
a.e. in O. If, in addition, ® s strictly convex on an open convex set U C R,
and

®(v) = ®(v) a.e. in U,
then for possibly a subsequence
v, = v forae. ye{yeO,v(y) € U}

Proof: The proof can be found in [10]. O

This yields

olng=plng

as well as the a.e. in (0,7") x Q the pointwise convergence of the sequence
of densities. This, by virtue of Vitali’s convergence theorem, implies that
0: — 0in LP((0,T) x Q) for any p < 5+ 1.

Hence we get the weak formulation of the momentum equation

/Q(gu-@)(f,-)dx—/go,guo.cp(o,-)

Q

—/ /gu-@tCI'da:dt+/ /Q(u®u):VI<I>dxdt

- Ja 0o Joo (8.36)
—/ /uvzu:vxq)dx dt — (u+ ) /divxudivxi'da: dt

0o Ja 0,/

—i—/ /(Q7+5Q’8)divx<1>dx dt—/ /Qf-q)dx dt,
0 Q 0 Q
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for any ® € C°([0,7] x ), 0 < 7 < T, and the energy inequality (here we
proceed exactly as in the limit passage n — 00)

1 2% &)
/( olu)® + 0 1+5 0 ) ,-)dx
+u/ /|V u|2dx dt 4+ (u+ N) / /dlvxu ) dx dt (8.37)
0
/ /Qf udz dt+/ (—905|u0|2 7_’51+5ﬁ0_61> dz

for a.e. 7 € (0,7T].

8.5 Estimates independent of 9, limit passage
d— 0"

We have as before

H95|115!2HL°°(107T;L1(Q)) <C,
| 05l o< (0,752 (2)) + 07 || 06| oo 0,728 (0)) < C, (8.38)
sl 20,1 20m3)) < C,

and
05 — 0 In Clear (0,75 L7(£2)),
055 = ou 0 Cueaic(0, T; L777 (O; RY)). (8.39)

We need to estimate the pressure in a better space than just L*((0,7)x ).
To this aim, we apply similar type of improved pressure estimates as in the
previous limit passage in Section 8.4. However, we have to employ a slightly
different test function, namely

1
o L o
B<95 rm/gfédx)'
1/ P
e e
05 — — [ o5 dx
>l o T,

Recall that

< C(p,ﬂ)/Q@?@dﬂ?
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for any 1 < p < oo, and

1 1
O (B (g? - @/ 0f dx)) =B (8,:9? Tl / 0s05 dx) . (8.40)
Q Q

Due to the renormalized continuity equation, we have in the sense of distri-
butions
9,05 = —div,(05us) — (© — 1) div,u,

therefore
S 1 e
B (8,5@5 — ﬁ/atgé dZE)
122 Jq
1
= —B(div,(ofus)) — (6 — 1)B (Q?divxug — @/ 0 div,us dx) :
Q
Thus

T 8
/ /@g*e +6057 %) de dt =Y I,
0 Q

J=1

[1:L/T</(gg+5gf)dx/g?dx>dt,
Q] Jo \Ja Q

T
I, = —/ /(Q(;u(g)-at (B (Q?—L/Q?dx)> dz dt
o Ja 12 Jq
T 1
= —/ /B(&tgg)——/atg?dx) dx dt
o Ja Q[ Jo

T
= / / <Q5U_5 : B(div,r(g(;u(;)) + (@ - 1)@5115 . B(g?divzug
0 Q

1
_ @/ g?divzué dx)) dz dt
Q

= L+,

T 1
I; = —/ / os(us ®uy) : V. B (Q? — —/ Q? d$> dz dt,
o Jo 12 Jo

where
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r 1
1y = / /,uvgcu(; - V.B (Q? — —/ 0¥ dx) dx dt,
o Ja 2 Jo
T 1
Is = / /(u + A)div,us (g? - —/ 09 dx) dz dt,
o Ja 2 Jo
g © 1 <)
— osf -Blos —— | o5 dz | dz dt,
o Ja 2 Jo
I; = —/(Q5U5)(T7 )-B (Qa /Q5 ) Z,
0 9
Ig = —/ g85u0-8 (Q85 — —/ Q&dx) dzx.
a 2 Jo

We estimate each term separately:

L] < C(HQc?HLOOOTLv(Q))
+ 5”95”500(077“;[/3(9))||Q5||?°°(O,T;L’Y(Q))) < C(DATA)

provided © < =,

T
= O/ / osUs - B(divz(ggu(;)) dz dt
0 Q

T
< C/o HQ(SHL%(HG Hu(SHLG QR?) HgauJH 6(1+®> 2 0 dt
T
146 >
if © S %fy — 17

T 1
2] < o/ /g5|u5|‘8<9?divxu5——/ of div,usde) | de dt
o Jo Qf Ja

T
< ¢ [ loslow sl
0

1
O - O 1:
X HB<95 divyus — ] /Q 05 div,us dx) HL%(Q;R?’) &

< C'/ HQ&HLw(Q)HuaHLG(Q;RS)||diV:vu6||L2(ﬂ)HQéui)Qi’w@
; <

< C(DATA)
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if@ggfy—land'ygﬁ

T
1
I3 < C/ /05|u5|2‘VzB (g?— —/ Q?dl’)‘ dx dt
o Jo 91 Jo
T
< O [ lesllron sl ool g, do i < C(DATA)
0 ol
ifO<2y—1,
[I4] + 15| <

dt
L2 (Q;RBX 3)

T
C/ [Vaus|| 22 maxe)
0

1
V.B <Q? " /Q o8 dx)

T
< O/ chcu5”L2(Q;R3X3)||Q(5||L2®(Q) dt < C’(DATA),
0

if @< %,
dt
o]
L7=T (;R3

T
uasc/‘mmmw
0 )
T ®
<C [ ol at

1
o L o
B(% uué“d@

if © < 3(377_71) if v < 3, © arbitrary finite if v > 3,
B(Q?—L/Qaed$>
2 Jo

for © < 2 here we use that gsus € C’weak([O,T];L%(Q;]RS)) and the

embedding W (Q) < L%(Q) Finally

I;| <
|[I7] < HQauéHLN(O’T;L%(Q)

C(0.THLA T ()
< C(DATA)

|Is] < C(DATA).
Hence

|05l r+e (0. 1)x) + 01|05l La+e (0 mxa) < C. (8.41)

Note that © = min{%v —1,2}; for v = 6 both values are equal. However,
if we proceed once more for v > 6 and use, instead of the information ps
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bounded in L>(0,7; L7(2)), the newly obtained information that the se-
quence is bounded in L27((0,T) x ) in the terms coming from the stress
tensor, we end up with the fact that g is bounded in L37~1((0,T) x Q). This
improvement is not important for us in this situation, so we do not present
any details and leave them for interested reader.

As above we can pass to the limit in the weak formulation of the continuity

equation to get
| e)mdo— [ oo,

/ /Q@tq)dxdt—i-/ /Qu V. ®dx dt

for all ® € C>([0,7] x Q) and any 0 < 7 < T. Moreover, as in the previous
section

(8.42)

0sUs ®us — pu®u in LY((0,T) x Q;R**®) for some ¢ > 1

and we may pass to the limit § — OjL in the weak formulation of the momen-
tum equation (note that & f; [;, 0jdiv,® dz dt — 0)

/Q(Qu L®)(r, ) da — /Q ootto - B(0, ) dx

:/ /gu-@tq)dxdt—i—/ /Q(ll@ll)lvxq)dl'dt
0./¢ (8.43)

/V u:V, ®dr dt — (p+ A) / /dlvxudwx@dx dt

/ /mdlvx@dxdt—/ /gf ddx dt

for all ® € C=(([0,7] x ;R?*) and all 0 < 7 < T. To finish the proof it
remains to show that 97 = p?. Recall that, due to restriction coming from
above, we consider vy > %

—[

S~

8.5.1 Strong convergence of the density

We will follow a similar strategy as before, i.e., we show

o cffective viscous flux identity
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e validity of the renormalized continuity equation
e strong convergence of the density

Recall that we control

|05l Lr+e 0,y x0) < C,

where 0 = min{§7 —1,2}. Then g'y —1=2fory= %, ie. for v < % there

is an additional difficulty: for the limit (p,u) we do not have guaranteed
the validity of the renormalized continuity equation, we will have to verify it

differently.
We denote
z for z € [0, 1],
T(z) = ¢ € (1,2] concave for z € [1, 3],

2 for z > 3

with T'(-) € C*(R{), and
z
To(2) = kT (E>  keN.

We aim at showing

0Te(0) — 2u+ N)Tx(0)diveu = 07Tk (0) — (2 + N)Ti(0)div,u  (8.44)

a.e. in (0,7) x € for all & € N. The proof is based on a similar idea as
before; we use a clever test function for approximated momentum equation
for 6 > 0, then for the limit problem; finally we pass to the limit 6 — 0%,
using certain tools from the compensated compactness theory.

Recall that we have for 6 > 0 the renormalized continuity equation in the
form (in the sense of distributions in (0,7") x §2)

9 (Ti(05)) + dive(Th(0s)us) + (051 (0s) — Ti(0s))diveus =0, (8.45)

however, for the limit we only have (in fact, for v > % the situation is better,
however, we are mainly interested in low 7’s)

0(T(0)) + div,(Tk(0)u) + (0T} (0) — Tx(0))div,u =0 (8.46)

(again in the sense of distributions in (0,7) x §2)
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We use as the test function in the approximated momentum equation
(understood in the weak sense)

Oy (osus) +div,(osus @ us) — pAus — (u+ \)V,diveus + V, <Q} + 5@?) = osf

the function
Y5 = qbeA_l(lng(g(;)), ke N

and for the limit equation (again, understood in the weak sense)
Oi(ou) + divy(ou ® u) — pAu — (p+ A\)Vdiveu + V07 = of

the test function

¢ = 6V, A (10T3(0)), k € N.

Here, A~! represents as in the previous section the inverse of the Laplacean
on R?, ie.
lé-j

@fﬁa [U]} ,

and ¢ € C°((0,7) x §2). Note that for 1 < p < 3 we have

VA" o] < Olvllzrey

”L?% (;R3)

and for p > 3
IV AT ][l c@ps) < Cllvllzee).

Step 1: As
05 — 0 in Cyear ([0, T]; L7(£2)),

we have, in accordance with the standard Sobolev embedding relation
Wh(Q) —=— C(Q), p>3,

VoA 10Th(05)] = VoA 10Tk(0)] in C(]0,T] x Q).
Now for ¢ € C((0,T") x Q)

6—0t

i [ [ (o9t e + p(en) Ve V.8 MoTu(an)]) de - (547

T
—/ / ¢<vau(5 . ViA_l[lng(Q(s)] + ()\ + [L)diVxllng(Q(;)) dz dt
0 Q



8.5. ESTIMATES INDEPENDENT OF ¢, LIMIT PASSAGE 6 — 07 101

_ /O ' /Q (V205 Va6 - VoA 103 (05)]

FO A p)diveus Va6 - va—lung(gé)]) dz dt}

= [ [ (010 - 5@V 7.4 0Tl e a
- / ' / o(iVau: V2AT 10T (0)] + (A + p)div,uTi(0) ) de dt
- ) JRGERER )
+O+ p)divuVes - VoA 10T (0)]) do di

T
+ lim / / <¢Q5U5 - VoA Hdiv, (Ty(05)us) + (05Ty(05) — Ti(0s))div,us]
o Ja

6—0t

—05(us @ uy) 1 V, ($V,L A 1 Tx(05)]) ) dz dt

_/0 /Q <¢Qu VAT dive (Th(o)u) + (0T} (0) — Ti(0))div,u]

—o(u@u): V, (6V,A [10T(0)]) ) de dt

T
— lim / /&(bggu(; VoA (Ti(0s)) do dt
0o Jo

6—0t

T
. _1 T ()
+/0 /Q(‘?tgzﬁgu V.A T (Tk(0)) da dt.

Step 2: We have

/Q dVus 1 VEAT 16T, (05)] do = /Q qsz (0, s[04, 070, [10T(05)]) da

1,7=1

3

_ /Q S (0 (60)[00, A0, [10Ti(05)]) da

2,j=1
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/Z (0r, 0us [0, A1, ][0Tk (05)]) da

2,7=1

= / ¢diV$U5Tk(Q5) dx + / V¢ - udi(Qé) dz

/Z (0r, pus[0,, 0710, ][10 Tk (05)]) da.

i,7=1

Consequently, going back to (8.47) and dropping the compact terms, we
obtain

lim / / p(0s)Tk(0s) — (N + 2,u)diku(;Tk(Q(;)> dz dt (8.48)

6—0t

/ / ~ (0 + 2p)div,uTi(o )) dz dt

~ lim / /Q ¢(95u6~m—1[divx<:fk<ga>u5)]

6—0t 0

~os(us ®us) : V, ATV, [1Ti(gs)]) da dt
_/0 /Q((?Qu-va1[divm<mu)]_¢g(u®u) . VxAilvx[lﬂm]) A dt.

Step 3: Our goal is to show that the right-hand side of (8.48) vanishes.
We write

/Q¢[Q6u6 VA 1adiv, (Th(0s)us)] — 0s(us ® ug) - VIA_lvx[lQTk(Qé)]} dz

:/gbug-[Tk(gg)VxA1[divx(1995u5)]—g(gu§~VxA1Vx[1QTk(g5)]}dx+l.o.t.,
Q

where l.o.t. denotes lower order terms (with derivatives on ¢). As in Chapter
6, we consider the bilinear form

3
[v,w]| = Z <viRZ~yj[wj] — wiRi,j[ij, Rij= 3xiA_1axj,

,j=1
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writing
3
S (v Raslw] - w'Re ()
ij=1
= > (0 = R Ra [w07] = (' = R [w )Ry ]
i,j=1
-U.V-W.Z,
where
3 3
U'=> (' =Ri;1]), W= (w' —Ry;[w]), div,U = div, W =0,
j=1 i=1
and

3 3
Vi= O, (Z Alaxij) , A O, (Z Alaxﬂ)J) , 1 =1,2,3.
j=1 j=1

Therefore we may apply the Div-Curl lemma (Lemma 6.1) and using

Tr(0s) = Ti(0) in Cyeax([0,T]; LY(Q)), 1 < g < 0,

osus — ou in Cyear([0, T]; LP/0FD(Q; R?)),

for v; == Tr(0)du, | = 1,2,3, and w := pu, similarly for vs and ws; we
conclude that

Ti(05)(t, ) Vo A 1adiva (osus) (E, -)] — (0sus)(t, ) - VoA Vo [10T5(05)(t, )]
(8.49)
%

Tii(0)(t, ) VoA Ladiv, (ou)(t, )] — (eu)(t, ) - Vo AT Vo [1aTi(0) (¢, )]
weakly in L*(€; R?) for all t € [0, T],
with i i 5 3
7—31; ut7—L>gsincev>§.

Thus we may take s > g. Then the convergence in (8.49) takes place in the
space

s <

LU0, T; W12(Q)) for any 1 < g < o0;
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going back to (8.48), we have

lim/ / p(0s)Tk(0s) — (A + 2u)divxu5Tk(95)> dx dt (8.50)

6—0

/ / — (A +2u)div,uTy(o )) dz dt.

Therefore, localizing we get as in Chapter 6 the desired form of the effec-
tive viscous flux identity (8.44).

Next we want to verify that for v > % we have the renormalized continuity
equation (with b(g) = Ty (o)) fulfilled. For v > 2 we get this immediately, as
0 belongs to L*((0,T) x Q). But for v < 2 additional work is required.

We introduce the quantity oscillation defect measure

oscy(0s — 0) == = sup lim sup || 7% (0s5) — Tk (0)||La(0,7)x0)-

5—0t

Below, we shall show
(i) oscyy1(0s — 0) < o0
(i)
T
imsup [ [ [Tu(es) - Telo) " o
0 Ja

6—0t

<[ [@T@ - 7@ ar

(iii) if oscy(s — ) < oo for some ¢ > 2, the limit functions (p, u) fulfill the
renormalized continuity equation (with b(¢) a bounded, smooth func-
tion) and hence, by density argument, also for less regular functions.

Lemma 8.4 We have (ii), i.e. (8.51), and (1).
Proof: We have

T
/ /(QWTk(g)—ETk( ) da: dt = hm/ / 1T (05)—0) Tk (0 )) dx dt
0 (o) 6—0t

[ [ (e = )Tulen) - Tul) o at

6—0t 0

(8.51)

<[ [ @m0 - Tl ae. (552



8.5. ESTIMATES INDEPENDENT OF ¢, LIMIT PASSAGE § — 0t 105

However, the second term is nonnegative, as

.
o+ o' is convex,

o+ Ty(p) is concave,

ie. 0 <7 and Ty(p) > Ti(p), see Lemma 8.3. Next, as

T(t) = Th(s) <[t —s, 520
(t—3s)" < (t"—497), t>s>0,
we get
(Ti(t) = Ti(s)(t" = 87) 2 |Tu(t) = T(s)P*™,  t,5>0.
Hence

T
imsup [ [ [Ti(es) ~ Telo) " o
Q

6—0t+

< / /Q (@Tw(0) — 7Te(0) dr dt

which proves (ii). Using now (8.44), we have the identity

[ [(eT@-n) ar a

=(2u+ A) hm/ /lexU5 Tk (0s) — Tx(0 )) dz dt

6—0t

= (2u+ M) lim / /dlvxu(; Tk (05) — Ti(0)) + (Tk(0) —T(g))) dx dt

§—0F

< C’hmsgp [Hlexu(SHL?((QT)xQ) <||Tk(Q6) — Tiu(0)| 20,1 %)
6—0

+ | Tw(0) — Tk(@)HL%(o,T)xQ))]
Moreover, due to Lemma 8.3

1Tk (0) — Tr(0)|| L2((0,1)x0) < 11611_1>(i)£1f 1T (0) — T(06) || L2¢(0,1)x9)

< limsup || Tx(0) — Tk(Qd)HLQ((O,T)XQ)'
§—0t
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Hence

. 1
limsup || 7% (0s) — Tk(0) HZ:H((O,T)XQ)

6—0t

T
= lim sup/ / Ty (05) — Tk(g)|7+1 dx dt
0o Jao

6—0t

< /OT/Q (Q”Tk(Q)—ETk(Q)) dz dt

< Climsup ||diveus|| L2 0,yx0) | Tk(05) — Tk(0) || L2(0,1)x9)

6—0t

< Climsup ||diveus|| L2 o,m)x0) | Te(05) — Tr(0) || 2v+1((0,7)x) -

6—0t

As we control the L?-norm of div,ug, the proof of (i) is finished. [J
We now prove (iii).

Lemma 8.5 Let Q C R* be an open set. Let

0 =0 inLY(Q),
us —~u in L'(Q;R?), (8.53)
Vous — Vou in L7(Q; R¥3),

where r > 1. Let
oscq(0s — 0) < 00, (8.54)

1 +% < 1, where g5, us are renormalized solutions to the continuity equation.
Then also the limit o, u is a renormalized solution to the continuity equation.

Remark 8.2 The claim of the lemma considers the following definition of
the renormalized solutions to the continuity equation: for any b € C*(]0,0))
such that b'(z) = 0 for z > M for some M > 0 it holds

9 (b(0)) + div(b(0)u) + (V'(0)e — b(e))div,u = 0

in D'((0,T) x Q). Moreover, using the technique from Lemmas 7.2 and 7.3
and ideas used in Chapter 3, we may end up with the renormalized continuity
equation in the time-integrated form with larger class of functions b.

Proof: First of all, note that it is enough to show the result on J x K with
J a bounded time interval, K a ball such that J x K C (). Recall that we
consider functions b(z) of class C'([0, 00)) which are constant for large values
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of z. Due to the assumption of the lemma and results from Chapter 7 we
know that

Tk(QJ) - Tk(@) in Cweak(J; Lﬁ(K)) for any 1 S ﬁ < 00,
Ti(0s)us — Tp(o)u in L7(J x K;R?).

Therefore

0T(0) + div, (Ti(o)n) + (T(o)o — Ty(@))div,u) =0 in D'(J x K).

Proceeding as in the proof of Lemma 7.3 we can show that

Ob(Ti(0)) + div,. (b(Ti(e)u) + ((¥(Ti(0))Tx(0) — b(Ti(e)))div,u)
= =V (Ti(0))((T},(0)0 — Ti(0))diveu)  in D'(J x K),

where b'(z) = 0 for z > M. Note that

lim lim |05 — T%(05) |21 ((0,7)x0) = 0

k—o00 §—0+

as s — o in L'((0,T) x Q) and hence gs is equiintegrable. On the other
hand,

6l—i>%1+ /OT/Q(.Qé — Ti(05))dz dt = /OT/Q(Q — Ti(0))dz dt

= |lo — Ti(0) || L1 ((0,1) <) -

Therefore it suffices to show that

b'(Ti(0))((Ti(0)o — Ti(0))div,u) — 0
in L'(J x K) for k — co. Denote

Qi = {(t,z) € J X K; [Ti(0)| < M}.

We have

¥ (Ti(0) (Ti(2)e — Tule))diveu) | |
' o LY (Qg,nr)
< Csupgsg [[divaus||or(x) iminfsoo (| Tk (05) — Ti(05) 06| 1 (g ar)-
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Clearly,

”Tk;(Q5) - Tli(gfs)Q‘SHLT/(Qk,M)
< | Ti(05) — Ti.(05) 05|51 (.0 1 T (05) — Tii(05) 05l a1y

0 < a < 1. As the family {05 }s>0 is equiintegrable, due to a similar argument
as above

sup | T (0s) — Tp(0s) 05| (gxxy — 0 for k — 0.
>0

Now, recalling that 0 < T} (0s)0s < Tr(0s), we get

||Tk(Q5) - T]i(@é)@ﬁHLq(Qk,M) < (HTk<Q5) - Tk(@)HLq(Qk,M)
+ 17i(0) = Tel@)llataxic) + IT5()zo(@en)

< (1Tk(5) = T} 1o(@un) + 05cales — o) + M|J x K1)

Therefore

lim sup ”Tk(Q(S) - Té(@6)95”L‘1(Qk,M)

6—0t

< 20s¢,(05 — 0) + M|J x K|é <C.

The lemma is proved. [
Next we take

br(0) = 9/19 Tkz(;) dz;

~2

note that

ie. bl(0) > 0 for o > 0. Then pb,(0) — br(0) = Tk(0) and we have (it
follows by the limit passage 6 — 0" in the renormalized continuity equation
for 0 > 0 and the fact that we may extend the density and velocity by zero
and use the equations for these extended functions in the whole R?)

/dex—/gbk(go)dwr[/gmdxdt:o
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for all 7 € (0,7] and, due to Lemma 8.5

/Qbk(g)(T,-)dx—/Qbk(go) dx—l—/OT/QTk(g)divzudx dt =0

for all 7 € (0, T7]; we also used that gps — 0o in L'(Q2) and weakly in L7(£2).
Therefore

/Q <bk(@(t)) - bk(@(t))) dz = /Ot/Q <Tk(g)divxu - m) dedr

But b is convex and thus

T
0< / / Ty (0)div,u — Tk(g)divxu) dz dt

/ / Ti(o ))dlvmudx dt

+ / / Tiu(0)div,u — Tk(g)divxu) dz dt.
0 Q

Now from (8.44) and (8.51)

/OT/Q (Tk(g)diku - Tk(@)divxu> dr dt

1 T B
T ou+ )‘/0 /Q(Q”Tk(g) — 0Ti(0)) dz dt

T
> lim su T — T(0)|" da dt,
5 6_>O+p/0 /Q! k(05) — Ti(0)|

1.e.

T
hmsup/ |T%(05) — Ti(o )Hﬁil(m

2 + A §—07t
/ /|Tk To00) | divoul dz dt
<||Tk(0) = T,

HLQ((QT)XQ)HdiV:BuHL? (0.1)x)
+

< ClITi(0) = Tl o,y 1T(@) = Te(@) 5ot 0.1y 0




110 CHAPTER 8. EXISTENCE PROOF
Recall that

1 T%(0) — Ti(0)ll L ((0.1)x)
< Tk(0) = el oryxe + ITk(e) = ellzrom)xs)-

Hence

Jim 1 74(0) = T(@) s oryxey = 0-

As
klglolo T (0) — Ti(0)|| L1 ((0,1)x02) < 08Cy41(05 — 0) = C,

we also have that

liHl hIIl sup ||Tk(95) — Tk(Q)HL'Y+1((O,T)><Q) = 0

k—oo 5 0+

Finally, as

limsup ||os — o||L1(0,)x0) < lim sgp los — Th(2s) [l L2 (0,1 x )

§—0t 5—0
+ limsup [|Ty(05) — Tk ()| L1 ((0.1)x 0y + limsup || Tk(0) — ol 1(0,)x0) = 0,
§—0+ d—0t

we proved
0s — o0 in L'((0,T) x Q)

and therefore also in LP((0,T") x Q) for every p < v+ 0.

To conclude the existence proof, note that we may pass to the limit in
the energy inequality as before. We have
Theorem 8.3 Let v > 32, 0<© <1, Qe C?®, 0<T < oo andg €
L7(%), goluol? = 1225 € L1(Q) and £ € L=((0,T) x 4 R?). Let p(o) = o7
Then there exists a weak solution to the compressible Navier—Stokes system
satisfying the energy inequality, i.e. a weak solution in the sense of Chapter

5.
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