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ABSTRACT. Modes are idempotent and entropic algebras. Al-
though it had been established many years ago that groupoid
modes embed as subreducts of semimodules over commutative semir-
ings, the general embeddability question remained open until M.
Stronkowski and D. Stanovsky’s recent constructions of isolated ex-
amples of modes without such an embedding. The current paper
now presents a broad class of modes that are not embeddable into
semimodules, including structural investigations and an analysis of
the lattice of varieties.

It is well known that each entropic groupoid (“medial” in the ter-
minology of Jezek-Kepka) with surjective operation embeds as a sub-
reduct into a semimodule over a commutative semiring [1]. In partic-
ular, each idempotent and entropic groupoid, i.e. each groupoid mode
(as defined e.g. in [12]) embeds into such a semimodule. (See [1] and
[6]). Surprisingly, this is no longer true for modes with operations of
larger arity. Asshown by M. Stronkowski [17] and [18], a mode embeds
as a subreduct into a semimodule over a commutative semiring if and
only if it satisfies the so-called Szendrei identities. A simpler proof was
then given by D. Stanovsky [16]. Stronkowski also proved that free
modes do not satisfy the Szendrei identities, while Stanovsky [16] pro-
vided a 3-element example of a mode with one ternary operation (Ex-
ample 1.1). In this paper we analyze Stanovsky’s example, and show
that it belongs to the variety of so-called ternary differential modes,
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which form a ternary counterpart of the variety of differential groupoid
modes [10]. We investigate properties of this variety, and show that it
contains a broad class of modes not satisfying the Szendrei identities,
i.e. not embeddable into semimodules over commutative semirings. To
simplify notation, we consider only algebras with one ternary opera-
tion, but all our results may easily be extended to algebras with one
basic operation of any arity n > 3.

Note that the possibility of embedding given algebras as subreducts
into other “richer” algebras provides an efficient method for inves-
tigating their structure. In particular, if these richer algebras are
(semi)modules, such an embedding allows us to represent operations
as linear combinations, providing so-called linear representations for
the algebras being embedded. The method appeared to be quite suc-
cessful in investigating the structure of modes. Apart from the above-
mentioned result of Jezek and Kepka (and a number of partial results
preceding it), let us mention the result of K. Kearnes [2] that semilat-
tice modes embed into semimodules over commutative semirings, and
results of A. Romanowska, J.D.H. Smith and A. Zamojska-Dzienio [11],
[13], [14], [20] showing that certain sums of cancellative modes embed
into certain special semimodules over commutative semirings. We now
know that not all modes have the embeddability property. Thus it be-
comes critical to locate the borderline between three classes of modes:

e those embeddable into modules over commutative rings;

e those embeddable into semimodules over commutative semir-
ings;

e those that do not embed into semimodules.

An essential role is also played by modes equivalent to affine spaces
over commutative rings, and modes equivalent to affine semimodules
over commutative semirings. Recall that affine spaces are characterized
as Mal’cev modes, and form full idempotent reducts of the correspond-
ing modules, while affine semimodules form full idempotent reducts of
the corresponding semimodules. Differential modes are well suited to
investigations of the embedding problems.

The paper provides some results from a larger project that investi-
gates these problems, and analyzes embeddability and non-embeddabi-
lity of differential modes.

First we introduce the algebras in question, and show how they are
related to differential groupoids (Sections 1 and 2). The main part
of the paper concerns three topics. In Section 3, we show that each
ternary differential mode has a homomorphism onto a left-zero algebra



DIFFERENTIAL MODES 3

with left-zero subalgebras as the congruence classes of the correspond-
ing kernel. Then we show that the mode can be reconstructed from
these classes and the quotient by means of a special construction called
an Lzo Lz-sum. We frequently use this construction in the subsequent
work. Section 4 provides a characterization of absolutely free differ-
ential modes (Theorem 4.2), and of free differential modes in three
subvarieties playing a special role in our investigations:

e The variety of Szendrei modes (those embeddable into semi-
modules over commutative semirings) (Theorem 4.4);

e The variety of so-called hemisemiprojection modes;

e The variety of semiprojection modes.

We also show that the only Szendrei hemisemiprojection modes are
left-zero algebras. This provides a new class of modes not embeddable
into semimodules (Corollary 4.6). The final Section 5 is devoted to va-
rieties of differential modes. In contrast with differential groupoids, the
lattice of varieties of ternary differential modes is much more complex.
Though proper nontrivial finitely based varieties can also be defined by
one more additional identity (Theorem 5.2), the number of variables in
such identities grows rapidly, and there are varieties not having a finite
basis for their identities (Theorem 5.5).

A deeper analysis of embeddability and nonembeddability of differ-
ential modes will be provided in a subsequent paper that will contain
more information about geometrical aspects of differential modes, and
a more detailed analysis of Szendrei and hemisemiprojection modes.

For further information concerning the theory of modes, we refer the
reader to the two monographs [9] and [12]; for universal algebra, one
may also consult standard books on the subject. We frequently follow
the notation and terminology used in the two monographs on modes.
In particular, we often use algebraic notation for functions and oper-
ations, reserving special notation for binary and ternary operations.
The concepts “term” and “word” are synonymous, as are the concepts
“term operation” and “derived operation”.

1. INTRODUCTION

In [19], A. Szendrei introduced certain identities which are satisfied
by reducts of any type of affine spaces over a commutative ring R with
identity. For a given type 7, these are identities arising from each word
(term) of type 7 of the form

11 .. - LW ... T1p -+ - TppW W,
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where w is a derived operator with n variables defining a basic oper-
ation of the reduct in question, by interchanging z;; and xj for fixed
1 <i,57 < n. Note that these Szendrei identities are satisfied by all
subreducts (subalgebras of reducts) of semimodules over commutative
semirings. Semirings with identity and semimodules over such semir-
ings are defined similarly as rings and modules, however with com-
mutative semigroups replacing abelian groups. In this paper we con-
sider only commutative semirings, and semimodules over such semir-
ings. The idempotent subreducts of semimodules are obviously modes,
i.e. they are idempotent and entropic (each singleton is a subalgebra
and each operation is a homomorphism.) For example, in the case

of one ternary operation f(x,y,z) =: (zyz) there are three Szendrei
identities:
(1.1) (211 X12713) (X1 720723) (T31732733)) =
(211 X21713) (X12720T03) (731 732733) ),
(1.2) (211712 X13) (T21722793) (X31032733)) =
((r11712X31) (P21 2223 ) (X 1332733)),
(1.3) (z11712713) (021022 X23) (731 X32733) ) =

((331133121513) (33215522X32) (3331X233333))-

Example 1.1. An example we are interested in is the 3-element algebra
(D, f), where D = {0,1,2}, with one ternary operation f : D? —
D;(a,b,c) — f(a,b,c) =: (abc). The operation f is defined by

(abc)::{2_a’ ifb=c=1

a otherwise.

It is easy to check that the algebra (D, f) is a mode, but does not
satisfy the identity (1.2). Indeed, ((210)(000)(100)) = (201) = 2 #
0 = (000) = ((211)(000)(000)). Hence it is not embeddable into a
semimodule over a commutative semiring.

Note that the algebra (D, f) is an “almost left-zero” algebra. It
differs from a left-zero algebra only in two places: (011) = 2 instead of
0 and (211) = 0 instead of 2.

Let us call an algebra (A, f) with an n-ary operation f an i-zero
or i-trivial or just a projection algebra if the operation f is the i-
th projection. Note that an n-dimensional diagonal algebra (A, f) is
always a direct product of n trivial (projection) subalgebras, one 1-zero
(or left-zero) algebra, one 2-zero algebra, and so on. (See [4].) (An n-
zero algebra will also be called a right-zero algebra.) Such algebras
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are embeddable into modules over commutative rings (see e.g. [20]),
whence they satisfy Szendrei identities.

The algebra (D, f) of Example 1.1 can be easily rewritten to obtain
“almost i-zero” ternary 3 element algebra. More generally, similar
examples of almost i-zero algebras can be produced from n-element i-
trivial algebras with one n-ary operation. All such algebras are modes
and none of them satisfies Szendrei identities. Consequently, they do
not embed into semimodules over commutative semirings. To avoid
technical complications, next sections deal only with modes with one
ternary operation that generalize Example 1.1. However, it would be
very easy to extend all the following notions and results to modes with
one n-ary operation for all n > 4.

2. TERNARY DIFFERENTIAL MODES AND DIFFERENTIAL GROUPOIDS

Let us start with collecting a couple of further remarks concerning
the algebra (D, f).

The algebra (D, f) contains the two element left-zero subalgebra
{0,2} and has the two element left-zero quotient. It follows that the
variety V(D) generated by (D, f) contains a non-trivial subvariety (gen-
erated by this two element left-zero algebra) of Szendrei modes.

Lemma 2.1. The algebra (D, f) satisfies the following identities:

(2.1) ((xy192)2122) = ((2122)Y1Y2) (le ft normal law),
and
(2.2) (@(y12122)y2) = (2y192) = (Y1 (y2tal2)).

We omit an easy proof. Note that the last identities of Lemma 2.1 are
equivalent to the following one:

(2.3) (x(y12122) (y2tita)) = (Y1Y2) (left reductive law).

Consider now the variety D3 of modes with one ternary operation f,
defined by the identities (2.1) and (2.3). Call this variety the variety
of ternary differential modes. The variety forms a ternary counterpart
of the variety Dy of differential groupoids. Recall that the variety Dy
of differential groupoid modes or briefly differential groupoids is the
variety of groupoid modes defined by the identity

Ty =1,
or equivalently the idempotent law, the left normal law

TY 2 =12,
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and the reductive law
Toyz=1x-y.

See [10] (and in particular explanation concerning relations of differen-
tial groupoids and differential groups), and also [7], [8] and [12].

The identities (2.1) and (2.3) are counterparts of the left normal
and reductive identities of differential groupoids. Now it seems quite
obvious that most of the basic properties of differential groupoids carry
over to their ternary counterpart. First easy observation shows that
the varieties Dy and D3 have similar types of axiomatizations.

Proposition 2.2. The variety D3 may be defined by any one of the
three following sets of identities:
(1) the idempotent, left normal and left reductive laws,
(2) the idempotent, entropic and left reductive laws,
(3) the idempotent and entropic laws and the following absorption
law

(2.4) (@(zyr21)(2y222)) = @

Proof. Let us show that the last set of identities implies the second one.
Using first (2.4), then entropic law and finally (2.4) again, we obtain
the following;:

(zy1y2) = ((9192) ((TY192) 2181) ((TY192) 2212))
= ((x(zy1y2) (vy192)) (Y12122) (ya2t1t2))
= (x(y12122) (y2t1l2)).

The remaining implications are shown in a similar way. U

Now note that each word x o y on two variables x and y, and with
the left-most variable x, is equivalent in D3 to one of the following
(2.5) xRY R R

Here the symbol zR?, means ((... ((zab)ab)...)ab) with ab repeated n
times, and zRY, = x. (The meaning of the symbol R, will be explained
in more details in Section 3.) We omit an easy inductive proof of this
fact that uses left reductive, left normal and idempotent laws.

Proposition 2.3. The binary derived operations x oy of a ternary
differential mode (A, f) determined by any of (2.5) is a differential
groupoid operation.

Proof. As all derived operations of a mode satisfy idempotent and en-
tropic laws (see [12, Corollary 5.5]), it is sufficient to check that these
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operations satisfy the (binary) reductive law. Indeed, the left reductive
law (2.3) implies that

_ k l m _ k l m
0 (yo2) = TRy yen Riyorya Riyor)(yor) = By Ry flyy = w0y

O

Note also that the binary derived operations with the left-most variable
y are right differential groupoid operations.

It is well known that each derived operation of a differential groupoid
(G, -) has the standard form

ko—times kn—times

In particular, each ternary derived operation can be written as

ko, k
T1Toy X3°.

Note also that together with the left reductive law, the Szendrei iden-
tities reduce in ternary differential modes to the following ones:

(2.6) (11 X12213) Xo1231) = (211 X21213) X12231),

(2.7) ((x11212X13) 291 X31) = (211212 X31) 221 X713).

By the left normal law, they are equivalent.

Proposition 2.4. Let (G,-) be a differential groupoid. FEach ternary
derived operation (z1xo13) = x1x5?at® defines a ternary differential

mode. Moreover, (G, (z122x3)) satisfies the Szendrei identities.

Proof. The operation (z1x923) is obviously idempotent and entropic.
Let us check that it satisfies the (ternary) left reductive law. By the
reductive law for differential groupoids one obtains the following:

(z(y12122) (yotita)) = 2(yr21225%) %2 (ot 2t52)F = 2y*5® = (zy1ye).

Since (G, -) is a subreduct of a semimodule over a commutative semi-
ring, so is its ternary reduct (G, (x1x2x3)). Thus it satisfies the Szendrei
identities. O

Lemma 2.5. Fach of the (equivalent) Szendrei identities (2.6) and
(2.7) is equivalent, in D3, to the identity

(2.8) (ryz) = ((zyz)z2)

Proof. The new identity is an obvious consequence of the Szendrei iden-
tity (2.6) and the idempotent law. To show the reverse implication, we



4. KRAVCHENKO', A. PILITOWSKA?, A. B. ROMANOWSKA?, AND D. STANOVSKY*

use the new identity, the left reductivity (2.3) and the left normality
(2.1) to obtain the following:

((zyz)uv) = (((zyz)u(zyz))(zyz)v) (by (2.8))
= (((zyz)uz)zv) (by (2.3))
= (((zyz)zz)uz)zv) (by (2.8))
= (((zuz)rz)yz)av) (by (2.1))
= (((zuz)yz)av) (by (2.8))
= (((zyz)zv)uz) (by (2.1))
= ((zyv)uz) (by (2.8))
= ((zuz)yv) (by (2.1))
The second equivalence is proved in a similar way. U

3. CONSTRUCTING TERNARY DIFFERENTIAL MODES

It is well known that the variety Dy of differential groupoids coin-
cides with the Mal’cev power LZ o LZ of the variety of left-zero bands
relative to the variety of groupoid modes. (See [12, Theorem 5.6.3].)
In particular, this means that each differential groupoid has a left-zero
semigroup as a homomorphic image with left-zero semigroups as blocks
of the corresponding kernel. This gives a good basis for some structure
theorems. We can expect that a similar situation will appear in the
case of ternary differential modes.

In what follows we will use the name of a differential mode to denote
a ternary differential mode, while reserving the name of differential
groupoids for binary differential modes.

First we will describe a certain construction of differential modes,
similar in spirit to a construction known for differential groupoids (see
[7]). Let I be a non-empty set, and let A;, where i € I, be a family of
non-empty sets. For each triple (i, j,k) € I*, let h; . : A; — A; be a
mapping such that

(a) hi4 is the identity mapping on A;,

(b) hi,jkhi,mn = hi,mnhi,jk'
Define a ternary operation f on the disjoint union A := |J,.; A; by
(a;bjcr) = a;h; i, where a; € A;, b; € Aj, ¢, € Ay. Here and fre-
quently later on, we follow a familiar convention of denoting elements
in a summand A; of a sum A by small letters with the same index.
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It is easy to see that each A; is a subalgebra of (A, f), and is a
left-zero algebra. Moreover, the mapping A — I;a; — 4 is a ho-
momorphism onto the left-zero algebra (I, f). One routinely checks,
similarly as in the case of differential groupoids, that such a sum (A, f)
of left-zero algebras (A;, f) over the left-zero algebra (I, f) or briefly,
an LZ o LZ-sum of (A;, f) is a differential mode.

Next we will show that each differential mode has a left-zero quotient
with corresponding left-zero congruence classes, such that it can be
reconstructed from this quotient and the congruence classes as an LZ o
LZ-sum. To provide appropriate decompositions of differential modes,
we will first introduce several congruence relations.

For each pair (b, ¢) of elements of a differential mode (A, f), consider
the right translation

Ry : A — A;x — (xbe).
The set AR = {Ry. | b,c € A} of right translations generates a sub-
monoid R(A) of the endomorphism monoid End(A, f) of the differ-
ential mode. This monoid is called the right mapping monoid of the

differential mode. By left normality, it is a commutative monoid. For
an element a of A, the set

al(A) :={ap | ¢ € R(A)}
is called the orbit of a in A.

Lemma 3.1. Let a be an element of a differential mode (A, f). Then
the orbit aR(A) of a is a subalgebra of (A, f) and is a left-zero algebra.

Proof. Let b,c,d € aR(A). Then there are ¢, x,v € R(A) such that
b=ayp,c=ayx,d=ay. It follows by the left reductive and then by the
left normal and idempotent laws that (bed) = (ap ax a)) = (apaa) =
ap = b. Hence indeed, the orbit aR(A) is a subalgebra and a left-zero
algebra. 0

Two elements a and b of A are said to be in the relation ( if the
intersection of their orbits is non-empty:

(3.1) afb:= JeceaR(A)NOR(A).
Note that for each a € A and ¢ € R(A)
(3.2) (a,a¢) € B,

whence the orbit of a is contained in the (-class of a.

The following theorem is modeled on [10, Theorem 2.6]. Its proof
shows typical similarities and differences between the binary and ternary
cases.
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Theorem 3.2. The relation [ of (3.1) is a congruence relation on
(A, f). Moreover, it is the least congruence on (A, f) such that the
quotient (A/S, f) is a left-zero algebra.

Proof. 1t follows by the definition that 3 is reflexive and symmetric.
To show that it is transitive let z,y,z € A and x Gy (2. This means
that there are v, ¢, x,%¥ € R(A) such that xv = yp and yx = 2.
Then xvxy = ypx = yxe = 2¥p, so that x 3z, and § is transitive.
Now (3.2) implies that for all a,b € A, one has x 3 (xab). Thus for any
a,b,c,d € A, and in particular for a § ¢ and b3 d, if x §y, then

(wab) B By B (yed).

Hence (zab) (5 (ycd) by the transitivity, so that 3 is a congruence re-
lation on (A, f). Moreover, as (x/Ba/Bb/3) = (zab)/B = x/3, the
quotient (A/f3, f) is a left-zero algebra. Finally, suppose that (A/a, f)
is a left-zero algebra. Recall that xv = yp for some v, ¢ € R(A). Set
v= Ry ... R and ¢ = R4, - .. Re,q,- Then

Ambm
x/a = (:U/a)R(al/a) (b1/a) - - - R(am/a) (b /) = (xv)/a

= (yp)/a = (y/ @) Ric, /) (di Ja) - - - Rien/a) (dn/a) = Y/,
whence 3 < a. O

Note that the largest left-zero quotient of (A, f) (obtained by the least
left-zero congruence) is the left-zero replica of (A, f). (See [12, Section
3.3].)

We will define two more relations v and ¢ on a differential mode
(A, f). For a,b € A set

(a,b) € v: & Vo, y € A, (zya) = (xyb).
And similarly, for a,b € A set
(a,b) € 0 & Va,y € A, (zay) = (zby).

Lemma 3.3. The relations v and 0 are both congruence relations on
(A, f). Moreover the quotients (A/v, f) and (A/6, f) are left-zero al-

gebras.

Proof. We prove that v satisfies the conditions of the lemma. The proof
for ¢ is similar. The relation v is obviously an equivalence relation. To
show that it is a congruence relation, let a;,b; € A and a;~b; for
i = 1,2,3. This means that for all x,y € A one has (zya;) = (xyb;).
Hence by the left reductive law

(zy(arasaz)) = (zyar) = (zyby) = (vy(bibabs)).
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It follows that 7 is a congruence relation. Moreover (zy(abc)) = (zya)
for any z,y,a,b,c € A, whence ((abc),a) € v, and the quotient (A/7, f)
is a left-zero algebra. 4

Now define a := d N 7.

Lemma 3.4. Both the quotient (A/a, f) and the corresponding con-
gruence classes are left-zero algebras.

Proof. By Lemma 3.3, the congruence (3 is contained both in v and in
d, and hence also in their intersection . Thus the quotient (A/«) is a
left-zero algebra.

Now let a a b a ¢. As b~y ¢, the definition of v implies that for z = a
and y = b, one has (abb) = (abc). Similarly, since ay b, one obtains for
x =y = a that a = (aab). Finally, as a b, the definition of § implies
that for z = a and y = b, one has (aab) = (abb). Together this shows
that a = (aab) = (abb) = (abc), whence the a-class of a is a left-zero
algebra. O

Let us note that since the relation (8 is the smallest congruence on
(A, f) with the left-zero quotient, it follows that 5 < «, and since all
a-classes are left-zero algebras, also all (-classes have to be left-zero
algebras.

Theorem 3.5. Let 6 be a congruence of a differential mode (A, f) such
that B < 6 < «. Then 6 provides a decomposition of (A, f) into an
LZ o LZ-sum of left-zero 0-classes over the left-zero quotient (A/6, f).

Proof. Let I := A/0 and let A; be the O-classes of (A, f). Then
both the quotient and the corresponding congruence classes are left-
zero algebras. Let b6 b and ¢ 6 ¢. Then obviously b (6 N ) b and
¢ (0 N7) . The definition of ¢ shows that for x = @ and y = ¢, one
has (abc) = (ab'c). And then the definition of v shows that for z = a
and y = U, one has (ab'c) = (ab'c’). Hence (abc) = (ab'c’). Now for
each triple (i, j, k) € I*, a; € A; and any b; € 4;, ¢, € Ay, define
hi,jk . Az — A“ a; — aihi,jk = (aibjck).
Then clearly
higi + Ai — Aisa; — ahiy = (aibic;) = a;.

Moreover, the left normal law implies that for any d,, € A,, and e, €
Ay

aih; jiPimn = ((aibjcr)dmen) = ((aidmen)bick) = aihimnhi ji.
It follows that (A, f) is the LZ o LZ-sum of the left-zero algebras (A;, f)
over the left-zero algebra (1, f). O
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Theorem 3.5 shows that, similarly as in the binary case, a ternary
differential mode (A, f) may have many LZ o LZ-congruence relations
decomposing it into an LZ o LZ-sum. Let us note, that the congruence
« is the greatest such congruence relation. To show this, let ¢ be an
LZ o LZ-congruence on (A, f) with I := A/6 and the 6-classes A;, for
i € I. Consider a,b € A with (a,b) € 6. Then a,b € A, for some 6-
class Ay, with k € I. We verify that (a,b) € . Let x € A; and y € A;.
Then (zya) = xh; ji. Since b € Ay, we obtain (zyb) = zh; i, = (xya).
Similarly we verify that (a,b) € 0. Hence, (a,b) € yNé = a. It follows
that all congruence relations of a differential mode (A, f) providing an
LZ o LZ-sum decomposition contain J and are contained in a.

Example 3.6. The algebra (D, f) of Example 1.1 decomposes as the
LZ o LZ-sum of two subalgebras Dy = {0,2} and D; = {1} with
xho11 = 2 — x and otherwise xh; j, = .

Example 3.7. A differential mode may have a congruence with left-
zero quotient and left-zero congruence classes that do not provide a
decomposition into an LZ o LZ-sum. Let A = {0,1,2,3}. Define
a ternary operation f on A by (312) = 0, (012) = 3 and otherwise
(xyz) = z. It is easy to check that (A, f) is a differential mode, and
that the relations o and 3 coincide, and have three congruence classes
{0,3},{1},{2}. The relation v has two classes A3 = {0,1,3} and
Ay = {2} and the relation ¢ also has two classes Ay = {0,2,3} and
A; = {1}. Both have left-zero quotients and left-zero classes. But
none of them provides an LZ o LZ-sum. Indeed, if say ¢ would provide
such a decomposition, then we should have xohg 10 = (zoy120) for any
choice of zg in Ag. However (012) = 3 but (013) = 0.

Example 3.8. Though the orbit of each element of a differential mode
is always contained in one [-class, the relation between orbits and (-
classes may be quite complicated. Consider the following example. Let
A be the disjoint sum of the set R of real numbers and one element set
{oo}. Define the ternary operation f on A by setting

a+1, ifaeR and (b=o00 or ¢ = 00);

(abc) = '
a, otherwise.

It is easy to check that (A, f) is a differential mode with two a-classes

R and {co}. For any a € R, the orbit aR(A) consists of all numbers

a+n for positive integers n. The relation § may be described as follows.
First oo/ = {oc0}. Then for any a,b € R,

afb & a—-0beZ.
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It follows that for each a € R, one has a/f = {a+c¢ | ¢ € Z} and
aR(A) C a/f. The quotient set R/ coincides with the underlying set
of the quotient group R/Z.

Example 3.9. A differential mode (A, f) is called k-cyclic if it satisfies
the k-cyclic law

(3.3) xR];Z =z,

for some £ € N. For any two elements a and b of such a mode, the
orbits aR(A) and bR(A) either coincide or are disjoint, and the [-
classes coincide with the orbits of (A, f). An example of an k-cyclic
differential mode is given by the algebra (Zjz, k), where

k(a,b,c) :=a — bk + ck.

Example 3.10. A finite differential mode (A, f), with 3-classes A; for
1 € I, can be represented by a labeled directed graph with elements
of A as vertices, and edges labeled by pairs (j, k) € I*>. There is an
edge from b, € A; to ¢; € A; labeled by (7, k) if for any z; € A, and
any vy, € Ag, ¢; = (biz;yr) = b;hi jr. The [-classes provide connected
components of the graph. Each element of a 3-class is an initial point of
precisely |1 x I| edges. See [5] for a similar representation of differential
groupoids.

Let £Z3 be the variety of ternary left-zero algebras. Let LZ50 LZ3
be the Mal’cev product of LZ3 and LZ3 relative to the variety of all
modes with one ternary operation. (See [12, Section 3.7].)

Corollary 3.11. The variety D3 of differential modes coincides with
the Mal’cev power LZ3 o LZ5.

Proof. By Theorem 3.5, D3 C LZ3 o LZ5. Now assume that a mode
(A, f) isin LZ3 o LZ3. There is a congruence 6 of (A, f) such that
(A/0, f) is in LZ3 and for each a € A, the subalgebra (a/6, f) is also
in LZ3. The first statement implies that (a/6 b/0 ¢/0) = (abc)/0 =
a/f for any a,b,c € A, whence the elements a, (abc) and (ab'cd’) are
in the class a/0. As (a/6, f) is a left-zero algebra, it follows that
(a(abc)(abicr)) = a. Hence the absorption law holds in (A4, f), and
(A, f) is a differential mode. O

4. FREE TERNARY DIFFERENTIAL MODES

First we show that an identity satisfied in a non-trivial differential
mode must have the same leftmost variables.

Lemma 4.1. If a differential mode satisfies an identity with different
leftmost variables, then it is trivial.
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Proof. As each differential mode is an LZ o LZ-sum of left-zero subal-
gebras, it follows that the variety £Z3 is the only non-trivial minimal
subvariety of the variety D3. Now an identity holds in the variety £LZ3
precisely if its leftmost variables are equal. Hence an identity satisfied
by a differential mode must have leftmost variables equal and a dif-
ferential mode satisfying an identity with different leftmost variables
must be trivial. U

Let n :={1,...,n}. Consider the cartesian product nxn and denote
its elements just as strings 7 without commas and parentheses. Let X
be a set of variables, and F(X) := Fp,(X) be the free Ds-algebra over
X. We will identify elements of F'(X) with words (terms) representing
them.

For z;,7; € X, denote the right translation R, ., : F(X) — F(X)
by R;;. We will frequently use the “right translation” notation when
writing words and identities. This allows us to reduce the number of
parentheses, and clearly shows the structure of words and of algebras
being constructed.

Theorem 4.2. If w = w(xy,...,x,) is an element of the free Ds-
algebra F(X) over a set X, the set {x1,...,x,} is precisely the set of
variables in w and xq 1s its leftmost variable, then w may be expressed
in the standard form

(4.1) o RNz REin REv Rhen o REmi s

nl nn

where the indices ij run over the set n X n and are ordered lexico-
graphically. The algebra F(X) is the LZ o LZ-sum of the orbits of its
generators in X.

Note that k;; = 0 is possible, and in this case ny}j = .

Proof. We omit a standard inductive proof of the first part, showing
that w has the required form. It is similar to the binary case, and
follows directly by the defining identities of differential modes. By
Lemma 4.1, the orbits of any two generators are disjoint. The last
statement of the theorem follows by the fact that the decomposition of
F(X) into the union of orbits of generators in X provides an LZ o LZ
decomposition of F'(X). The mappings h; ;i : A; — A;, where A; is the
orbit of z;, defined by a; — (a;z;x)), satisfies the defining conditions
of the LZ o LZ-sum. Indeed, the operation f applied to three elements
of one orbit provides always the leftmost element. When applied to
elements w;, w; and wy, of the orbits of x;, x; and xy, respectively, the
results is (w;z;xy), and it may be easily reduced to the form of (4.1).
In particular, this shows the uniqueness of the standard form. O
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For a variety V of differential modes, let us call the subvariety Sz(V),
defined by any of the Szendrei identities (2.6) and (2.7), the Szendrei
subvariety of V, and its members Szendrei modes. In particular, Sz(Ds)
is the subvariety of all Szendrei differential modes. Next theorem will
describe free Szendrei differential modes. First we present a technical
lemma that will help with subsequent calculations.

Lemma 4.3. In each differential mode, the Szendrei identities imply
the following
(a) @Ry Y = Ry RY,RL;
(©) n iy R, B, RS, R, RS, — B RA
(d) xRy, Ry .. Ry, = xRy .. Ry 1 R,

for all positive integers k and natural i.

Proof. Applying the Szendrei identity of (2.6) and the left normal law,
one gets . ‘ .
xR];zRI;;L b= le;zR];tRZzt = xR,;tRl;lezt-

This proves (a), and (b) is proved in a similar way. Easy inductive
proofs of (¢) and (d) are left to the readers. O

Theorem 4.4. If w = w(xy,...,x,) is an element of the free Sz(Ds)-
algebra Fs,(X) over a set X, the set {x = x1,...,x,} is precisely the
set of variables in w and x is its leftmost variable, then w may be
expressed in the standard form

(4.2) TR RF2 Rhe

1117 “i2J2 isJs)
where iy, 5, € {1,...,n}, for eachp=1,...,s,
W< Zigandj < - < g
Moreover (x;,,x;,) # (%i,,x;,) forp # q, and

&z, .,z 0 {zg,, ..z}
The algebra Fs,(X) is the LZ o LZ-sum of the orbits of its generators
mn X.

Proof. By Theorem 4.2, each element w of Fs,(X), can be presented
in the form (4.1).

We show that in the variety of Szendrei modes, each such term can
be reduced to the form (4.2). First note that there is one term z in
the standard form with one variable x. Then, by Lemma 4.3, all terms
with two variables x; and x5 can be reduced to one of the following:

k12 k21 koo k12 pkao ko1 pkao
cRYY, xRy, xR57, zR{¥R57 and zRs5'R55°.
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(Note that zRM2RE equals xR ' RE2 or xR "¥2RN>) Then
consider a general term in the form (4.1). Using Szendrei identities, we
can reorder arbitrarily variables in the set {z;,,...,z;,, } and in the set
{zj,,...,z;,,,}. Finally, if 2 appears among both the {z;,...,2; ., }
and {z;,,...,x,,,, }, then both occurrences are moved, using Szendrei
identities, to the leftmost x, and then disappear by idempotency. [

Let us call a differential mode (A, f) hemisemiprojection if it satisfies
the identities

(4.3) (zzy) = (zyz) = .
We will show that almost all modes in the variety hs(Dj3) of hemisemipro-
jection differential modes are not Szendrei modes.

Proposition 4.5. The Szendrei subvariety of the variety hs(Ds) coin-
cides with the variety LZ3 of the left-zero algebras.

Proof. By Lemma 2.5, the Szendrei identities are equivalent to the
identity (2.8). Hence in each hemisemiprojection Szendrei mode,

(xyz) = ((zyz)zz) = (z22) = 2.
Obviously, LZ3 C hs(Dj). O

Proposition 4.5 allows us to find a new family of modes non-embeddable
into semimodules over commutative semirings.

Corollary 4.6. A hemisemiprojection mode embeds as a subreduct into
a semimodule over a commutative semiring if and only if it is a left-zero
algebra.

Example 4.7. It can be easily checked that the basic algebra (D, f)
of Example 1.1, not embeddable into a semimodule over a commuta-
tive semiring, is a hemisemiprojection mode, but satisfies also other
identities, as e.g. (xyz) = (zzy) and ((zyz)yz) = .

Proposition 4.8. If w = w(z,xy,...,2,) is an element of the free
hs(Ds)-algebra Fs(X) over a set X, the set {x,xy,...,x,} is precisely
the set of variables in w and x is its left-most variable, then w may be
expressed in the standard form

(4.4) RN RRn RRw REeno

n nl nn—1 -
where the indices ij run over the set n X n and are ordered lexico-
graphically. The algebra Fy,s(X) is the LZ o LZ-sum of the orbits of its
generators in X.
Note that, similarly as in the case of Theorem 4.2, k;; = 0 is possible,
and in this case yR;;" = y.
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Proof. The proof follows directly by Theorem 4.2, the hemisemiprojec-
tion laws and left-normal law. O

A hemisemiprojection mode satisfying the identity

(ryy) =«

is called semiprojection. The variety of semiprojection modes is de-
noted by sp(Ds). As shown by I. Rosenberg [15] clones generated by an
n-ary semiprojection operation belong to five types of minimal clones.
In [3], K. Kearnes and A. Szendrei have shown that semiprojection
modes are always differential.

Free (ternary) semiprojection modes can be characterized in a similar
way as free hemisemiprojection modes.

Corollary 4.9. If w = w(z,z1,...,x,) is an element of the free sp(Ds)-
algebra Fy,(X) over a set X, the set {x,x1,...,x,} is precisely the set
of variables in w and x is its left-most variable, then w may be expressed
in the standard form

(4.5) wRi? . RM . RE LRI
where the indices ij run over the set n x n —{22,33,...,nn} and are

ordered lezicographically. The algebra Fs,(X) is the LZ o LZ-sum of
the orbits of its generators in X.

Example 4.10. An example of a non-Szendrei semiprojection mode
is provided by the following Lz o Lz-sum. Let Ag and C' = {¢; | i € I}
be two disjoint non-empty sets and let A; = {¢;} for ¢ € I. Assume
that Ay has at least two elements. Let A = (J,.; A; be the Lzo Lz-sum
of A; by the mappings h; ji, where all mappings h; j; with ¢ # 0, are
identity mappings, at least one of hg,; is not the identity mapping,
and the ternary operation f is defined by (agcic;) = agho,j for ag € A
and (ryz) = x otherwise. It is easy to check that the algebra (A, f) is
a non-Szendrei hemisemiprojection mode, and in the case all hg; are
also identity mappings, it is a semiprojection mode. In particular, the
differential mode of Example 3.7 belongs to this family.

5. IDENTITIES AND VARIETIES

The lattice of varieties of differential groupoids is well-known. (See
[7].) Each proper non-trivial subvariety of D, is defined by the axioms
of D, and additional unique identity of the form xy'™/ = x1* for some
natural number ¢ and positive integer j. These subvarieties form the
lattice £(Dy)~ isomorphic with the direct product of two lattices of
natural numbers, one with the divisibility relation as an ordering re-
lation and the other one with the usual linear ordering. We will show
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that the lattice of varieties of differential modes is much more compli-
cated. Though proper non-trivial finitely based varieties can be defined
also by one more additional identity, the number of variables in such
identities grow rapidly, and there are varieties not having a finite basis
for their identities.

Note that by Lemma 4.1, if an identity ¢ = w holds in a non-trivial
differential mode, then both ¢ and w have the same leftmost variable.
Moreover, by Theorem 4.2, both ¢ and w can be written in the standard
form described in this theorem.

Let X ={z1,...,2n} and Y = {y1,...,yn}. Denote a term

t =z RFRN2  RMm  REmi | Rmm
over X by x;R(X), and similarly a term
w=y RYRY ... Rl Ry .. R
over Y by y; R;(Y'), where k denotes the sequence (ki1,. .., knm) and @
has a similar meaning.

Lemma 5.1. Let ©1 = y; =: x and X NY = {x}. Assume that
t1 = 2Ri(X), ty = o R(X), wy = a2Ri(Y), wy := xR;(Y). Then the
tdentities

th =2Rp(X) =2R(X) =ty and wy = 2R;(Y) = 2R;(Y) = wo
are satisfied in Ds if and only if the identity
rR(X)R;(Y) = zRi(X)R;(Y).
holds in Ds.

Proof. (=) Substitute xRy(X) for z in w; and 2 R;(X) for z in ws. Left
reductivity shows that at any non-leftmost occurrence of z, the word
xR, (X) will then reduce to x, and finally we obtain xRy(X)R;(Y) =

(<) Now consider zR,(X)R;(Y) = xR(X)R;(Y), and first sub-
stitute z for all variables in R;(Y) and R;(Y). Then left normal-
ity and idempotency implies t; = zRp(X) = zR)(X) = t2. Simi-
larly, substitute x for all variables in Ry(Y) and R;(Y) and deduce

Theorem 5.2. Every proper subvariety of the variety D3 either has
an equational basis consisting of the axioms of D3 and one additional
identity, or is non-finitely based.

Proof. This follows directly by Lemma 5.1, since without loss of gener-
ality we can always assume that in any two identities (like in Lemma
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5.1) satisfied in a subvariety in question, x; = y; =: x and X NY =
{z}. O

Example 5.3. The variety V(D), generated by the algebra D = (D, f)
of Examples 1.1 and 4.7, is relatively based by the identities (zzy) = z,
(xyz) = (zzy) and ((zyz)yz) = = of Example 4.7. This can be eas-
ily checked as follows. The identities above and Proposition 4.8 imply
that the free V(D)-algebra on two generators x and y consists of four
elements: z,y, (ryy) and (yxzx), with two disjoint orbits {z, (zyy)} and
{y, (yzx)}. The two generated algebra D is obviously a homomorphic
image of the free V(D)-algebra on two generators, by the homomor-
phism defined as follows: z +— 0, (zyy) — 2 and y, (yzz) — 1. Now the
elements of the free V(D)-algebra on a set X = {zy,...x,}, for n > 1,
as in Proposition 4.8, may be expressed in the standard form

k22 ]CQ knflnfl knfln k.
leZ? s Ran SR Rnflnfl n—1n Rn?tnﬂ

where each k;; is 0 or 1. Observe that each such element is determined
by the first variable and a set of unordered pairs of X —{z;}. It is easy
to check that different terms have different values in D. By Lemma 5.1
and Theorem 5.2, the variety V(D) can be defined by one additional
identity

flR12334R§6 = x1Ry3.

Let us note that when decreasing the number of identities defining
a subvariety of the variety D3, the number of variables grows quickly.

Next theorem shows that indeed there are varieties of differential
modes not having a finite basis for their identities. Before formulating
this theorem let us describe certain family of differential modes that
will play a crucial role in the proof.

Example 5.4. For a natural number n, let B := 2"*! where 2 :=
{0,1}, and let Cy := B U {oo}. Assume that I = {0,1,...,n+1} and
let C; := {¢;}, for i = 1,...,n+ 1, be a family of one-element sets,

and C :={c¢;|i=1,...,n+ 1}. For each triple (i, j, k) € I, we will
define mappings h; jr : C; — C; satisfying the defining conditions of
LZ o LZ-sums as follows. First define auxiliary functions p; : Cy — Cj,
fori=1,...,n+1, by

(bb s 7bi—1) 17 bi—‘rl) s 7bn+1) = (bla s 7bi—17 07 bi+17 s 7bn+1)7

(bl, Ce ,bifl, O, bi+1, e 7bn+1) = 00,

00 > 0.

Then in the case n = 0, put h()’()l = P1, let h0710 and hO,ll take OO to o0,
and let all the remaining maps be the identity mappings. For n > 0
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put
h0,01 = hO,lO = D1, ho,nn+1 = Pn+1,
and fori=1,...,n—1,

ho,m’+1 = hO,i+1i = Pi+1-

Define h; ;; and all mappings h; ;i for ¢ # 0 to be identity mappings, and
all other mappings hg i to be constant mappings taking all elements
of Cy to co. It is easy to see that any two of these mappings commute.
Note also that hg;; = ho; unless {i,7} = {n,n + 1}, and that p;p;
is the constant mapping taking all elements of Cy to co. A ternary
operation f = (zyz) is defined on the disjoint union A, := J,c; C; of
all C; by
(z3y;21) = xihiji,
for z; € Cy,y; € C}, 2z, € Cy. Note in particular that for n > 0,

(onoci) = (95055001') = (517002'930) = (93061'?/0),

(o0yjzk) = 00,
and in the cases i =j=kori#0, j # 0 and k # 0,

(Tiyj2) = .
Then obviously, each algebra A,, := (A,, f) is the Lz o Lz-sum of left-
zero algebras (C;, f) over the left-zero algebra (I, f), and hence is a
differential mode. Note also that Cy and C, as well as C' U {oo} are
subalgebras of A, and are left-zero algebras, and that the set {1 :=

(1,...,1),¢1,...,¢hr1} is the unique minimal set of generators of the
algebra A,,.

Theorem 5.5. Let V be the subvariety of the variety D3 defined by the
identity

(d273) [L’Riz = ZER;Z

and for natural numbers n all the identities

(en) xRo1RigRas3 ... Ry 1nRunt1 = ©Ro1 RiaRas . .. Ry—1nRutan,

where v = o and Ryj is Ry,;. The variety V s locally finite, but has
no finite basis for its identities.

Proof. First note, that by Theorem 4.2 and (ds3), each term represent-
ing an element of a finitely generated free V-algebra, can be reduced
to the form of (4.1) with all k;; not bigger than 2. It follows that such
free algebras are finite and hence V is locally finite.

Next observe that the identity (e,.;) implies the identity (e,). In-
deed, it is enough to substitute = for z; in (e,,1) to obtain (e,). It
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follows that if a differential mode does not satisfy (e,,) for some n, then
it does not satisfy (e,,) for any m > n.

We will prove that the variety V has no equational basis with a finite
number of variables. We will achieve this by first showing that for no
n, the algebra A, satisfies the identity (e,) (which has n+ 2 variables),
and then by showing that the proper subalgebras of each algebra A,
generated by n + 1 elements, belong to V), i.e. each A, satisfies all the
identities of V in n + 1 variables. Note that all algebras A,, satisfy the
identity (da3).

We first show that the algebra A, does not satisfy the identity (e,).
Indeed,

((...((1101)0102)...)cn_10n) = 1h0,01h0’12...h07n_1n = (O, . ,0, ].),

and hence
(((...((1161)0102)...)Cn_lcn)cncn_H) = (07 e ,O, 1)h0,'rm+1 = (0, . ,07 0),

while
(((...((1161)0102)...)Cn_lcn)0n+1cn) = (0, c. ,0, 1)h0,n+1n = Q.

Now we will prove that each algebra A, satisfies all identities true
in V involving n + 1 variables, i.e. all identities (e,,) for m < n, and
all consequences of (e,,) for m > n, with n 4 1 variables.

Note that each identity of V is satisfied by the subalgebras Cy and
C'Uoo of A,,. We only need to check if the identities (e,,) are satisfied
in any (n+ 1)-generated subalgebra of A,, in the case g = ag € B and
at least one of x;, for ¢ > 0, is ¢;. For any such choice of elements of
A,,, we obtain

(51) Zm = aOhO,Uil hU,il’iQ s ho,imim+l7

where all i, are in I, on the left-hand side of (e,,) and

(5.2) Tm = 40h0,0i,M0,iviz - - - POimysrim

on the right-hand side.

Note that (eg) is satisfied in all A,, for n > 0. And consider the
smallest m such that the identity (e,,) fails in A,. If i; = 0, we go
back to (e,,_1), which holds by our assumption. So assume that i; > 1.
If i1 > 1, then [,, = r,,, = 00, so assume that i1 = 1. If iy = 0 or i3 # 2,
then again [,, = 1, = co. So we may assume that i, = 2. Continuing
in the same way, we end up with the following

(5-3) b = @0h0,01h0,12 cee hO,mm-l—la

and

(5-4) Tm = Cloho,01ho,12 cee hO,m—l—lma
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where any two indices 7,7 + 1 are different.

First assume that m = n — 1. Then as in this case ho,—1n = honn—1,
it follows that [,, = 7,,, and consequently (e,_1) and all (e,,) for m < n
are satisfied, a contradiction with the assumption that (e,,) fails in A,,.

Now assume that m > n. Left reductivity, (do3) and the fact that
Topip; = oo in A,,, show that it is enough to consider all identities
in n 4+ 1 variables resulting through identification of some variables in
(). In particular, it means that some of i, in [, and 7, must be
equal. However, this is not possible, since any two indices i,7+ 1 in [,
and 7, are different and m > n.

It follows that the consequences of (e,,) with n + 1 variables are
satisfied in A,,. O

Remark 5.6. Note that each of the subvarieties V(A,) = HSP(A,)
for n > 0 contains the variety V of Theorem 5.5. It is easy to check
that the algebras A,,, for n > 0, do not satisfy the identity (2.8).
Indeed, (16102) = 1h0’12 = ].pg = (]_,07 1, .- .,1), while ((1011)162) =
1ho 10ho02 = oo. In particular, for n = 2, the subalgebra generated by
these three elements belongs to the variety V. It follows, that none of
the varieties V and V(A,,) are Szendrei varieties.

Let us call a set of identities defining a subvariety V of Dj (like e.g.
the set consisting of (ds3) and all (e,)) a relative basis of V.

Corollary 5.7. There is no upper bound on the number of variables
in relative bases of subvarieties of the variety Ds.

Consequently, one cannot hope for any convenient description of the
whole lattice £(Ds) of subvarieties of Dj.

However, the lattice £(D3) contains sublattices isomorphic to the
lattice of subvarieties of the variety D,, that are not difficult to trace.

Example 5.8. By Proposition 2.3, each of the derived binary opera-
tions of differential modes is in fact a differential groupoid operation.
Consequently, each subvariety of D3 defined by one additional identity
of the form (zyz) = xRE R, Ry (see (2.5) and Proposition 2.3), is
equivalent to the variety of differential groupoids. (Similar reasoning
would apply to an operation depending on the variables z and z.) The
defining identities of the subvarieties of D,, when applied to the de-
rived operation x oy = xR’;yRéxRZL7 define also subvarieties of the
variety Ds, and provide a sublattice of the lattice £(Ds) of varieties
of differential modes, isomorphic to the lattice £(Ds) of subvarieties of
D,. For example the operation (zyz) = x oy = ((xxy)yzr) determines
the subvarieties defined by the identities
eRyJR} = xR, R,
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Remark 5.9. Similarly as in the case of (binary) differential groupoids,
a (non-trivial ternary) differential mode is never equivalent to an affine
semimodule over a commutative semiring (and in particular to an affine
space over a commutative ring). If (A, f) would be equivalent to an
affine semimodule, then one of the derived binary operations would be
a commutative semigroup operation. This is not possible in non-trivial
differential modes. In particular, a differential mode cannot have a
semilattice derived operation. It follows also, that a non-trivial variety
of differential modes is neither equivalent to a variety of affine spaces
over a commutative ring, nor to a variety of semilattice modes.
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