INFINITE GAMES AND oc-POROSITY
M. DOLEZAL AND M. ZELENY

ABSTRACT. We show a game characterizing various types of o-porosity in terms of win-
ning strategies. We use the game to prove and reprove some new and older inscribing
theorems for o-ideals of o-porous type in locally compact metric spaces.

1. INTRODUCTION

The theory of porous and o-porous sets forms an important part of real analysis and
Banach space theory for more than forty years. It originated in 1967 when E. P. Dolzenko
used for the first time the nomenclature ‘porous set’ and proved that some sets of his
interest are o-porous ([2]). Since then the porosity has been used many times as well as
many variants of this notion (see Section . The interested reader can consult the survey
papers of L. Zajicek ([10, 12]) on porous and o-porous sets.

Here we are interested in structural properties of o-ideals of o-porous type. More pre-
cisely, the main question we will consider in this work is the following one.

Question. Let A be an analytic subset of a metric space X and I be a o-ideal of subsets
of X. Suppose that A ¢ T. Does there exist a closed set F' C A which is not in Z?

This question was posed by L. Zajicek in [I0] (for a Borel set A) for classical Dolzenko o-
porosity. An affirmative answer was given independently by J. Pelant (for any topologically
complete metric space X) and M. Zeleny (for any compact metric space X ). Their results
are demonstrated in a joint paper [13] which combines the original idea of J. Pelant (giving
an explicit construction of the set F') and techniques developed by M. Zeleny. The case of
some other types of porosity (including the ordinary one in a locally compact metric space
X but also (g)-porosity in a locally compact metric space X and symmetrical porosity in
R) was solved (also affirmatively) by M. Zeleny and L. Zajicek in [I4]. They offer a less
complicated method of construction of F' using so called ‘porosity-like’ relations. Their non-
constructive proof uses tools from Descriptive Set Theory. However, the authors admitted
that their method cannot be applied to strong porosity and so Question for strong porosity
still remained open (even in a compact metric space X).

Later on J. Zapletal introduced a new powerful tool to describe o-porous sets. This was
an infinite game which can be used to characterize o-porous sets in 2V considered with
respect to certain metric compatible with the product topology. This game is used to
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reprove the positive answer to Question in this particular case ([5, Example 4.20]). The
only attempt to answer Question for strong porosity (and ordinary porosity once again)
was made by D. Rojas-Rebolledo, who generalized in [9] the ideas from [5]. He managed to
give an affirmative answer to Question in any zero-dimensional compact metric space X.
Further, M. Dolezal ([I]) showed a characterization of o-P-porous sets for any porosity-like
relation P via an infinite game.

Our aim is to generalize results of [5], [O, [14] in two directions. We give a positive answer
to Question in spaces which are more general than those considered in [5, 9] and also for
o-ideals of o-porous type which are not included in [14].

Let us look at the contents of this work a little closer. Definitions and well known results
necessary in the sequel are presented in Section 2] In Section [3, we prove the main result
of the paper (Theorem . The complete formulation is a little bit technical so let us
formulate the result in an informal way.

Let X be a compact metric space and R be a porosity-like relation on X satisfying
some additional conditions. Then every analytic non-o-R-porous subset A of X contains
a compact non-o-R-porous subset.

To prove this we proceed as follows. We introduce a variant of Zapletal’s game for two
players played with a set A. We prove that the second player has a winning strategy if and
only if A is o-R-porous. Now consider non-o-R-porous analytic subset A of X. By the
result of Farah and Zapletal (|5, Theorem 4.16]) we may assume that A is non-o-R-porous
and Borel. Then we show that our game with A is determined using Martin Determinacy
Theorem. The set A is non-o-R-porous thus the second player does not have a winning
strategy. By determinacy the first player has to have a winning strategy. Using a winning
strategy of the first player we find a compact subset K of A such that the first player still
has a winning strategy in the game played with K. This means that the second player
does not have a winning strategy and so K is not o-R-porous.

In Section {4} we apply the last result to concrete porosities and obtain an (affirmative)
answer to several different variants of Question. Namely, we deal with ordinary porosity,
strong porosity, strong right porosity, and 1-symmetrical porosity. As it is described earlier,
the first result have been already known but the method used in our work (based on an
infinite game) aspires to be more elegant and easier than the known proofs. The other
results are new. Finally, we show that there exists a closed set in R which is o-(1 — ¢)-
symmetrically porous for every e € (0, 1) but which is not o-1-symmetrically porous. This
answers a question posed by M. J. Evans and P.D. Humke in [4].

2. PRELIMINARIES

Let (X, d) be a metric space. An open ball with center z € X and radius r > 0 is denoted
by B (z,r). Since an open ball (considered as a set) does not uniquely determine its center
and radius, we will identify every open ball with the pair (center, radius) throughout this
work. Therefore two different open balls (i.e., two different pairs (center, radius)) can still
determine the same subset of X. Now, for p > 0 and an open ball B with center z € X
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and radius r > 0, we can define p x B as an open ball with center x and radius pr. The
closed ball with center 2 € X and radius r > 0 is denoted by B(z,r). We employ the same
identification of closed balls with the pair (center, radius) as for open balls. If A C X is
nonempty and r > 0 then B(A,r) = {z € X: dist(z, A) < r}. We also set B(0),r) = 0.
We will prove our results for porosity-like relations satisfying some additional assump-
tions and then apply it to concrete cases. To do this, we need the following definition.

Definition 2.1. Let X be a metric space and let P C X x 2% be a relation between points
of X and subsets of X. Then P is called a point-set relation on X. The symbol P(z, A)
where z € X and A C X means that (z, A) € P. A point-set relation P on X is called a
porosity-like relation if the following conditions hold for every A C X and z € X:

(P1) if B C A and P(x, A) then P(x, B),

(P2) we have P(x, A) if and only if there exists r > 0 such that P(z, AN B(z,r)),

(P3) we have P(x, A) if and only if P(z, A).
If P is a porosity-like relation on X, A C X, and x € X, we say that

e Ais P-porous at x if P(x, A),
e A is P-porous if it is P-porous at each x € A,
e A is o-P-porous if it is a countable union of P-porous sets.

We will need the following theorem.

Theorem 2.2 ([I1, Lemma 3]). Let X be a metric space, P be a porosity-like relation on
X, and A C X. Then A is o-P-porous if and only if for every x € A there exists r > 0
such that B (z,7) N A is o-P-porous.

Further let us recall that if s is a finite sequence of elements of a nonempty set A and ¢ is
a finite or infinite sequence of elements of A, then the concatenation of s and t is denoted
by s"\t.

3. MAIN RESULT

3.1. The class R. Now we define the class of porosity-like relations for which we prove
positive answer to our Question in compact metric spaces. The definition is technical but it
covers many interesting concrete cases and verification of the conditions is straightforward.

Definition 3.1. Let (X, d) be a nonempty metric space. We say that a point-set relation
R on X belongs to the class R(X) if there are point-set relations R® and R®? on X, s € N,
r >0, ¢ € (0,1), such that the following conditions are satisfied:
JRF= (1 N U RMand R=|J R,
0<g<1l R>00<r<R seN
) if R4(x, A) and 0 < w < 4 then R®*>“(z, B(A, rw)),
) if B C A and R?9(z, A) then R>(z, B),
) we have R$%(x, A) if and only if R?9(z, AN B(x,2r)),
) the set {(x,r) € X x (0,00): R>(x,A)} is open in X X (0,00).
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Convention 3.2. Throughout this section we will work with a fixed compact metric space
K with a fixed point-set relation R € SR(K). The corresponding point-set relations R34, R®
witnessing R € R(K) are fixed as well. We also fix a set A C K.

Lemma 3.3. Let s € N and r > 0. Then we have:
(M) if 0 < q1 < g2 <1 and R3®(x, A), then RS% (x, A),

(P) R? is a porosity-like relation; consequently, R is a porosity like-relation.

Proof. (M) By (R2) applied to w = %1 we get R (x, B(A, r(qQQ—?“))). By (R3), we have
R>®(x, A).

We verify (P1)—(P3) from Definition 2.1 to prove (P).

(P1) This property is an immediate consequence of (R1) and (R3)

(P2) Suppose that R*(x, AN B(z,19)) for some ry > 0. By (R1), there exist sequences
(qr)72, of real numbers from (0,1) and (ry)52; of real numbers from (0,00) such that
lim ¢, = 1, klggo re = 0, and R}%(x, AN B(x,1)) for every k € N. There exists kg € N

k—o0

such that 21, < ro for every k > ko. Then R}%(x, AN B(x,2ry)) for k > ko by (R3) and
so Ry (z,A) for k > ko by (R4). Using (R1) and (M), we get R*(z, A). The opposite
implication follows by (P1).

(P3) Suppose that R*(z,A). Choose ¢ € (0,1) and R > 0. By (R1), there exists
0 < 7 < R such that R®(z, A). By (M) we have R? (z, A) for every 0 < ¢ < ¢. Using
(R1) we get R*(z, A). The opposite implication follows by (P1).

The fact that R is a porosity-like relation follows directly from the definition of R. [

3.2. Boulder-Sisyfos game. For the rest of this section, let us fix sequences (R,,)5°, and
(ay,)5e, of real numbers from (0, 00) such that for every n € N

Ry <2° R (1)

and
an

lim =0. (2)
Let D,, n € N, be a finite a,-net in K (i.e., a finite subset of K such that K =
U{B(y,a,): y € D,}) and let M,, = {B(y,a,): y € D,}.

Let A be an arbitrary subset of K. We define a game H (A) for two players, who will be
called Boulder and Sisyfos. These names were used by J.Zapletal in the original version
of his game. The game is played as follows:

Boulder Bl BQ Bg
On the first move, Boulder plays an open ball B; C K with radius R; and Sisyfos plays

an open set S] C By where S| is a union (possibly empty) of some balls from M;. On the
second move, Boulder plays an open ball By with center in %*Bl and radius Ry and Sisyfos
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plays two open sets Si and S2 such that S} U S? C B, where SJ is a union of some balls
from My, 5 = 1,2. On the nth move, n > 1, Boulder plays an open ball B,, with center in
(1 —2-=1) % B, and radius R, and Sisyfos replies by playing open sets S}, S? ... S"
such that |Jj_, S}, C B, where S}, is a union of some balls from M,, j =1,2,...,n

By , we have nh_)rgo diam B,, = 0. Using this fact and the compactness of K, when a

run of the game is over, we get a unique point x lying in the intersection of the balls B,,
n € N, played by Boulder. We call this point an outcome of the run. Sisyfos wins if at
least one of the following conditions is satisfied:

(a) = ¢ A,

(b) there exists m € N such that one can find s € N, sequences (n),, of integers from
{m,m +1,...}, (qx);—, of real numbers from (0, 1), and (rg)32, of real numbers
from (0, 00) such that

ezcK\ U S

e lim nkzioo,
k—o0

o lim g, =1,
k—o0

re < 2Rk eN,
Reov(x, K\ S™), k € N,

Boulder wins in the opposite case. If condition (b) is satisfied for some m € N, then m is
called a witness of Sisyfos’ victory.
At first sight, condition (b) looks very complicated. For a better understanding, we can
observe that it is stronger than the assertion that R*(z, K\ |J,—, S7) by (R1), (R3), and
We use the above notation in the next lemma.

Lemma 3.4. For every n € N, we have B, 1 C (1 2n+1) * B,,.

Proof. Suppose that x,, is the center of B,,, z,.1 is the center of B,, 1, and z € B, 1. Then
we have

d(z,z,) < d(z,Tp41) + d(xn+1,:13n) <R+ (1-2"")R,
<2 41-2"R,=(1-3-27") R, < (1 -2 R,
O

3.3. Characterization of o-R-porosity via the infinite game. In this subsection we
show that the notion of o-R-porosity, where R is the fixed porosity-like relation belonging
to the class AR, can be characterized by existence of a winning strategy of Sisysfos in our
game. To this end we will need couple of auxiliary notions.

We say that a finite (also empty) sequence of open balls (B, B, ..., B;) is good if B, 1
is centered at %*Bn, n=1,...,2— 1, and the radius of B, equals R,, n =1,...,i. That
is, a finite sequence of open balls is good if the rules of the game H(A) allow Boulder to
play the ball B,, on his nth move, n =1,2,...,1
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For n,m € N we define

m o __
dy =<,

1 if m > n.

{1—2m"11 if m <mn,
Let o be a strategy for Sisyfos in the game H(A). If £ € NU {0} and [ € N then we
say that a good sequence of open balls (By, Bs, ..., B;) is (k,1)-good (with respect to the

strategy o) if there exists a run of the game H (A) such that the following conditions hold:

e Sisyfos followed the strategy o,
e Boulder played the ball B,, on his nth move, n =1,2,...,1,
e the following conditions are satisfied for every positive n € {k,k+1,...,i — 1}:
(H1) if [l > nor (I < nand S, N (d,+B,) = 0)] then the center of B, lies in
d+1 % B,
(H2) if [l < n and S, N (d, * B,) # 0] then the center of B4 lies in d., x B,,.
Let Boulder and Sisyfos play a run of the game H(A). Let V = (B, S1, By, So, . . .), and
S, = (S} 5% ...,5"), n € N, where Boulder played the ball B, and Sisyfos played the

n~n’

sets S1 82 ...,S" on the nth move of the run. Then we will refer to the run itself by V'
and if we talk about the ball B,, or about the set S, we just use the symbols B, (V') and
S(V'), respectively.

We say that a run V of the game H(A) is (k,1)-good if Sisyfos followed the strategy o
and the sequence (By(V), Bo(V), ..., B;j(V)) is (k,1)-good for every j € N.

It is easy to see that if [; > Iy and a finite sequence of open balls (a run of the game
H (A), respectively) is (k,;)-good then it is also (k,l3)-good.

If T"= (By,Bs,...,B;) is a good sequence of open balls, we say that a run V' of the
game H(A) is T-compatible if B, (V) = B,, for every n € {1,2,...,i}.

For m € NU {0} and a good sequence of open balls T' = (By, By, . .., B;), we denote by
M, (T) the set of all

A T =0, ic.,i=0,
x
An(ixB;) ifi>0

such that in every T-compatible (i, m + 1)-good run of the game H(A) giving x as its

outcome, all the witnesses of Sisyfos’ victory (if there exist any) are greater than m. The
set M,,,(T) also depends on the set A and on the strategy ¢ but these will be always fixed.

Lemma 3.5. Let o be a strategy for Sisyfos in the game H(A). Let Ty = (By, Ba, ..., B;)
be a good sequence of open balls and m € NU{0}. Then there exist an R-porous set Ny, (Tp)
and an at most countable collection T of finite sequences of open balls such that Ty"T is
(i, + 1)-good for every T € T and

M (Ty) € Non(To) U\ J{Mppa(Ty"T): T € T

Proof. Define N,,(1y) as the set of all z € M,,(Tj) such that

(I) there exists a Tp-compatible (i, m + 2)-good run of the game H(A) giving = as its
outcome such that m + 1 is a witness of Sisyfos’ victory,
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(IT) for every Tp-compatible (i,m + 2)-good run V' of the game H(A) and for every
n > max{i,m + 1}, we have z ¢ S™(V) N (d x B, (V)).

Suppose that € M,,(Ty) \ (Mm+1(To) U Nm(TO)). By definition of M,,1(Tp) there exists
a Ty-compatible (i, m + 2)-good run with the outcome x and with a witness less or equal
m + 1. Since z € M,,(Tp) and the run is also (i, m + 1)-good, the witness is equal m + 1.
Thus condition (I) holds for z. Therefore condition (II) cannot be true by the definition
of N,,(Tp), and so there exist a To-compatible (i, m + 2)-good run V(x) of the game H (A)
and n(z) > max{i,m + 1} such that

v € S V(@) 0 (A + B (V(@)) )

Denote Bj(xz) = B (z,R;) for j > n(z). Find N(z) > n(x) such that By)(r) C
Syt (V(x)) and denote

T(z) = (Bis1(V(2)), -, B (V(2))) " (Bu@)+1(@), - - .. By () -
Then the sequence Ty"T'(x) is (i, m + 1)-good. Indeed, the sequence

TO/\ (Bz+l(v<x))7 ) Bn(m)(v<x)))
is even (i, m + 2)-good and the fact that

S V(@) 0 (A« By (V(2)) ) #0
m+1

allows Boulder to use condition (H2) and play the ball with center x € dji7) * By (V(2))
on his (n (x) 4 1)st move. Since By () () C ng;r)l(V(a:)), we see that m+1 cannot become
a witness of Sisyfos’ victory in any Ty"7T(x)-compatible run of the game H (A). Therefore
we have
M, (To) N (3 * By () C My (To" T (),
and so x € M,,,1(To"T(z)). By Lindeldf’s property, there exists an at most countable set
{2j: 7 € N} C M (To) \ (Mrny1(To) U N (1))

such that M,,(Ty)\ (MmH(To) UNm(TO)) is covered by the system {% * By (75): j € N}
of open sets and so it is also covered by the countable system {M,,1(Ty"T(x;)): j € N}.
Now, we can define 7 = {0} U {T(z;): j € N}. Then we obviously have

M (Ty) € Non(To) U\ J{Mppid(Ty"T): T € T

It remains to show that N,,(7p) is R-porous. Suppose that x € N,,(Tp) and V is a
To-compatible (i, m 4 2)-good run of the game H(A) such that x is its outcome and m + 1
is a witness of Sisyfos’ victory. We know that there exist s € N and sequences (ng)32; of
integers from {m + 1,m +2,...}, (gx);—, of real numbers from (0,1), and (ry),—, of real
numbers from (0, c0) such that

ezc K\ U S™YV),
n=m-+1

e lim ny = oo,
k—o0
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li =1
- Jim =1,

o, < 2_(”k+3)Rnk, ke N,

o R (2, K\ S™H(V)), ke N.
We may assume that ny > max{i,m + 2} for every k& € N. We know that the center of
B, 1(V) lies in d™ % B, (V) for every n > i by conditions (H1) and (H2). Let us fix
k € N. By condition (R4), we have

Ry (z, K\ (S (V)N B(x,2r1))) - (3)
By condition (II), we have
Ni(Ty) € K\ (SN (V) 0 (ditt B, (V) - (4)

Now, let x,, be the center of B,, (V), ,,4+1 be the center of B, +1(V), and let us take
z € B(x,2ry). Then we have

d(z, mnk) <d(z,x)+d(z, xnk-i-l) + d(mnk-klv xnk) <2rp + Rpypa + dnmk+2R"k
< 2_(nk+2)Rnk + 2_(nk+2)Rnk + dnm,:rank _ (2_(nk+1) +1— Q—nk+m+1) R,
<(1—2t™M R, =drR,,.
Therefore we have B(z,2r) C dt % By, (V), and so

K\ (SpH (V)0 (ditt « B, (V) € K\ (SH (V) N B(x, 2ry)) - (5)
Finally, we have R5% (x, N,y (T)) by (B), (@), (B), and (R3). Therefore also R*(z, Ny (Tp))
by (R1), (R3), and (M), and we have R(x, N,,,(Tp)). O

Theorem 3.6. Sisyfos (i.e., the second player) has a winning strategy in the game H(A)
if and only if the set A is o-R-porous.

Proof. Suppose first that A = (J -, A, such that A, is R-porous for every n € N. We
define a strategy for Sisyfos as follows. For n € N and m € {1,2,... n}, Sisyfos plays S™
as the union of all balls B € M, for which B C B, \ A,,, where B,, is the nth move of
Boulder.

We show that this strategy is winning. Let Boulder and Sisyfos play a run of the game
H(A) such that Sisyfos follows this strategy. Let x be an outcome of this run. If z ¢ A
then Sisyfos satisfies condition (a) and wins. If x € A then there exists m € N such that
r € A,,. Then we have z ¢ (- S/". Further, since R(x, A,,), there exists s € N such
that R*(x, A,,), and so we know by condition (R1) that there exist sequences (gx),, of
real numbers from (0, 1) and (r),-, of real numbers from (0, c0) such that

e lim g, =1,
k—o0
e lim r k= O,
o Ry (x, Apy), k € N.
There also exists ng > m such that
2n+6 a

n+1

s <inf{qx: k € N} (6)
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for n > ng since the expression on the right side is strictly positive and the expression on
the left side tends to zero which follows from and the estimate (derived from (I]))

2ntbq,, 8a,
0<s <s . 7
R, Ry (7)
We may assume that r;, < 2_("0+3)Rn0 for every k € N. Let us choose k € N and define ny,

as the greatest integer such that

- (8)

Obviously, we have nj, > ng and limy,_,,, np = 0o. Since does not hold for n; + 1 instead
of ny, we get

T > 2_(nk+4)Rnk+1 > s

(9)

dk
using the estimate @ for n = ny in the second inequality. It follows that 2t > 2?“% > 0.
By condition (R2) applied to w = Zi:’v, we have
5,q)—8 ok
R, ™ (2,B(An,2a,,)). (10)

4ank

. Using the first inequality from the estimate @D, we get

4ank - S2nk+6ank

Let us denote ¢ = qx — s o

0<s 11
- oy T Ry (11)
By , , and , we have
day,
limsak:()

and so
4a,, _1

lim gy = lim ¢ — lim s
k—o00 k—o00 k—o00 Tk

To verify condition (b), it suffices to show that R$% (z, K\ S7'), k € N. Fix k € N and
suppose that z € B (z,2r;) \ B (Am, 2a,, ). Then

B (z,2a,,) C K\ A, (12)
by the definition of B (4,,,2ay,, ). Denote the center of B,, by z,,. If we use

e Lemma and the fact that x € B, 11 (in the second inequality of the upcoming
estimate),

e an immediate consequence of @D saying that a,, < 7y (in the third inequality),

e estimate (8)) (in the fourth inequality),

then we have for arbitrary y € B (z, 2a,, ) the following:
d(y, zn,) < d(y,z) +d(z,z) + d(x,x,,) < 2an,, + 21, + (1 — 2_(nk+1))Rnk
<dr+ (1—27wt R, <omtIR 4 (1-2"HR, =R,,.

This gives us the inclusion
B(z,2a,, ) C By,,. (14)
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By putting and together, we get B(z,2a,,) C By, \ A4, and it easily follows from
the definitions of D,, and M,, that z € S]". So we have B(x,2ry) \ B(An,2ay,) C S)
and thus
B(z,2r,) \ Sy, C B(Ap, 2ay,). (15)

By (10), (15), and (R3), we get R&:% (x, B(z, 2r,)\ S ). By (R4), this gives R&:% (z, K\ ST)
as we wanted.

Now, let us assume that Sisyfos has a winning strategy o in the game H(A) and that
he follows this strategy in every run of the game H(A). We have A = My(0) and, by
Lemma 3.5} it follows

A= My(0) € No@) U J{M(T1): Ty € T}, (16)

where Ny(() is R-porous and 7 is an at most countable collection of (0, 1)-good sequences
of open balls. Now, for every T} € T we have

My(Ty) € Ni(Th) U J{Ma(TTy): Ty € T(Th)}, (17)

where N;(T7) is R-porous and 7 (77) is an at most countable collection of finite sequences
of open balls such that T1"T5 is (length(7}),2)-good for every Ty € T(T}). By iterating
this process, we get a countable system of R-porous sets

uz{Nk(Tth,...,Tk)i kENU{O},Tl eT, T, ET(Tl),...,Tk ET(Tl,...,Tk_l)}

such that for every k € NU{0} and T} € T, Ty, € T(Th),...,Tx € T(T1,Ts, ..., Tp—1),
the sequence Ty"Tx" ... "} is (length(T1 15" ... "T}_1), k)-good. It suffices to show that
A C JU. Suppose that this is not true and so there exists z € A\ JU. By (16),
there exists T} € T such that x € M;(T7). By , there exists To € T (7T1) such that
x € My(T\"T5). In this way, we get that there exists a sequence (T)72; where T} € T and
Ty € T(T1, Ty, ..., Tx_1) for k > 1 such that = € My(T1"Ty" ... T}) for every k € N.

We use the sequence (7})%2; to construct a special run of the game H(A). Set S =
T\"NT™ ... The sequence S is either finite or infinite. In the first case there exists kg €
N U {0} such that S = T/"Ty"... "}, and T, = () for every k > ky. Then Boulder plays
balls from S and then he continues by playing open balls centered at z. Sisyfos follows his
winning strategy o. The outcome of such a run is . Moreover, since € My, (S), we have
& € 1 Biengtn(s)- It follows that the run is (length(S), m + 1)-good for every m € N. If the
sequence S is infinite, then Boulder plays open balls following the sequence S and Sisyfos
follows his winning strategy o.

In both cases the point x is the outcome of the run and any m € N cannot be a witness of
Sisyfos’ victory since x € M,,(Th"Ty" ... T,,) and the run is (length(T3"T>" ... "T,,), m +
1)-good for every m € N. This is a contradiction since the strategy o is winning for
Sisyfos. O

Lemma 3.7. If the set A is Borel then the game H(A) is Borel.

Proof. Denote by B and G the family of all open balls in K and the family of all open
subsets of K respectively. Denote the tree of all legal positions of the game H(A) by T.
Then the payoff set P for the game H(A) is the set of all V' € [Z] ([Z] stands for the set of
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all infinite branches of ¥) of the form V = (Bjy, (S1), Bz, (53,55), . ..) such that neither of
the conditions (a) and (b) is satisfied for V. Then [T] is a subset of [[*~ (B x (G)"), which
will be considered as a topological space with the product topology, where each factor is
equipped with the discrete topology as usual.
We define mappings f: [T] = K and h/: [T] - G, neN, j € {1,2,...,n}, by
o {f(M} =N, Bu(V), ie., f(V) is the outcome of V,
o h (V) =85(V).

It is easy to check that the mappings f and h? are continuous. Next, we define
W,, ={V € [%]: m is a witness of Sisyfos’ victory in the run V'}. (18)

Then we have
P= A\ [ W
m=1

The set f~!(A) is a continuous preimage of a Borel set and so it is Borel. To finish the
proof, it remains to show that W,, is a Borel set for every m € N. Fix m € N. After taking
into consideration (R1), (R3), (R5), and (M), we have V' € W,, if and only if
(i) f(V) e K\U,Z, hy'(V) and
(ii) there exists s € N such that for every k € N there exist ny > max{m,k}, g, €
(1-%,1)NQ, and ry, € (0,27 ™R, ] NQ such that R:%(f(V), K \ ki (V)).

Further, we have V' € [%] satisfies (i) if and only if

ve(l U () HGHnfF Y KE\NG).
n=m G is a union

of some balls
from M,

The set M, is finite, so it is easy to see that the set on the right side is closed in [Z].
Finally, we have R (f(V'), K\ hy (V) if and only if

ve U () dennrt(ye k: Ry, K\G)))
G is a union
of some balls
from My,

and the last set is open by (R5). Thus a straightforward verification gives that W, is Borel
and we are done. O

We will need the following result of J.Zapletal. To state it we need another notion of
abstract porosity.

Definition 3.8 ([5]). Let X be a Polish space and U be a countable collection of its Borel
subsets. An abstract porosity is a mapping por from all subsets of & to Borel subsets of
X such that A C B implies por(A) C por(B). The porosity o-ideal associated with the
porosity por is o-generated by sets por(A) \ |JA, as A runs through all subsets of U.
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Theorem 3.9. [5, Theorem 4.16] Let X be a Polish space and I be a porosity o-ideal of
subsets of X and A C X be analytic. If A ¢ T, then there exists a Borel set B C A with
B¢T.

Lemma 3.10. The o-ideal Z of all o-R-porous subsets of K forms a porosity ideal.
Proof. Let U be a countable open basis of the space K. We define the mapping por by
por(A) = {z € K: R(z, K\ | JA)}.

Using the definition of R and property (R5) we get that por(.A) is Borel for every A C U.
The monotonicity of por is obvious. The verification that Z is o-generated by sets of the

form por(A) \ U A, A CU, is straightforward. O

Theorem 3.11. Let (K,d) be a nonempty compact metric space, R € R(X), and let
A C K be an analytic set which is not o-R-porous. Then there exists a compact set FF C A
which is not o-R-porous.

Proof. Using Lemma [3.10[ and Theorem we may assume that A is Borel. Sisyfos does
not have a winning strategy in the game H(A) by Theorem [3.6] But by Theorem and
Martin Determinacy Theorem ([§]), the game is determined and so Boulder has a winning
strategy pu. We consider u as a subset of ¥ (cf. [0 20.A]). The fact that Sisyfos has only
finitely many possible choices on each of his moves of the game H(A) easily implies that
the body (] is compact in the topology derived from the topological space [[ 2, (B x (G)").
Each run V' € [u] is a run of the game H(A) won by Boulder. Let f: [T] — K be the
mapping from the proof of Theorem [3.7] that is the mapping assigning to V € [T] its
outcome. Recall that the mapping f is continuous. Define F' = f([u]). Then F is compact
and a subset of A by condition (a) because the strategy p is winning for Boulder.

It remains to show that F' is not o-R-porous. Since satisfaction of condition (b) does
not depend on the set which the game is played with, it is obvious that p is a winning
strategy for Boulder also in the game H(F'). Therefore Sisyfos does not have a winning
strategy in the game H(F') and using Theorem again, we get the conclusion. O

4. APPLICATIONS TO CONCRETE POROSITIES.

Using Theorem [3.11] we prove inscribing theorems for o-porosity, o-strong porosity, o-
strong right porosity, and o-1-symmetrical porosity. It will be clear that Theorem [3.11
can be applied to many other types of porosity. First of all we recall definitions of the
mentioned porosities.

Let (X, d) be a metric space. Let M C X, z € X, and R > 0. Then we define

O(xz, R, M) = sup{r > 0: there exists an open ball B(z,r)
such that d(z,z) < R and B(z,r) "M = 0},

O(x, R, M
p(z, M) = limsup M
R0+ R

We say that M C X is
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e porous at x € X if p(x, M) > 0,
e strongly porous at x € X if p(x, M) > 1.
Let M C R, z € R, and R > 0. Then we define

07 (x, R, M) =sup{r > 0; there exists an open ball B(z,r),z > ,
such that |z — z| < R, and B(z,r) N M =0},

o+ M
p"(z, M) =limsup —(I7 i, M)
R—0+ R

0°(z, R, M) =sup{r > 0; there exists an open ball B(z,r),
such that |z — z| < R, and (B(z,7)UB(2x — z,7)) N M = 0},

6° M
p*(x, M) =limsup M
R—0+ R

)

Let ¢ > 0. We say that M C X is

e right porous at x € R if p*(x, M) > 0,
e strongly right porous at x € R if p™(x, M) > 1
o c-symmetrically porous at x € R if p*(x, M) > c.

Theorem 4.1 (cf. [I3] Theorem 3.1]). Let (X, d) be a locally compact metric space. Let
A C X be a non-o-porous analytic set. Then there exists a non-o-porous compact set

FcA.

Proof. First, suppose that the space (X,d) is compact. Let s € N,;¢ € (0,1), and r > 0.
We define a point-set relation R on X by
R%(z, M) < there exists a ball B(y, ) such that € (B(y,r) \ B(y, sr)) N B(y, %)
and B(y,7) N M = 0.

We set

=N U R* and rR=JR"

q€(0,1) R>00<r<R seN

To show that R € PR(X), we need to verify that the relations R®Y, s € N, r > 0,
q € (0,1), satisfy conditions (R1)—(R5). Let us verify only (R2) and (R4), the other
conditions are easy to check.

(R2) Let s € N,7» >0,¢q€ (0,1), M C X, r€ X, 0 <w < &, and suppose that

2
R4(x, M). There exists an open ball B(y,7) such that

z € (Bly,r)\ Bly,37)) N By, %) and B(y,7) N M = 0.
So we have

(19)
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and so 7 — rw > r (£ —w) > 0. Clearly, B(y,7 — rw) N B(M,rw) = 0 and by we
have

F 7l — 2w z
s Tw>s< q):ﬁ>d(x,y).
q — 25w q — 2sw q

Thus z € B(y, s qT ) and we can conclude that R37%%(z, B(M,rw)).

(R4) Let se N, r >0,q € (0,1), M C X, and z € X be such that R®(z, M NB(z,2r)).
Then there exists an open ball B(y,7) such that

z € (Bly,r)\ B(y,37) N B(y, %) and Bly,7)NMNB(z,2r) = 0.
First, let us assume that 7 < r. If z € B(y, ) then
d(z,z) < d(z,y) +d(y,z) <7 +r <2r

So we have B(y,7) C B(z,2r) and therefore B(y,7) N M = B(y,7) N M N B(x,2r) = 0. Tt
follows that R?(x, M). Now, let us assume that 7 > r. Then we have

B(y,r)NM =B (y,r)N"MNB(z,2r) C By, /)" MNB(z,2r) =10

and the open ball B (y,r) witnesses that R$? (x, M). The opposite implication in (R4) is
obvious.

It is also straightforward to verify that M C X is porous at x € X if and only if M
is R-porous at z. Therefore, A is not o-R-porous and by Theorem [3.11] there exists a
non-o-R-porous (and thus also non-o-porous) compact set F' C A.

Now, suppose that (X, d) is an arbitrary locally compact metric space. Since A is a non-
o-porous subset of X, there exists x € X such that AN B(x,r) is a non-o-porous subset
of X for every r > 0 by Theorem . Let us take ro > 0 such that B (z,r) is compact
and denote A" = AN B(x,ry). Since porosity is a local property, every M C B(x,1q) is o-
porous in X if and only if M is o-porous in the compact metric space B (z,7q). Therefore,
A" is non-o-porous in B (z,79). Due to the previous part of the proof, there exists a
non-o-porous (in B (z,rq) and therefore also in X') compact set F' C A" C A. O

Theorem 4.2. Let (X, d) be a locally compact metric space. Let A C X be a non-o-strongly
porous analytic set. Then there exists a non-o-strongly porous compact set F' C A.

Proof. Similarly as in the previous proof we may assume that X is compact. Let ¢ € (0,1)
and r > 0. We define a point-set relation R on X by

R!(x, M) < there exists a ball B(y,7) such that = € (B(y,r) \ B(y, r)) N B(y, g)
and B(y,™) N M = 0.
We set

-NNuU=r

q€(0,1) R>00<r<R

One can easily check that R € R(X). Then M C X is o-strongly porous if and only if A
is o-R-porous. Applying Theorem [3.11] we get the conclusion. O
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Theorem 4.3. Let A C R be a non-o-strongly right porous analytic set. Then there exists
a non-o-strongly right porous compact set F' C A.

Proof. Without any loss of generality, we may assume that A C (0,1). Let ¢ € (0,1) and
r > 0. We define a point-set relation R? on [0, 1] by

RY(z, M) < there exist y € R,7 > 0 such that y > z,z € (B(y,r) \ B(y, ir)) N B(y, g)
and B(y,7) N M = 0.

=N U

qe(0,1) R>00<r<R
One can easily check that R € 2R([0,1]). Then M C (0,1) is o-strongly right porous if and
only if M is o-R-porous. Applying Theorem [3.11| we get the conclusion. U

Remark 4.4. Theorem {4.3| has been already used in [7].

We set

Theorem 4.5. Let A C R be a non-o-1-symmetrically porous analytic set. Then there
exists a non-o-1-symmetrically porous compact set ' C A.

Proof. Without any loss of generality, we may assume that A C (0,1). Let ¢ € (0,1) and
r > 0. We define a point-set relation R? on [0, 1] by

R!(z, M) < there exist y € R, 7 > 0 such that z € (B(y,r) \ B(y, ir)) N B(y, g)
and (B(y,7) U B2z —y,7)) N M = 0.

NN U R

ge(0,1) R>00<r<R

We can easily verify that R € 2([0, 1]) and that M C (0,1) is o-1-symmetrically porous if
and only if M is o-R-porous. The rest of the proof follows from Theorem [3.11} U

We set

Finally, we apply Theorem [£.5]to answer a question posed by M. J. Evans and P. D. Humke
in [4]. This is the following question.

Question. Does there exist an F, set in [0, 1] which is o-(1 — e)-symmetrically porous for
every 0 < e < 1 but which is not o-1-symmetrically porous?

We answer this question positively by proving the next theorem.

Theorem 4.6. There exists a closed set F' C [0, 1] which is o-(1 —¢)-symmetrically porous
for every 0 < e < 1 but which is not o-1-symmetrically porous.

Proof. There exists a Borel set A C (0, 1) which is o-(1 — €)-symmetrically porous for every
0 < & < 1 but which is not o-1-symmetrically porous ([3]). By Theorem [4.5] there exists
a compact non-o-1-symmetrically porous set F© C A. Since F' is a subset of A, it is still
0-(1 — e)-symmetrically porous for every 0 < e < 1. O
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