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Numerical solving of real-world problems typically consists of seveaegeas. After a mathematical description of the problem
and its proper reformulation and discretisation, the resulting linear aliggin@blem has to be solved. We focus on this last
stage, and specifically consider numerical stability of iterative methodsiribntomputations.

In iterative methods, rounding errors have two main effects: Theydetay convergence and they can limit the maximal
attainable accuracy. It is important to realize that numerical stability asalysiot about derivation of error bounds or
estimates. Rather the goal is to find algorithms and their parts that arensaferfcally stable), and to identify algorithms
and their parts that are not. Numerical stability analysis demonstrates tlagtampidea, which also guides this contribution.

In our survey we first recall the concept of backward stability andudisdts use in numerical stability analysis of iterative
methods. Using the backward error approach we then examine theésswggdact that the accuracy of a (final) computed
result may be much higher than the accuracy of intermediate compugeditips. We present some examples of rounding
error analysis that are fundamental to justify numerically computedtse€dur points are illustrated on the Lanczos method,
the conjugate gradient (CG) method and the generalised minimal re§&M&ES) method.
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1 Introduction

Numerical solution of real-world problems, sometimes llakeasscientific computingcombines tools from the areas of a
given application, applied mathematics, numerical anglysimerical methods, matrix computations and compuiense.

For example, a part of reality can be described (in mathealabstraction) by a system of differential and/or intégrpua-
tions. After choosing a proper formulation of the matheg®tmodel, the existence and uniqueness of its analytidisalu

is investigated. Subsequently, the continuous problensigetised. Coefficients determining the discrete appnation are
then computed by solving a linear algebraic problem. Attal§jes the approximation steps are accompanied by erroes. Th
main types of errors are approximation errors of the modstrdtisation errors of the finite dimensional formulatiamd
truncation and/or rounding errors of the numerical solutibthe linear algebraic problem.

1.1 Errors in mathematical modelling and scientific computig

The stages in the solution of a typical real-world problersadibed by differential equations are schematically shawn
Fig. 1 and Fig. 2. Any successful solution process startseaald at the real-world problem stage. Going down the streictu
represents constructing an approximate solution. Goingeppesents an interpretation of the results which showl@ya
include understanding of the errors. The analysis of efroifse part of the process starting and ending with the magiieal
model is calledverificationin the PDE literature. It aims to verify that the equationsstduting the mathematical model
were solved correctly (modulo an acceptable inaccura®glidation of a mathematical model, on the other hand, asks to
which extent the mathematical model and its numerical smiudescribe the real-world problem, see, e.g., the disoudy/
Babuwska [7] and Oden et al. [49]. Each stage of the solution poteguires its own knowledge and expertise. A mistake at
any of the stages can hardly be compensated for by excelégrtbe others.

The PDE literature on error analysis typically does not @erghe specific contribution of the last stage (truncatiod/or
rounding errors). It often concentrates only on discrétisaerrors (for an example of a more general discussion ez re
to [81]). A somewhat paradoxical nature of this fact withpest to rounding errors was pointed out by Parlett in hisyessa
devoted to the work of Wilkinson [61, pp. 19—20]. Numericalhslity and condition number checks as well as knowledge-
based recommendations concerning solvers are listed athemgissing features of general purpose finite element progr

* Corresponding author: e-mastrakos@cs.cas.cz, Phone: +00 420266 053 290, Fax: +00 420 286 585 789
** Second author: e-mailiesen@math.tu-berlin.de

Copyright line will be provided by the publisher



Z. Straka and J. Liesen: On Numerical Stability in Large Scale Linear AlgebraicpZitations

Real-world problem

¥

Correspondence to reality

A

A,

Integro-differential equations: model

e Infinite dimensional problem
e Existence and uniqueness of solution

A

A 4

‘ Errors of the model ‘

e Caused by simplifying assumptions
e Limits applicability of results

A 4

Discretized problem: approximation

e Finite dimensional approximation
e Convergence to analytic solution

A

A,

Discretization errors

e Determined by discretization methods
e Limit relevance of numerical solutions

Algebraic problem: computation

e Linearization
e Matrix computation

A

A,

Computationals errors

e Truncation and rounding errors
e Limit numerical accuracy

Fig. 1 Stages in the numerical solution process of a real-world Fig. 2 Errors in the numerical solution process of a real-world
problem. problem.

for structural mechanics, cf. the recent monograph edigesitbin [69, pp. 3-4]. The situation in other applicationearés not
significantly different. When the error at the computaticstabe is not properly integrated into the error analysibefthole
solution process, assuming that the computational staméders (or with a high accuracy approximates)éixact solutiorof
the discretised problem, we may have to deal with the folhgwgossible consequences:

e Either the computation of the approximate solution of thgehtaic problem consumes unnecessary time and resources
by aiming at an unnecessarily high accuracy,

e Or a computational error which is not under control impingeshe other stages and spoils the numerical solution.

The first consequence can limit the size or the level of defaihe model by negatively affecting the required compotati
time. The second consequence is even more dangerous. lrotBeaase it can lead to wrong (e.g. physically incorrect)
results that have little or no relation to the actual reaHd/problem.

1.2 Specification of the subject
We concentrate on methods for solving large linear algelsgstems of the form

Ax =0, (1)

whereA is an N by N real or complex matrix, and the right hand sides a real or complex vector of lengtN. We also
consider the related problem of computing eigenvalues @itlatrix A. The title of our paper reflects its content and it is
worth three comments:

1. Numerical stabilityanalysis, as explained above, is an essential part of g@erdmputing. Unless rounding errors are
kept under control, things may go wrong due to numericahbinifities.

2. Large scalemeans that we consider large problems that arise in redtveqplications. Their solution process can
typically not be based on standard textbook algorithms dhatapplied in the style of cookbook recipes. Rather these
problems require expertise from many areas. The numeirezdd algebra part, in particular, requires the combimatio
of iterative and direct methods. By combining both, we caergjthen their advantages and suppress their weaknesses.
For example, direct techniques, such as incomplete faetiions and approximate inverses, may greatly enhance the
error reduction capability of individual iterations at heice of making the iterations more expensive. Direct témpines
may also increase robustness of the combined solver. Theipai contribution of the iterative part is the possililit
of stopping at some desired accuracy level. This, howeegplires a meaningful stopping criterion which balances
computational errors with discretisation errors and o#resrs in the solution process.
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3. Linearattributes to the problem to be solved (linear algebraitesys or eigenvalue problems), not to phenomena which
must be dealt with in the process of construction, analysisapplication of modern iterative methods. In fact, modern
iterative methods of numerical linear algebra, such asd&rglibspace methods, are strongly nonlinear.

1.3 Characterisation of convergence is a nonlinear problem

Answering the question as to how fast we can get an accemapl®ximate solution in modern large scale linear algebrai
solvers, such as preconditioned Krylov subspace methedsires approaches radically different from the convergeéheory
of classical iterative methods, such as SOR or Chebysheiitsgtion. As pointed out for example by Hackbusch [34, 02
the termsconvergencend asymptotical convergence ratese their meaning, because Krylov subspace methods typica
reach (in exact precision) the exact solution in a finite nendf iterations. Hence no limit can be formed. In finite pse
arithmetic this finite termination property is lost. Butghs not why we consider Krylov subspace methods, such as the
conjugate gradient (CG) method [36] and its generalisafiterative. Rather the reason is that these methods are of practical
interest only if a sufficiently accurate approximate salatis found in a small number of iterations (usually signifity
smaller than the dimensiaoN of the linear algebraic problem). Consequently, we mustysthe method’s behaviour from
the first iteration, which generally represents a very diffioonlinear phenomenon in a finite-dimensional space.nkwe
the symmetric positive definite case, the convergence o€thenethod does not only depend on the spectrum bfit also
on the right hand side of the linear system, which is relateldundary conditions and the external field. For intergstin
examples related to the one-dimensional Poisson equatorefgr to the work of Beckermann and Kuijlaars [9], see also
Liesen and Tich [46]. In more general cases the situation is significantrencomplicated, since the spectrum or other
simple characteristics of the matrix cannot be relied umoaraindicator of the convergence behaviour, partially beedhe
role of the specific right hand sides can be much more prorezlinc

Such difficulties can be demonstrated on the following senplo-dimensional convection-diffusion model problem,

—vAu4+w-Vu = 0 in Q, (2)
u = g on 09, 3)

where the scalar valued functiarin,,7,) represents the concentration of the transported quality, [wy,w»]” the wind,
v the scalar diffusion parameter, afdthe unit square. When the problem is convection-dominated, i < ||w||, the
Galerkin finite element discretisation leads to nonphysisaillations of the discretised solution. This has beeavkm for
several decades, and the model problem (2)—(3) has for meamg Yoeen used to test various stabilisation techniqués suc
as the streamline upwind Petrov Galerkin (SUPG) discritisasee [38], [11], [48]. For a recent description and egka®
based on bilinear finite elements and a regular grid we reftra work of EIman and Ramage [19], [20]. The resulting linea
algebraic systems have also been used as challenging esafoplconvergence analysis of iterative solvers. For examp
the generalised minimal residual (GMRES) method [67] aaptd such systems typically exhibits an initial period @il
convergence followed by a faster decrease of the residual.fernst conjectured in [21] that the duration of the inifihase
is governed by the number of steps needed for boundary iafitomto pass from the inflow boundary across the (disctise
domain following the longest streamline of the velocitydieHe also illustrated that for these PDE-related lineaelalgic
problems eigenvalues alone give misleading informatiauabonvergence. He focused in his analysis on the field olegl
Using the eigendecomposition of the discretised operktscher, Ramage, Silvester and Wathen analysed in [23]hbiee
of parameters in the SUPG discretisation and their relataronvergence of GMRES. Since the analyses in [21] and [23]
are based on the discretised operator only, they can notiexihle dependence of the length of the initial period of slow
convergence on the paricular right hand side of the lineatesy, and hence on the boundary conditions. Using properly
chosen operator-based tools such as the polynomial numhérids [33], it is possible, however, to describe the waeste
convergence behaviour.

In our paper [45], see also [44], we consider a regular griftl wilinear elements, and a wind aligned with tjpeaxis, i.e.
w = [0,1]T. The eigenvalues and eigenvectors of the discretised mpen@ known analytically, but the transformation to the
eigenvector coordinates is highly ill-conditioned. THere any analysis based on this transformation must invalvather
complicated pattern of cancellation of potentially hugenponents of the initial residual (right hand side) in theivaual
eigenspaces, otherwise the results are quantitativelgsasse Instead of using this technically complicated andsyuajly
unnatural approach, we propose another idea. Assume thatl@anditioned transformation of a given linear algebrai
system yields a new system with a structure of the matrixpecotssarily diagonal, for which the GMRES convergence can
with the transformed right hand side easily be analysednThe geometry of the space is not significantly distortedhay t
transformation, and using the particular structure of thegformed system we can describe the GMRES convergence for
the original problem. Following [16], [19], [20], the traiesmation used in [45] is orthonormal, and the transformgstesm
is block diagonal with tridiagonal Toeplitz blocks. The GHER& convergence for individual tridiagonal Toeplitz system
then analysed by linking it to the GMRES convergence forestdbrdan blocks. This is possible because of the dominance
of convection over diffusion in the model problem. Such @ggh clearly describes the relationship between the baynda
conditions in the model problem and the initial phase of SBMRES convergence for the discretised algebraic system. It
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cannot, however, be used for the subsequent phase of ceneerg Although [45] presents some preliminary qualitative
considerations, that problem still remains open.

1.4 Main focus and organisation of the paper

Rounding errors can delay convergence and limit the maxattainable accuracy. In solving linear algebraic systemsig
from mathematical modelling of real-world problems, thquieed accuracy is usually not high, and therefore linotagi of
the maximal attainable accuracy typically need not be cmmed. Still, numerical stability analysis is fundamemdgjustify
the accuracy of the computed results

Our paper is organised as follows. Section 2 presents thedMaad error as an illustration of backward stability anadys
An interesting consequence is given in Section 3: The nurabeignificant digits in the intermediate quantities congalit
in finite precision arithmetic may be quite irrelevant to #eeuracy of the final output. Section 4 presents examplédseof t
link between numerical stability and computational costyvall as an example of stopping criteria justified by rougdirror
analysis. Closing remarks summarise the most importantfoi

2 Backward error and backward stability

At the algebraic stage of the solution process of a realdvorbblem, cf. Fig. 1, a goal is to find an approximate solution
for the linear algebraic system (1). We assume that themyist&arge, which requires incorporation of an iterative moetin
combination with direct techniques such as preconditignirhe principal questions are how the accuracy of the ajipiate
algebraic solution should be measured and when the itarshiould be stopped.

Clearly, a stopping procedure must include a reliable etadn of the computational error combining two components:
The truncation error due to preliminary stopping of theatem, and rounding errors. Whenever we stop iterationsgusin
some stopping criteria, we must know whether the computpdoapmation givegelevantinformation about the solution of
the real-world problem despite the presence of roundirgy®rAs mentioned above, we will not consider cases in whieh t
maximal attainable accuracy plays a role in the evaluatfdhe@computational error.

In an ideal situation errors at all three stages (model —rélisation — computation) should be in balance. Suppode tha
we have a perturbation theory of the model, and that we aretal#xpress the discretisation errors and computationatser
backwardsas perturbations of the original model. Then it seems resderio stop the iteration process on the algebraic level
when the discretisation and computational contributianthe whole backward error are in a desired proportion (wisch
problem dependent) to the error of the model.

We apply the concept of perturbations and backward errachwhas fully developed in the fundamental work of Wilkin-
son [79], [80] in the context of numerical methods for sofyaigebraic problems. Due to the error of the mathematicalaho
and the discretisation error, cf. Fig. 2, the resultingipafar linear algebraic systemdx = b represents whole clasof
admissible systems. Each system in this class corresppodsifly in a stochastic sense) to the original real-wortibfgm.
Differences between linear systems in this class (or, stwdenAxz = b and any other system in this class) correspond to the
size of the model and discretisation errors. For exampéeyafues of material constants or some other characterissied in
the formulation of the mathematical model are often deteethionly to one or two digits of accuracy. Subsequentlyaeipg
the infinite dimensional problem (PDE) by a finite dimenslamze introduces (part of) the discretisation error. Adudigl
errors occur when the entries dfandb have to be computed with the help of numerical quadrature.

As a consequence, with respect to the original real-wordlem, a solutiort of

(A+AA)T=b+Ab (4)

is as good as the solutianof Az = b when the perturbation& A andAb aresmall

2.1 Relative residual and normwise backward error
Consider an approximate solutiafy computed at theth iteration of an iterative algorithm. Then
Ar, =b—r1,, r, =b— Az, . (5)

Thus—r,, represents the unique perturbatitu of the right hand sidé such thate,, is the exact solution of the perturbed
system

Az, =b+ Ab. (6)

The relative size of the perturbation restricted to thetdgnd side ig|r,, || /||®|| (|| - || in this paper denotes the Euclidean norm,
but any other norm could be used here too). With= 0 this represents the widely used relative residual nprgi|/||7o]|-
With 2y # 0 the relative residual norm lacks this backward error imetation, and fod|ro|| > ||b|| it represents a rather
dubious measure of convergence. In fact, a nonzgroontaining no useful information about e.g. a random:,, might
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lead to a completely “biased*; with ||ro|| > ||b||. Such a choice potentially creates an illusion of fast coysece to a
high relative accuracy, all measured by the relative redidarm. For examples see [59, relation (2.8), and the dsscu®f
Figures 7.9 and 7.10], where the source and the danger ofilbusibns is outlined. Hegédis [35] suggested that a simple
way around this difficulty is to rescale the initial approation. Given a preliminary initial guess,, it is easy to determine
the scaling parametef,;,, such that

b* Ax,,

Tol| = b— Ax Cmin“ = m1n||b—A$ C ? Cmin = Az 2
lroll = [Ib — Az, i pCll Az,

()
Thus, by setting:o = x,(min, We ensurd|ry|| < ||b]|. The extra cost for implementing this little trick is neghi; it should
be used whenever a nonzergis considered. Stillz, should be based on information about the problem, othentvisan,
even with (7), delay convergence.

The cases in whichis inaccurate whiled is known accurately are rather rare. Therefore we needdw gierturbations in

both A andb. Thebackward errorfor x,, as an approximate solution ferx = b is a measure of the amounts by which both
A andb have to be perturbed so that is the exact solution of the perturbed system

(A+AA)z, =b+ Ab. 8

As shown by Rigal and Gaches [63], also see [37, TheoremtAdhormwise relative backward erraf xz,,, defined by

Blan) = min{ B : (A+AA)z, = b+ Ab, [|AA| < F|All, [Ab] < Blbl} . ©)
satisfies
HrnH ”AAminH HAbmin”
() = BT+ Al Tenl — 4] 1ol

In other words3(z,,) is equal to the norm of themallestrelative perturbations il andb such thatz,, exactly solves the
perturbed system.

We strongly believe that if no other (more problem-specifid enore sophisticated, see [4], [2], [3]) criterion is agblk,
this relative backward error should always be preferrechéo(telative) residual norrr,||/||7o||- In practice||A|| has to
replaced by some approximation — when available — or simplyhle Frobenius norm ofi. The theoretical reasons for
preferring the relative backward error are well known, seeekample [1], [37] and also [4], [3]. In [53], the backwanacr
idea has been used to derive a family of stopping criteriacvijuantify levels of confidence id andb. These stopping
criteria have then been implemented in generally availabfevare [54] for solving linear algebraic systems andtlegeares
problems. The relative normwise backward error is recontedmnd used by numerical analyst, see for example [8], [24].
is known that the residual norm can be very misleading aniyeaisinterpreted. It is surprising and somewhat alarrtimet
llr.1l/lI70]] remains in use as the main (and usually the only) indicatopofiergence of iterative processes.

If the backward error is small, the computed approximateitsm x,, is anexact solution of a nearby problenThe
forward error||z — z,|| can be bounded using perturbation theory, see [37] for @adin of corresponding results. But
the size of the worst-case bounds for — z, ||, though an important indicator of possible inaccuraciessdnot always
tell the whole story. For ill-conditioned matrices, for exgle, z,, can be computed with a small backward erfdr:,,).
The corresponding perturbation bound far — z,,|| may not ensure, however, a single digit of accuracy of theprged
approximate solution:,,, when compared with the exact solutiorof the (possibly inaccurate) algebraic problem (1). Still,
x,, can be perfectly acceptable approximate solution witheetsip the underlying real-world problem.

It should be noted that normwise backward errors ignorettietsire of nonzero elements df as well as the relative size
and importance of the individual entriesshandb. An alternative is using componentwise backward erroes[Eg[37]. For
A large and sparse, however, the use of componentwise artan become expensive. Moreover, it is not clear whether the
componentwise approach is in general preferable to thewiserapproach. This is particularly true in light of the rratof
iterations with matrix-vector products as basic builditgcks, as well as in the context of model and discretisatioors.

2.2 Asimple example

The presented elementary ideas are demonstrated on tbeifall example suggested by Liesen and ViclConsider the
two-dimensional Poisson equation

—Au=32(m — 1} + 12 —73) (11)
on the unit square with zero Dirichlet boundary conditiofise exact solution is given by

u(ni,me2) = 16(ninz — mms — nine + nin3) - (12)
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Fig. 3 Discretisation errot — z. Fig. 4 Total erroru — z,, with stopping tolerance for the normwise
backward error set th?.

We discretise the problem using linear finite elements orgalae triangular grid with the meshsize Then the resulting
linear algebraic system (1) is formed with approximatiomes both inA andb of orderh?. The matrixA is symmetric and
positive definite. For the approximate solution of (1) welgphpe CG method, and stop the iteration whenever the norewis
backward error drops below the levet, i.e. our stopping criterion is

16— Az||

2 el o ope (13)
([l =+ [IA]] [l |

wherea > 0 is a parameter. Clearlyy should not be smaller than 2, otherwise the computatiomal @an become sig-
nificantly larger than the discretisation error. Howeveshould not be much larger than 2 either, since otherwise e w
spend unnecessary work by enforcing the computationat trdoe much smaller than the discretisation error. The s@na

is illustrated on Fig. 3 and Fig. 4. The first one shows therdisgation errow: — « for h = 1/101 (z is approximated for our
purpose sufficiently accurately by applying the standardMAB direct solver toAx = b). Herex is a function ofh, but we
omit that in our notation. Fig. 4 shows the total ertor z.,, obtained by using the CG method with stopping criterion (13)
for a = 3. Clearly, both errors are of the same order of magnitude ). Increasingx would smooth: — z,, closer to the
form of u — 2. The computed solution does not change significantly witheasingy, but the computational cost does.

This simple example shows the advantage of stopping iterattivhenever discretisation and computational errorsrare i
balance. Such balance is of course problem-dependent.rlexperiment, for example, the gradient of the solution is fo
smalla not well approximated; for getting a good gradient appration the value oft would have to be much larger than for
the simple approximation of the solution. It might also beid#ble to evaluate the balance in a more sophisticated Wasy.
principle, however, remains the same. The sophisticatggpsig criteria can be considered a backward perturba8iparid
can be linked with other variational crimes (e.g. [74]). @qample also shows that, apart from some very special st
a common textbook comparison of direct and iterative sslwverich is based on theame accuracy levalf the computed
approximations makes little sense in practical computaticAn iteration should always be accompanied by measuhiag t
size of the error (in an appropriate way) and it should bestdpwvhen a desired accuracy level is reached. In practical
problems the sufficient accuracy level is frequently mardeas of magnitude lower than the accuracy obtained wittctlire
solvers.

2.3 Summary

Using the normwise backward error is numerically safe, beedt can be computed with negligible additional rounding
error (which can be easily bounded) and there are no hiddemgstions that may be violated in finite precision arithmeti
Moreover, the normwise backward error can be viewed as dipahapplication of the backward analysis idea which was
present in the work of several founders of modern scientdimputing such as Turing, and Goldstine and Von Neumann,
and which was mathematically fully formalised and promofiedthe context of algebraic solvers) by Wilkinson, see the
description in [61]. In the backward analysis we ask and anghe question as to how close the problem (8), which is
solvedexactlyby x,,, is to the (original algebraic) problem (1), which is sohegproximatelyby z,,. Perhaps this is our
primary concern, given that the dathandb represent the original real-world problem inaccuratelyveay. For numerical
stability analysis the backward analysis in the sense oki§bn was a revolution — it allowed us to separate propedfe
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a given problem (its sensitivity to perturbations) from thenerical stability properties of the methods, algorittand their
implementations [79], [80], [37].

In numerical stability analysis of iterative methods thekveard analysis principle is developed further. For a fixettie
errors in iterations 1 through are not only mapped backwards to perturbations of the aigiata, but the mapping can lead
to “perturbed” problems of larger dimensionality which ggeve some key information. The next section will recallessin
this direction with a surprising consequence. In particutavill demonstrate a general philosophical difficultyragchanical
forward error evaluation based on intermediate quantities

3 Intermediate quantities and accuracy of final results

Assume that we wish to guarantee the accuracy of a final resuiputed by a given algorithm using given data. It may seem
that if we wish to guarantee a prescribed number of digiteénfinal result, then we should compute all intermediateltesu
with at least the same number of accurate digits. This suiggesgew is, however, generally not correct. On the contras
formulated by Parlett [61, p. 22],

“...the number of significant digits in the intermediate rhers generated in a computation may be quite irrelevant
to the accuracy of the output”

This quote shows the importance and strength of numeriahblligy analysis, and backward stability analysis in pardar.
Though rounding errors on the roundoff unit level presergl@amentary computer operations can be considered “random”
the way these tiny elementary rounding errors are spreadghrthe computation is anything but random. Vital corieta
between inaccurately computed quantities can lead toyhagtdurate final results. In order to understand the way eltang
rounding errors affect the computed results we need a dedigematical understanding of the algorithm, and to perform a
thorough numerical stability analysis. That might be cdogted, lengthy and full of unpleasant detailed bounds amddilas.

Its goal is, however, to achieve understanding, which caaliysbe formulated in a very simple and elegant way.

3.1 Backward-like analysis of the Lanczos method

To be more specific, consider the Lanczos method [42] whideiguently used for computing dominant eigenvalues of
Hermitian matrices and operators (generalisations of #rekos algorithm can also be used for solving non-Hermétigen-
problems, but we will not consider that here). Given a HaamifV by N matrix A and an initial vector; of length vV, the
Lanczos method in exact arithmetic determines in the itaratl through: an N by n matrix @,, with the first columny,,
such that

QZ AQn =T, ) and Q;;QTL =1, s (14)

whereT,, is ann by n Hermitian tridiagonal matrix andl, is then by n identity matrix (the columns of),, are orthonormal).
Eigenvalues ofl;, are considered approximations of the (usually dominag@raialues ofd. We will present some more
details about the Lanczos method in Section 4, for a thoralgsieription and analysis see the book by Parlett [60] and the
seminal paper of Paige [55].

In the presence of rounding errors, the computed anaipgywf the exact?,, does not have orthogonal columns. Even
worse, the columns a,, may quickly become numerically linearly dependent. Moeepfor the computed),, andZ,,

QLAQ, # Ty, (15)

and most of the computed entrieslin may not exhibit a single digit of accuracy. They may differfrthe analogous entries
in T, by orders of magnitude, which means that

T, — T, islarge. (16)

Still, the backward error-like analysis of Greenbaum [2&e also [31], which is based on the results by Paige [55fysho
that, and also why, (16) does not mean a total disaster. Tialysis shows that there exist

e anM by M matrix 4,,, whereM > N, possiblyM > N, A, having all its eigenvalues close to the eigenvalued of

e anM by n matrix Q,, having orthonormal columns such that
Q,4,Q,=T,. (17)

Consequently, the highly inaccuratemputednatrix 7,, can be viewed as a result of tegact precisiorLanczos algorithm
applied to a different problem, possibly of much larger digienality, but preserving the very fundamental propeftthe
original problem: All eigenvalues aofl,, lie nearby the original eigenvalues df Since the exact arithmetic relations hold
for A, Q, and7,,, the eigenvalues of the matri%, can be used for approximating the eigenvalued gf and therefore the
eigenvalues ofd.
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10 Z. Strakd and J. Liesen: On Numerical Stability in Large Scale Linear Algebraicptivations

3.2 Summary

We have seen that in the application of the Lanczos methoduheer of correct digits in the computed elementd jpfis
irrelevantfor the accuracy of the approximations to the eigenvalued.oflence, despite (16), the eigenvaluesdo€an be
approximated to high accuracy usifi. However, usingl’,, the eigenvalues afl are not approximated in the same order
and speed as they would be approximated with the ékacindeed 7}, may produce multiple approximations of the original
eigenvalues, with the multiplicities generated by the pescof the rounding error amplifications in the applicatibérthe
Lanczos method. Consequently, approximation of some @tigenvalues ofd can in finite precision arithmetic be delayed
(for details we refer to [30], [29], [70], [27], [71]). If we ant to prevent these side effects, we must apply some cimmect
procedure such as partial reorthogonalization [62]. THHtnhet come without a significant cost in both computer tinmela
memory. Numerical stability analysis tells us when it iss@@able to pay extra expenses, and when paying such expenses
nothing but an unreasonable waste of resources.

But how can we recognise that an eigenvalu@pfs close enough to some eigenvaheof the original matrixA ? This
will be explained in the following section.

4 Examples of the mathematical theory of finite precision comptations

Rounding errors in finite precision computations have agrotionsequence: From the point of view of a formal definition
of numerical algorithms, scientific computing lacks profieroretical foundations. Some mathematicians feel thatding
errors prevent the existence of any elegant mathematieakyhcovering finite precision computations. Some thecaéti
computer scientists miss a formal model of computing witatitoy point numbers and, consequently, a complexity theory
analogous to the complexity theory of combinatorial (arréat) algorithms. For a survey of related questions and dimeu
of the program for resolving them we refer to [10], [68]. Adresting related discussion can be found in [40].

The pessimistic conclusion is that there are practigadlyesultsinking complexity and numerical stability of numerical
computations [13]. In scientific computing, however, thesfion of the cost of obtaining a satisfactory approximatetmon
of a given problenfor a given particular data set or class of dais frequently more important than the question about
complexity of the abstract problem which coverswst-case dataln practical problems data rarely correspond to the worst
case, and efficient algorithms typically take advantagdl specific information which can be found during the compiota
If complexity is replaced byomputational costthen the pessimistic view does not apply. There are manyltselinking
computational cost with numerical stability. For some impnot iterative methods (including the Lanczos method, @6 a
GMRES) there exist mathematical explanations of their biela in finite precision arithmetic. Before presenting som
results, we recall the basic mathematical relationshipreen the Lanczos method, CG and Gauss quadrature. For ambfs
detailed explanations we refer to [71] and to the origirtakéiture pointed out in that paper.

4.1 The Lanczos method, the CG method and Gauss quadrature

Given anN by N Hermitian matrixA and a starting vectay; of lengthNV, the Lanczos method generates (in exact arithmetic,
which is assumed throughout this subsection) a sequenathoi@rmal vectorg,, ¢», . . . via the following recurrence:

Givengy, definegy = 0, 6, = 0,and forn = 1,2,..., let

an = (AQn - ﬁnanlv Qn) s
Wy = AQn — OnQn — BnQn—l ) (18)
6n+1 = ||wn|| ,
gn+1 = wn/ﬁnJrl .
Here(-,-) denotes the Euclidean inner product. Denotihg= [q1, - - - , ¢, and
ay B
T.=| P o2 , (19)
e B
Bn  an

the recurrence (18) can be written in the matrix form

A anQnTn+O

[TTTTTTIT
-
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where the last matrix on the right hand side is equa,{0; ¢, 1 1el (e, denotes theth column of then by n identity matrix).
Assume that the matrid is Hermitian positive definite. The standard implementatibthe CG method was given in [36,
(3:1a)-(3:10)]:

Givenxg, definerg = b — Axg, po = ro, and forn = 1,2,..., let

Yo—1 = ("n—1,7n-1)/(Pn-1, APn—1),

Tp = Tp—1+ Yn—1DPn—1, (20)
Tn = Tpn-1— Yn-1 APn-1,

On = (Tny7n)/(Tn—1,Tn-1),

Pn =Tn+ 571 Pn—1-

The residual vector$rq,r1,...,r,—1} form an orthogonal basis and the direction vectgss, p1,...,pn—1} form an A-
orthogonal basis of theth Krylov subspacéC,, (A, 1),

Kn(A,19) = span{rg, Arg, . .. A"_lro} . (21)
Thenth CG approximatiorn:,, minimises the energy norm of the error over the affine sulespge- 1., (A, ro), i.e.,

— Tn = — dn 7A — dn 1/2 = i - . 22
o= ralla = (@ =) Al =2 )2 = min -2l @2)

Considerq; = ro/||7o]|- Then the link between the Lanczos and the CG methods canpteireed in two lines: Using the
change of variables

Tn = Xo + Qn Yn s (23)
the coefficientsy,, used to form the CG approximatiamn, are determined by solving
Toyn = HT()H€1 . (24)

We now present what we consider the essence of both the Laiacebthe CG method. Denote the eigendecomposition
of A by

A Udiag (A1, AN U, M < <Ay, (25)
U = [ul,...,uN], U*U:UU*:INa

and consider the squared size of the componenis iof the individual invariant eigenspaces 4f

N
wi = |(q1,w))?, Zwizl' (26)
i=1

ThenA andg; determine the following distribution functian(\) with N points of increase at the eigenvalues4f

w(A) =0 for A< A,

wA) = > w for Ai <A< Nyt (27)
I=1

wA) =1 for An <A,

see Fig. 5, and the corresponding Riemann-Stieltjes iategr

I3 N
/< o) = Y wif(A) (28)

(for ¢ < Ay andAy <&).
The nth iteration of the CG method is determined by (23)—(24). Tiadrix T, is symmetric positive definite, with the
eigendecomposition
no 95”) <0< agln) ) (29)
[, ..., s0], S:S8, =8,8:=1,.

T, S, diag (01, ...,0(") §*

Sn
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WN

Wy

w3
w2

w1
¢ A A2 A3 AN €

Fig. 5 Distribution functiorw(\).

Consider the squared size of the components, df the individual invariant eigenspacesBf (the squared size of the first
entries of the eigenvectors ©f,),

wj(»n) |e1, 85 Zw =1. (30)

ThenT,, ande; determine the distribution functian™ (\) with n points of increase at the eigenvaluesif

w™(X) =0 for A< o{",

j
wM(X) = 121 wl(n) for 6; () <X <ot +1 ,
w™(N) =1 for O < \.

Now comes the key point. The Riemann-Stieltjes integra¢meined byw ™ (),
/ FO) do™(A) = Zw<">f<e§”>> , (31)

(here¢ < 9%") and@fL”) < &) is nothing but then-point Gauss quadrature approximation of the original RiemStieltjes
integral (28) determined by(\). Sincew(\) contains all essential information abadtandg; (apart from the change of
variables represented by the eigenvectors), and, sigilafl (\) contains all essential information abdijf ande;, we may
conclude:

The Lanczos method and the CG method can be viewed as matnixi&ions of the Gauss quadrature approxima-
tion of some underlying Riemann-Stieltjes integral.

This relationship is essentially known since the paper bgtétees and Stiefel [36]. Despite intense efforts of Golublan
many collaborators, who promoted and used its various fédomdecades, it has not been fully appreciated by the sfienti
computing community. Omitting details we may say, that wéwem we use the algorithms (18) or (20), we in fact perform
Gauss quadrature. This observation nicely illustratep dlaks of modern numerical linear algebra to other discigd, and
shows the strongly nonlinear character of many of its prokle

4.2 Accuracy of eigenvalue approximations computed by the &anczos method
In finite precision computations the computed quantitigh@lLanczos method satisfy

AQn =QnT, + ﬂ7l+1Qn+16;€ + F, (32)
where
[Fall < n'/2||Alley (33)

ande; is proportional to the machine precision, see [50], [512]]$60]. Here we skip any specific notation for computed
guantities It may seem that since the matifk,, which accounts for effects of local rounding errors, is Binaaorm, nothing
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dramatic may happen. Just the opposite is true; the efféctainding errors seem to be devastating. The computed lbancz
vectorsgy, qs, . . . , g, can quickly loose not only their mutual orthogonality, bistetheir linear independence. However, Paige
showed in his Ph.D. thesis in 1971 [50] that the mathemagiegjance of the exact arithmetic theory can to a large eknt
saved. He proved that loss of orthogonality follows a béaluthathematical structure. We will present a consequeffitéso
theory which demonstrates some of the difficulties whichteaoe handled, and also the beauty of the conclusions.
Assume, for simplicity, that the eigenvalues and eigerorsaif the computed;, can be determined exactly. This assump-

tion is not too restrictive, since they can indeed be contpuézy accurately. Given an eigenpaﬁf‘“), s§.") of T,,, the value
of 6](.”) is considered an approximation to some eigenvaIuA,czindz](.") = Qns;-n) an approximation of the corresponding

eigenvector. Thé;‘”) andzé") are called the Ritz values and vectors. How can we deternﬁmh&re§") andzj(.") are indeed
good approximations of an eigenvalue and eigenvectarfVe limit ourselves to the question about eigenvalues gathji
more complicated case of eigenvectors can be found in [66], [70]). A simple linear algebra exercise gives

; (n) (n) (n) (n) (n)
mim|>‘i*9j | < ”Azj *ej 2 ||/||ZJ |

< (1855 Bagr + 12| Aller) /11287 (34)

- J

It seems that all is under control, since in exact arithrdeiji’f’) || = 1. If the norm of the computed vect@f”) is close to one,

then, considering that'/2|| A||e; is a worst-case bound for some small quantity, the accurhéy‘bis also computationally
determined by the value

8nj = €L |Bur1 (35)

which can easily be determined from the bottom entry of thﬂores§"). However, in finite precision computations the norm
of zj(.") cannot be guaranteed to be close to one. The ve(}%ris computed as a linear combination of the column&gf
and since they can become numerically linearly depenq|e1]5”f,)H can become very small. In order to justify (35) as an
accuracy test in finite precision computations, we mustlvesihe difficulty represented by possibly vanishi|hag§”) || in the

denominator of (34). An ingenious analysis of Paige [55,33. & 249] lead to the following result: For any paﬂyb), zj(-")
determined at the iteratiom of a finite precision arithmetic Lanczos computation, itdsothat

min |\ — 00| < max {2500, + 02 Alle1), [(n+1)* +V3n?] 4] &2 | (36)
" anse)l = 155 1/80s (37)

where|s§’;!)| < ||Alle2, ande; ande, are multiples of the machine precision.

Summarising, smak,,; implies convergence c&f§") to some eigenvalue o, and this holds in exact as well as in finite
precision arithmetic. Moreover, the orthogonality of themy computed Lanczos vectat,,; can in a finite precision
computation be lost only in the directions of the convergéd Rectors.

This result is truly fascinating. It allows us to verify thecairacy of the results of finite precision Lanczos compoiesti
practically at no cost. But this is only possible as a consage of the numerical stability theory developed by Paigighaut
that, the computedl, ; would give no guarantee whatsoever about the compitedould give no guaranty whatsoever about

the closeness uﬁﬁ.”) to some eigenvalue of the matrik For further discussion we refer to [71, pp. 69-70].

4.3 Estimating error norms in the CG method (20) for Ax = b

With f(A) = A~! the relation between the integrals (28) and (31) can be ithestin the following way. The integral (28)
becomes equal the — zo||% /||70]|?, and the value of itath Gauss quadrature approximation (31) is the differenteden
this and the error in theth CG iteration measured By — z,,||% /|70 |%,

2 — znll%

= n~point Gauss quadrature E
o

(38)

This relation was developed in [14] in the context of momeht&as a subject of extensive work motivated by estimatibn o
the error norms in CG in the papers [22], [25] and [27]. Workhiis direction continued and led to the papers [26], [472][1

Based on the idea from [27, pp. 28-29], we can eliminate theawmn term||z — x4 /||70||? by subtracting the identities
for iterationsn andn + d, whered is a positive integer. Then, multiplying biy||2,

lz = @nlld = EST? + [|lz — zntall (39)
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where
EST? = ||70]|? [(n + d)-point Gauss quadraturen-point Gauss quadratyre (40)

The energy norm of the error in the CG method is strictly desirg. Wher|z — z,,||4 > ||z — zn+4]|%, EST gives a tight
lower bound fot|z — || 4.

The value of EST can be determined in different ways. In [26] it has been psedao find it as a difference between
two continued fractions (without computing the fractiohemselves; that approach was improperly used in [27]). Rerot
possibility is to evaluate

EST? = +f(zpia — ), (41)
see [78]. The value of ESTean also be derived without using Gauss quadrature as a dinesequence of [36, Theorem 6.1]

n+d—1
EST? = >~ villri]l?, (42)

i=n

where bothy; and||r;||? are available directly from the conjugate gradient algnitsee (20).

In exact arithmetic all formulas for ESTead to identical results. In finite precision arithmetiowrver, they can differ
substantially. What is their relevance in finite precisiompatations? This question cannot be answered without auigybr
numerical stability analysis. As in Section 4.2, the goadwéh an analysis is very practical. We need to justify thinedes
for the energy norm of the error that should replace or compld the existing convergence measures.

This numerical stability question about the estimates lierénergy norm of the error in the CG method was first posed
in [27]. It was also partially answered in that paper for teémeates using continued fractions. A detailed analydisvied
in [71], which proved that the estimate (42) is numericatbde and it can be used in finite precision arithmetic coriparis
while the estimate (41) is, in general, numericallystable Interested readers are referred also to the recent moj3@&],
which is less technical, but which offers, in addition, agyestroduction to estimating norms of the errors in the pret-
tioned CG method.

We next illustrate our results by an example. As in [73], [W&] use matrices from the collection Cylshell by R. Kouhia
(http://www.hut.fikouhia/) that is available from the Mia Market (http://math.nist.gov/MatrixMarket/) libra of test prob-
lems. Matrices in the Cylshell collection correspond to lander finite element discretisations of cylindrical shédinents,
loaded in such a way that only the last element of the rightlreided is nonzero. These matrices exhibit large condition
numbers and the algebraic problems are very difficult togdition using standard techniques such as incompleteeSky|
decompositions. We use matrices from this collection regaiha because they allow us to demonstrate nice featurdseof t
bounds presented above, but they also reveal possibleuttiffie with their application. We used the matsi3rmt3m3 with
N = 5357, containing 207123 nonzero elements. The experiments pexfermed in MATLAB 6.5 on a PC with machine
precision10~1¢ using MATLAB 6.5. We used the preconditioned CG method adéempnted in MATLAB with MATLAB's
incomplete Cholesky preconditioner (thresheld 0-5).

Figure 6 shows the value of EST computed using (42) (boldidime) for d = 50 together with the values of the energy
norm of the errofjz — z,|| 4 (dashed line), the residual norjp — Az, || (dash-dotted line) and the normwise backward
error ||b — Az, ||/(||b]] + ||A|l |z.]|) (dotted line). We see that if the vallle — z,,||4 decreases rapidly with, then the
lower bound (42) is very tight. When the decreas¢:of- x,,|| 4 is slow, the bound might not be monotonic and it can also
significantly differ from the actual value. This is definjtel drawback which has to be considered (the bound shoulddak us
with other convergence measures). One should also notetaviour of the residual norm and the normwise backward.erro
They both are significantly non-monotonic.

Figure 7 shows besides the relative energy norm of the dfror, =, || 4 /||x — 20|l 4 (dashed line) its estimates obtained
using (42) for different values of the parametighered = 4, 20 and 50). We can see that largegmproves the quality of the
bound. Apart from the rather small valde= 4, the differences are not dramatic.

Figure 8 shows in addition thx — ., || 4/||z — z0]| 4 (dashed line) and its estimate obtained using (42) with 50 (bold
solid line) also its estimate obtained using (41) with= 50 (solid line). We can observe that (41) gives for> 500 quite
misleading information. Though the formula (41) can be @atdd with a high accuracy proportional to the machine piej
it should not be applied in finite precision computationshds been derived using the strong assumption about pregervi
global orthogonality among the residual vectors in the C@&od: Once this assumption is violated by using finite prenis
arithmetic, (41) is completely disqualified for estimatihg energy norm of the CG error.

We can point out again the importance of numerical stahilitglysis. It tells us that a given stopping criterion detiusing
some particular assumptions can with no restrictions bd imsBnite precision computations, and that the use of sorherot
(equivalent in exact arithmetic) stopping criterion dedwsing different assumptions can lead to computatiosaktirs.
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Fig. 6 Convergence characteristics and the lower bound for the energyafdhm error computed using (42) when the preconditioned CG
method is applied to a system from the Cylshell collectibr; 50.
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Fig. 7 Influence of the parametéron the tightness of the bound (42). The tightness of the lower bound impmith increasing (here
d = 4,20 and50).

4.4 Loss of orthogonality and convergence behaviour in the BRES method

In Section 1.3 we have already mentioned the GMRES methqubpeal by Saad and Schultz [67]. In this section we present
some results concerning the numerical behaviour of thisnapt method.

GMRES is widely used for solving unsymmetric linear algébsystems arising from the discretisation of partial diffe
ential equations. In iteration, the method minimises the Euclidean norm of the residyat b — Ax,, overz,, in the affine
spacerg + K, (A, ro). Theoretical results about the GMRES residual norms tbezgdrovide lower bounds for the residual
norms of other methods that use the same Krylov subspacesrabenathematically equivalent implementations havenbee
proposed in the literature. These may differ, however, iitefiprecision arithmetic. It is therfore essential to idignthe
optimal ones which should be used in practical computatiomaddition to that, a strong relationship between cormecg
of GMRES and loss of orthogonality among the computed basitovs of the Krylov subspaces has been noticed in some
GMRES implementations. It is important to find a theoret@gblanation for this phenomenon.

In exact arithmetic, GMRES can be described as follows. alttstwith an initial approximatior,, computes the initial
residualrg = b — Az, and then determines a sequence of approximate solutigns. , z,, such thatc,, € xg + K\, (A4, o),
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_12| | — - relative A-norm of the error ~_
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Fig. 8 Stable and unstablewer bounds for the energy norm of the error. The numerically unstablad{il) can in finite precision
arithmetic give values that significantbwerestimatehe true relative energy norm of the error.

and hence,, € ro + AK,,(A,ro). The choice oft,, is based on theninimal residual principle

= i b— Az, 43
Irall = min - Jlb— Az 43)

which can be equivalently formulated as tirthogonal projection principle
L AKL (A 7o) . (44)

For a nonsingular matri¥d, both (43) and (44) determine the unique sequence of appet&isolutions:, . .., z,, see [67].

Now letvy = ro/||roll, w1 = Avi/||Av:||, and consider two sequences of orthonormal vectqtsy, . . . andwy, wo, . . .,
such that for each,

,CTL(Av TO) = Spa‘n{vlv e 7UTL} 3’ Vn = [Ula cee 7’UTL} 9 ‘/»:‘/n = IT’L b (45)

AKL (A, ro) = span{wy,...,wn}, W, =|wi,...,w,], W;W,=1,. (46)

Then the minimal residual principle (43) can be formulated a
lrnll = minflro — AVuy] (47)
= mtin llro — Wht]l . (48)
The residuat, is therefore the least squares residual for the least sgjpavblemsAV,,y ~ ||ro|| v1 andW,,t = ||ro|| v1.

We recall two main approaches which explicitly compute tasibvectors, vs, . . ., v, respectivelyv,, wy, ..., w,_1,
defined in (45) and (46). In the first approach, the approxémsatutionz,, is expressed as

Ty = 2o + Vatn, (49)

which leads to the classical GMRES method of Saad and Scléiz In the second approach the approximate solution is
expressed as

T, = To + [vlaWn—l}tn (50)

for somet,,. Its implementation is more straightforward than the ongebaon (49), and hence it was called “simpler GM-
RES” [77]. On the other hand, the approximate solution isiis &pproach determined via the basis vecterev,, . .., w,_1,
which arenot mutually orthogonafv; is in general not orthogonal @, . ..,w,_1; here we mean the exact arithmetic re-
lationship, not a deterioration of orthogonality due torrdimg errors). This fact raises some suspicions conceipitgntial
numerical problems of this approach. These problems wilitbdied in the following subsection.

For completeness, we mention that a variety of methods basezither (43) or (44) have been proposed that neither
explicitly compute the vectors,, vo, . .., v,, nor the vectors, ws, ..., w,_1. For example, the method by Khabaza [41]
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uses the vectorsy, Arg, ..., A" ry; Orthomin [76], Orthodir [83], Generalised Conjugate Geadl (GCG) [5], [6] and
Generalised Conjugate Residual (GCR) [17], [18] computd &A-orthogonal basis of,, (A, ry). These methods played an
important role in the development of the field and they coddibeful in some applications. They are, however, numéyical
less stable than the classical implementation of GMRESfuthrer details see [43], [65].

4.4.1 Simpler GMRES is potentially unstable

We are going to explain, while omitting details which can berfd in [43], that the GMRES implementation based on (50) is
potentially numerically unstable. The key argument is gitsg the following identity for the relative residual norneés[43,
relations (3.5) and (3.6)]),

2 k([v1, Wh])
k([vr, Wp])2+17

[[7nl
[I7oll

= o—min([’Uh Wn]) 0'1([’01, Wn]) = (51)
where oy (-) denotes the minimal singular value aag(-) the maximal singular value of the given matrix, and) =
o1(-)/omin(-) the corresponding condition number. Identity (51) shovat the conditioning of the basis;, W,,] of the
Krylov subspaceéC,, .1 (A, o) is fully determined (except for an unimportant multiplizatfactor) by the size ofr,||/||7oll,
and vice versa. In particular,

k(fon, Wo]) ™t < 7;_””| < 26([vr, Wa)) 7, (52)
0
so that the relative residual norm is small if and onljif, W,,] is ill-conditioned.
How does this affect the numerical stability of simpler GMREThe basi$V,, is computed by a recursive columnwise
QR-factorisation of the matrikdv,, AW,,_1], i.e.

A[Ulv anl] = [A’Uh Aanl] = WnGn» (53)

whereG,, is then-by-n upper triangular factor in the QR-factorisation. Using)(80e vectort,, solves the least squares
problem

lrnll = mtin||rofA[U1,Wn_1]t|| = rntinHroanGntH. (54)

Now suppose, for clarity, thdt/,, is computed in the numerically most stable way, and that ttteogonality among its
columns is in finite precision computations preserved upgmall multiple of the machine precisian Then (51)—(52) hold,
up to a small multiple of the machine precision, also for thargities computed using finite precision arithmetic. Hetie
residual norm and the conditioning of the matrix, W,,_1] are in finite precision computations strongly related. Ardase
of ||, || necessarily leads to ill-conditioning of the computed W,,_1]. But if [v1, W,,_1], and henceA[v,, W,,_1], is ill-
conditioned, whichmust happerfor ||r,, || getting small, then the computéd, will also be ill-conditioned. This can result in
alarge errorin the computed,,. We stress that the principal source of this error is not ected to the conditioning ofl.
Hence simpler GMRES is potentially unstable even for veril eenditioned matricesi. Because of the different choice of
the basis ((45) instead of (46)) this numerical trouble camacur in classical GMRES.

Summarising, minimal residual Krylov subspace methodshmaformulated and implemented using different bases and
different orthogonalisation processes. This section shihat using different bases is important in getting rengatheo-
retical results about convergence of the method, and aatarheice of basis is fundamental for getting numericalabis
implementations. We have explained that using the besbgatimalisation technique in building the basis does not arsate
for a possible loss of accuracy in the given implementatibictvis caused by a poor choice of the basis.

4.4.2 Loss of orthogonality and convergence in modified Grap$chmidt GMRES

In the rest of this paper we will focus on the classical GMR&®1ulation based on (47) and (49), and we will study numérica
stability of various implementations based on differerthogonalisation processes for building up the matfixin (45).
WhenV,, is computed using Householder reflections, then the rogneliror analysis of the QR-factorisation developed by
Wilkinson [80, pp. 152-161, 236 and 382-388] proves thalgss\ is close to numerically singular) the loss of orthogonality
amongus, ..., v, is proportional to the machine precisier{15, relation (2.4)]. With approximately orthonormgl], the
idea behind the rounding error analysis of the whole alboriis straightforward. Replacing computéf by a proper
nearby matrix with exactly orthonormal columns (see [15mb®a 3.3]) proves that in the Householder reflections-based
implementations of GMRES, the backward error at the fing st@roportional to the machine precisiofiL5, Corollary 4.2].
Consequently, in the Householder reflections based GMRE&&lttmate backward error and residual norms are essentiall
the same as those guaranteed by direct solving of the syétem b via the Householder or Givens QR-factorisations.
Preserving orthogonality of the columns in the computgatlose toe is costly. The commonly used GMRES implemen-
tations use the modified Gram-Schmidt (MGS) orthogonatiedbr computingV;,, which turns out to be much cheaper than
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the Householder reflections based GMRES. However, thegotiadity among the vectois, vs, . . ., v, is typically gradually
lost, which eventually leads to a loss of linear independeri@onsequently, modified Gram-Schmidt GMRES (MGS GM-
RES) can not be analysed using the approach from [15], whvergthing relied upon the fact th&f, has almost orthonormal
columns. How much is lost in terms of convergence and theal attainable accuracy? This question is answered next.

When the MGS orthogonalisation is used, the computed veetors. , v, depend on the (ill-)conditioning of the matrix
[ro, AV,,]. More specifically, the loss of orthogonality among the catep basis vectors is bounded by

11— V;+1Vn+1||F < kK([roy, AV,Dn]) O(e), (55)

for all v > 0 and positive diagonat by n matricesD,,, here|| - || » denotes the Frobenius norm of a matrix. One possibility
is to scale the columns ¢fy~y, AV,, D,,] so they have unit length. That is, take

v=lroll™, Dy =diag (| Avi]| 7, [ Ava |71 (56)

The corresponding condition number and the bound (55) witx¢lid be no more than a factgin + 1 away from its minimum,
see [75], so this is a nearly optimal scaling. Other conv@rghoices are discussed in [59]. Extensive experimentdeace
suggests that for the nearly optimal scaling (56), the bd&bjlis tight, and usually

I = Vi Vasille = w([roy, AVaDyl) O(e) . (57)

It was observed that when MGS was used, leading to MGS GMRteSpss of orthogonality i, ; was accompanied by

a decreasing relative residual nofim,|| /|70, see [32] and also [66]. That is, significant loss of orthagibyin MGS GM-
RES apparently did not occur before convergence measurid by| || occurred. This behaviour was analysed numerically
in [32], [64] and a partial quantitative explanation whiatriesponded to our intuition was offered there. GMRES axipro
matesry by the columns ofAV,,, therefore the condition number pfy, AV,,] has to be related to the GMRES convergence.
A stronger and more complete theoretical explanation obtiserved behaviour is derived in [57], [58], [59], [56].

We will now describe the main observation in detail. Consalglot with two lines obtained from a MGS GMRES finite
precision computation. One line represents the normwisgive backward errofir,,||/(]|b|| + || Al ||z»||) and the other the
loss of orthogonality|I — V7, V41| » (both plotted using the same logarithmic scale) as a funaifdhe iteration step.

We have observed that these two lines are always almosttiefleof each other through the horizontal line defined byrthe
intersection. For a clear example of this, see the dashed ImFig. 9. In other words, in finite precision MGS GMRES
computations, the product of the normwise relative backvearor and the loss of orthogonality (as a function of theatien
step)is almost constanand of the order of the machine precision. Orthogonality sgnihe computed MGS basis vectors
is effectively maintained until convergence of the nornemislative backward error (and also the relative residuaijdo
the maximal attainable accuracy. Total loss of orthogtyalmong the computed basis vectors implies convergendeeof t
normwise relative backward error €(¢), which is equivalent to the (hormwisbackward stability of MGS GMRES

Using the results of [57], [58], the main ideas of the pro@& simple and elegant. In terms of formulas, we wish to prove
that for the quantities computed in a finite precision arghimapplication of MGS GMRES it holds

[[7nll

101l + 1A [l

A first step, which we have already discussed, consists afadigproof of the tight relation (57) for the loss of orthogdity
(for details see [59]). Using (57), the identity (58) is redd to

M= Vi1 Vanlle = O(e). (58)

ll7n |

— v k([ AV, D,]) = O ' .
BT 1A ey (o7 AVaDal) = 0(1) )

Our efforts in proving the last identity have led to solvinghlamental and very difficult problems in the seemingly very
loosely related area of scaled total least squares fundafmesee [57], [58].

The proof itself (as yet in some details incomplete) is, havetechnical and tedious. Therefore in [59] we restrict
ourselves to proving and discussing exact arithmetic tesabout the product of the normwise relative backward error
lr /10l + | All [|zx]]) and the condition numbet([rqy, AV, D,]). A detailed rounding error analysis, together with
the results relating the genuine loss of orthogondllity- V¥, ; V,, 1 || » to the relative backward error, is still in progress.

For illustration of the results mentioned here we includexample for the matrix SHERMAN2 from the Matrix Market
collection. In Fig. 9, dots denote the norm of the directlynpuited relative residual|§ — Ax,||/||7oll), the dashed-dotted
line the relative error|(x — x,||/||z — xol|;  was determined by the MATLAB direct solver), the mostly dsging dashed
line the normwise relative backward errdip (— Az, || /(||b|| + | 4| ||z ]|)), the monotonically increasing dashed line the loss
of orthogonality among the Arnoldi vectors measured in thebEnius norm|(I — V,*V,,||r), the dotted line norm of the
approximate solution|/¢z,,||) and the solid line the smooth upper bound for the norm of éh&tive residual which is used
in the paper [59, relation (3.9)]. For the experiment we hased the right hand side given by Matrix Market (representin
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discretised conditions of the real-world problem) and = 0. We see that convergence to maximal attainable accuracy
measured by all characteristics occurs in about 800 stepe sbould also note the close symmetry of the dashed lines,
illustrating the results formulated above.

The smoothed upper bound (solid line) is sometimes venedimshe dots, but sometimes the difference is noticeable. We
cannot go into details here, but we sketch the main difficwkyhave to deal with. The tightness of the bound is determined
by the distance of the rati®, = o/,in ([0, AVaDy])/omin ([AV, D)) to one. In order to analyse the tightness of the bound
for the norm of the relative residual, we must therefore filescribe the necessary and sufficient condition for présgrv
the smallest singular value of a matrix while appending @eting) a column. This condition represents a subtle matri
theory result. Then we have to study whether this conditiosatisfied in MGS GMRES computations. That leads into a
guantitative formulation of the fact that although can become under some circumstances very close or eventequd,
such situatiorcannotoccur after MGS GMRES has converged to some particular acgycf. the iteration steps between
700 and 800 in Fig. 9 where the smooth upper bound is very)tihtmmarizing, the cask, close to one does not represent
a serious obstacle for the theory, but it makes the wholerétieal explanation of the observed facts very subtle affitulit,
see [57], [58], [59].

residual

I smooth ubound

| = = = backward error

= = =|oss of orthogonality
----- approximate solution \.A.q,u"\

1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900
iteration number

Fig. 9 Convergence characteristics of MGS GMRES applied to SHERMAN2 Wiitbm Matrix Market andzo = 0.

5 Concluding remarks

Summarising, modern numerical linear algebra, which aitnsobving linear algebraic problems, often exhibits stigng
nonlinear properties. This is true both in exact and in fipitecision arithmetic.

We have recalled the backward error principle and havetilitesd the power and the beauty of backward error analysis on
several examples of different nature. Among other consezps it turns out that highly accurate final results can beeged
despite inaccurately computed intermediate quantiti¢thofigh in finite precision arithmetic some basic axioms dbhold,

a theory linking the cost of nhumerical computations with #ueuracy of the computed results can be built. This can be
regarded as a mathematical theory of finite precision coatioumt in solving particular problems or classes of problesiag
particular methods. Such a theory also shows that the exalcfigite precision arithmetic parts of problems in nhumdrica
linear algebra are deeply interconnected.

Throughout this paper we have presented examples showdngialysis of methods in numerical linear algebra and of
their computational behaviour can be tedious and diffieuilth intermediate steps full of complicated estimates ardhii-
las. The resulting understanding is, however, often foataa as an elegant mathematical conclusion easily dedadnbe
common language. As an example, in the Lanczos method fopating eigenvalues of Hermitian matrices and in the MGS
implementation of the GMRES method, such conclusions reads of orthogonality means convergenéemalysis leading
to such deep understanding is based on unexpected andmguadis between different areas of mathematics far beybad
borders of numerical linear algebra.
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