Cviceni 10 NMTM101 - Matematickéa analyza I.

Dulezité rady

° >, ,,% konverguje pro k > 1 a diverguje pro k < 1. e > | ¢" konverguje pro |g| < 1 a diverguje pro |q| > 1.

Kritéria konvergence
I. Rady s nezdpornymi ¢leny (a,, > 0):

srovnavaci kritérium) a,, < b, = (>_ b, konverguje = > a,, konverguje).
srovnavaci kritérium) a, < b, = (3 a, diverguje = >_ b, diverguje).

limitni srovnavaci kritérium) lim #= € (0,00) = (3 a, konverguje < > b, konverguje).
n—oo "

(

(

(

— (podilové kritérium) lim “ <1 = 3" a, konverguje.

n—00 n

(podilové kritérium) lim “*= > 1 = " a, diverguje.
n—oo 4n

(odmocninové kritérium) nh_)rrgo Va, <1= 3 a, konverguje.

(odmocninové kritérium) nILrI;O Yan, > 1= 3" a, diverguje.

— (Raabeovo kritérium) lim n (TH — 1) > 1= > a, konverguje.

n—oo

— (Raabeovo kritérium) lim n ( . 1) <1=>"a, diverguje.

n—oo
II. Rady s obecnymi éleny:
— (nutnd podminka konvergence) lim a, # 0 = Y a, diverguje.
n—oo

— (Leibnizovo kritérium) Necht plati:
I. ap, >0,
II. a, > ap41,
III. lim a, = 0. Pak fada Y (—1)"a, konverguje.

n—oo

Zadani

1. Vysetfete konvergenci fad:

—+oo —+oo +oo
o2n +4 (B3n+4)-27 2n +3
YV 2 T D " 2
too n too 3 2 +o0
2 n° +4n“ + 8n + 12 T
b —_ h in2 L
)Z(3n+1)-3" )zl 3n? 3 n) ngm .
n= n= n=

i S 3n+1
C)Z,/n+1 )T;\/?szranl O)Z ;

n=2
+oo too
nZ+2 T +oo -
d) _— j) sin — Z cotg —
2 n
n—2 A +n+3 e p) n?2

n=>5

+o0 3n+3 n 400
e) 2(4717) k) Zsin”2a,a€R

—+oo

Z Tl+3

2. VysSetiete konvergenci rad:

n=0
+oo

\B/,E
2Ty v
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3. Vysetrete konvergenci fad:

a) ()"
b) Y-y

n

w1
) ()"

nm

us

0 Z Smnﬁ ) Z C§§(+21)
£ Y @r—1" ; ol
J n
g > (27 —1) "
\/ — nl)?
h) Z# k) Z EQn))!

2n+2

i) Z(—l)nﬁ

DV
k) > (=1)"In(1 + %)

1) > (=1)"sin(n)
m) Z(_m% sin(v/n? + 1 —n)
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) LV e Ve
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+§ 2n+4
—n?+3n+7
Srovnéme s harmonickou fadou (ta diverguje).

: n243nt7 _ 1 +o00  2nt4

lim —w25— = lim 25220 — 2 ¢ (0, 00), tedy Fada —=t=— diverguje.
n—00 7,,‘22+;—n4+7 n—oo 2n°+in 2 (0, 00), Y n=0 n24+3n+7 guj
+oo on

;(3n+1)~3”

Pouzijeme limitni podilové kritérium.

ontl

. n s 3nF1 . 2(3n+1) 2 % +o0 2" :
lim 4otl = iy BOIOFDST iy 20000 — 2 < ] tedy Fada > 2 ___ konverguje.
n—ooo &n n—00 ﬁ n—oo 3(3n+4) 3 ’ y n=1 (3n+1)-3" &

S v

Srovname s divergenti fadou > -1+

n3
1

ol

4
L VASS S R e (0,00), tedy fada 3

lim —2f— = lim ——2 diverguje.
n—00 3/, 12 n—oo ng n=1 3/( + )4 g J
—+oo

>t
n:24n2+n+3

. 1 _1 ; o« ‘ . % +oo  n?4
nh_)rrgo ap = nll_}I{.lo Titnrs = 1 7 0. Neni spliiena nutnd podminka konvergence, tedy fada ), —, 74712 s diverguje.
+oo
dn -7
n=1
7 s v 3 n
Srovname s konvergentni fadou ) (Z)
3\ 1 n n“‘(%ﬁ;fé) (12'n. 2171)
. (Z) i 3(477, — 7) . nln( 12n 721) . T2n—31 , \12nt12
lim —— = lim [ —= = lim e 2nt12) = lim e T12nF12
n—0o0 ( 3n+43 n—00 4(3n + 3) n—00 n—00
4n—"7
l“(i%:ﬂ?é) 12n—21—12n—12 1“(1321?%) —33
3 " Tn—31 ( 12n+12 ) . " Ton—21 n(12+12) —33 _ 11
= lim e T2nFiz = lim e TanFi2 n'/ =eT2 =e~ 1 €(0,00),
n—oo n—oo
~ +oo [ 3n+3 " :
tedy fada ) "7 ( 9~=) konverguje.
—+oo
Z (n+3)-3"
n!
7L:1 .o . . . .
Pouzijeme limitni podilové kritérium.
STy 8(n+4) oo (nt3)3"
. Ant1 _ 1: 1! — n _ v n . .
nl;ngo = nl;ngo Goi.am nl;ngo D) = 0 <1, tedy fada ) ) konverguje.
—+o0
3n+2
n:4 .o . . . .
Pouzijeme limitni podilové kritérium.
(3(n+1)+4)-27+1
. " . e . 2Bn+T) 2 « oo (3nt4)-2" .
lim %2 = lim —220 2 = lim 2o X = 2 < 1, tedy fada > 5 224" konverguje.
n—oo 4n n—00 wgtj—)’f - n—oo 3(3n+4) 3 ’ Y n=4  3ni2 sW
+oo
Z n3 +4n% 4+ 8n + 12
3n2 —3
n=1
. . 3 2 ’ v 7 z ~ 3 2
lim a, = lim 240480412 — o6 o 0. Neni spliiena nutna podminka konvergence, tedy fada S ntdn +8n+12
n—o00 n— oo n n n

diverguje.
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Zm

Srovname s harmonickou radou.
. 1 . one/3+2
lim —2—— = lim

N0 /321 on_1 n—00

E sm—

n=1
Srovname S harmomckou radou

lim ,.",r = lim ""; = = € (0,00), tedy fada S 1 sin 7 diverguje.

= /3 € (0,00), tedy fada 3, \/W diverguje.

n—oo S 3 n—soo SM 5

—+oo

> sin"2a, a0 €R

n=0

Jde o geometrickou fadu s kvocientem ¢ = sin” 2a. Rada oo oo Sin" 2a konverguJe pro |sin” 2a| # 1, tedy pro
a# 5 +k%. Proa= 7 + kr fada diverguje do nekonecna (q = 1), pro a = 4 + kn fada osciluje (¢ = —1).

+o00 %
L GTy v

Srovname s konvergentni fadou > -4
n 6
1

- 3 1
. "6 T n2 1+;) o [e’s) f
nl;rréo 7(n+31f;ﬁ = nl;rr;o — = 1 € (0,00), tedy Fada Zn | DT konverguje.
+oo

n=2 “n5+1

Srovname s konvergentni fadou ) —&

1 5
. -z . on2y/l+s . .
lim —22 = lim —Y—"" =1¢€ (0,00), tedy fada 3 % konverguje.

. L. 2
Srovndme s konvergentni fadou ) 7.

£\2
lim () _ 1 € (0,00), tedy fada 3> sin® I konverguje.

PR
n—oo SI7 5

Pouzueme limitni podilové kritérium.

3(n+1)+1
lim 24l — Jim 20 = lim S — Lo tedy fada 3% 32l konverguje.
n—oo 4n n— 00 5\7;7,1 noo Bnt)vV2 \[ Y Z V2 &Y
Ji:’o cotg =
2
n
n=>5
Srovname s harmonickou fadou o
sin T
1 = x
lim —2r = lim —2— = lim 23%% = lim — " = 1 € (0, 00), tedy fada "7 2% diverguje.
n—00 Cotgzﬁ n—oo €08 3 n—00 n n—oo ¢Sy 7r ( ’ )7 y n=5 n? su
n?+n
Z 3n+1
Pouzijeme limitni podilové kritérium.
a (7L+1)2+<;1L+1 243040
. ntl 7 T 3n : n n —
nli)nc}o e nlgréo 2 nlgrolo (o) < 1, tedy fada 3n+1 konverguje.

> ()

n rn—1 . =1 .
lim a, = lim (2=L) = lim e = lim e wt1 = lim e n+1-
n

n— 00 n— oo 77/+ n— o0 n— o0 n— oo

= e~2 # 0. Neni spliiena
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n—1

n
n+1) diverguje.

nutnd podminka konvergence, tedy fada (

c) Z <5n2+1 + (232)!>

lim a, = lim (5 +

(Qn)'

n—oo n—oo
diverguje.

1
V2L G

Jelikoz W < 5+ afada Y 5 konverguje, tak konverguje i fada ) m

ol
sin(+)
©) D
Srovname s konvergentni fadou ) #
sin(%) .
lim —— = lim w =1¢€(0,00), tedy fada > = (") konverguje.

n—o00 2 n—00 n

f) Y @7 —1"

Pouzijeme odmocninové kritérium.

lim /a, = hm (2n —1) =0 < 1, tedy fada 3)(2% — 1) konverguje.

n— 00
g) > (27 —1)
Srovnéame s harmomck?u fadou.
In 2
lim =Y = lim &2 —Y . n2 =2 =c¢ (0, 00), tedy fada (2% — 1) diverguje.

1
n— oo n n—roo In2

Z Vvn + 1 — \/ﬁ
Srovname s konvergentni fadou Y -
n2

. ARV . . Vn n : n
lim —— = lim n(vVn+1—/n) :nh_{rolo\/ﬁ(\/n—i— —\/ﬁ)% :nh—{lgo\/r%h/ﬁ = 3 € (0,00),

n—oo n—oo

) = 00 # 0. Neni spliiena nutnd podminka konvergence, tedy fada (5n+1 + (Qn)l)

w\% 7

tedy rada 3" -1 konverguje.
n2

R
D> TErT

cos( ) 1 % 1 . e cos( L)

Jelikoz — 5%~ < -5 afada ) > konverguje, tak konverguje i fada ) —>-2~.
. n!
i) nn

Pouzijeme limitni podilové kritérium.

<n+1)_;_1 (n+1)+1 nn | n n In nil ( n _1) In nil .=n

. . n . n . _n_ . P R . O R—

lim “22 = Jim 20— = lim 0 = lim Lo = lim e T = lim e w1t e = lim em+t " " =

n—roo n n—oo nm n—oo nm n—oo (TLJr ) n—oo n—roo n—oo

e~! < 1, tedy fada 3~ 2 konverguje.
(n!)?

k) Z (2n)!
Pouzijeme limitni podilové kritérium.

((n+1)1?

lim %24 = lim 7W = lim (nt1)*
)2

n—oo 9n n—o00 (2n), n— 00 (2”+2)(2”+1)

3. a) 2(71)”*1712”+ -

Pouzijeme Leibnizovo kritérium.
L

< 1, tedy fada > g;—;);, konverguje.

n
w1 > 0,




Cviceni 10

NMTM101 - Matematicka analyza I.

IT.
n ; n+1
n2+1" (n+1)2+1
?
n((n+1)2+1)> (n+1)(n+1)
?
nd+2n® +2n>n®+n? +n+1
nP4+n>1, ¥Yn>0
L lim Ay =0,
tedy fada Y (—1)""' 5 konverguje. Jelikoz 5+ > n%rl, pak fada )~ "+ diverguje, tedy fada Y (—1)""" 5

konverguje relativné.

Syt

Pouzijeme Leibnizovo kritérium.

Inn
I lnn >
? s 1 lg _ . o
II. o> h;”%ll Jelikz (%) = 22 2% = Le < 0 pro o > e, tak je funkce f(z) = 22 Klesajici na (e, 00),
1 Inn+1
proto =% > % pron > e.
II. lim Br =y,
n—0o0

tedy Fada Y (—1)""'22 konverguje. Jelikoz M2 > o, pak fada ) 2% diverguje, tedy fada Y (—1)"'&%
konverguje relativné.

n 1

Pouzijeme Leibnizovo kritérium.

1
1 1
II. ﬁ > \/ﬁ.
III. lim % =0,
n—oo

tedy fada Z(—l)”ﬁ konverguje. Jelikoz fada ﬁ diverguje, tedy fada Z(—l)"ﬁ konverguje relativné.

L1
2 G

Jelikoz ﬁ < 4 atada ) 2 konverguje, tedy fada ) (—1)"

Z(_l)nn +1

Jelikoz nli_}n;@(—l)"n%r1 # 0, tak fada ) (—1)" %5 diverguje.

n 1L
S

Jalikoz —L- < L atada QL konverguje, tedy fada > (—1)" -1 konverguje absolutné.

ﬁ konverguje absolutné.

n2n 2n n2n
> 1
).
T;( )TL+(*1)”‘
2n+1
1 1 1 1 1 —3+2 —1
nt1 = 1)k = - et ———= L —
San+1 ;( Loy 3 S ey s e S Tl 6§ T s R Gy o
\2:3 4.5 7T " 2n(2n+1) )

Jelikoz (2—13 + 4%5 + ...+ Wln—s-l)) < Ziiz % a teleskopicka rada konverguje, pak nh%rréo Soni1 = A € R.

lim sop42 = nlggo Sop4+1 + nlirrgoﬁ = A+4+0 = A, tedy EZO:Q(—I)"

= A a proto fada konverguje.
n—oo

1
n+(—1)™
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1
Absolutni konvergence: Srovndme s harmonickou fadou. lim 7 =1€ (0,00), tedy fada > m diverguje
n—00 nf(—1)"

oo
1
a proto fada 7;2(—1)"m konverguje relativng.

3n—1
h) Z(_l)n 22n+1 :

—1 3n71

Rada Z 22 — konverguje absolutné, jelikoz Z 92n+1 je geometricka rada s kvomentem , a tedy konver-
guje.
) 2n+2
1) Z(il)n 3n—1p| '
on+3
’ , , s . BaCEsl . o n+2
Absolutni konvergence - podilové kritérium: nll)n;o 33;_7{;1? = nh—{réo ﬁ =0 < 1, tedy fada >)(—1)" ﬁ
konverguje absolutné. '
n
j )" .
DS e
Pouzijeme Leibnizovo kritérium.
L /757 20,
IT. jelikoz je funkce f(z) = \/x rostouci funkce a ' > % viz ptiklad a), tak plati a, > @n41.
tedy fada D (—1)", /.7 konverguje.
Absolutni konvergence: Jelikoz pro n > 1 plati:
n®>4+1<n?
1 < n
n2 " n2+1’

pak L < 757, tedy fada °  /+7%7 diverguje a proto fada > (—1)", /5" konverguje relativné.
¥ S (1) (1 + %).
Pouzijeme Leibnizovo kritérium.
L In(1+1) >0,
IL jelikoZ je funkce f(z) = Inx rostouci a posloupnost {1+ 2} klesajici, tak je i posloupnost {In(1+ 1)} klesajici.
I lim In(1+ 1) =0,

n—oo
tedy fada ) (—1)"In(1 + 1) konverguje.

1
Absolutni konvergence: Srovname s harmonickou fadou. lim nQr) — ¢ (0,00), tedy fada Y In(141) diverguje

n—00 n

a proto fada Y (—1)"In(1 + 1) konverguje relativné.
1) > (—1)"sin(n).

Jelikoz interval [%, %] + k7 mé délku 2° > 1 a |sin(z)| > § pro viechna x € [, 2] + k, tak pro kazdé ng € N

existuje n > ng takové, Ze |(—1)" sin(n)—0| > 3. Proto hjn (— )" sin(n) # 0 a tedy fada Z( 1)™sin(n) diverguje.

m) Z(_nn% sin(v/n2 + 71— n).

Absolutni konvergence: Srovndme s harmonickou fadou.

lim %Sin(min) = lim sin(\/TT—i—n—n) = lim sin <(m_n)(m+n)>

VvnZ4+n+n

n—oo l n—oo n—o0
n

n 1
— lim sin | ——— ) =sin( = | € (0,0),
n—00 <vn2+n+n> (2> (9, 0)

tedy fada + sin(v/n? + n — n) diverguje. Pouzijeme Leibnizovo kritérium.
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L Lsin(vn®+n-n)>0,

: R
IL a, > ans1: Oznacme f(x) = S20/27F=z)

, pak

o) = cos(Va?2 +x — ) - (2\2/% - 1) 7 —sin(vVZZ ¥ 7 - 2)

2 +21 /7122w+; z) —sin(va? +x — )

cos(Vr? +x — )

2vVx2+2(222+x+22V 22 +2)
1.2

cos(VzZ+z —x)-

cos(Vr? +x — ) < (2 +z)2 E G ) ) —sin(vz? +z — x)

— gin(+/r2 _
T2+ 2x2+r+2x\/12+x)> bln( e+ l‘)

22

Jelikoz

x? 1
lim cos x2—|—x—x~< )—sin\/acQ—i—x—x ——O—sin<><0,
T—00 (Va2 o —a) 2vVa? + x(222 + x + 2zv2? + x) ( ) 2

pak existuje ng € N takové, ze Vo > ng je f'(z) < 0, tedy je funkce f(z) klesajici na (ng,00) a proto je
Gp > Gp41 Pro vSechna n > ng.

I lim Lsin(vn?+n—n)=0,
n— 00

tedy fada Y (—1)"1 sin(v/n? + n — n) konverguje relativné.

2

. ()"
m S

Absolutni konvergence - odmocniconé kritérium:

ol (ntl n+1\"
lim {/a, = lim M:lim<”) :€<1,

n—oo n—oo 3n n— o0 3 3

n+1\"
fada Z(—l)"( "371) tedy konverguje absolutné.

n—1 \/ﬁ
°) 2= 2+ VD)2 +v2)..2+ V)

Absolutni konvergence - Raabeovo kritérium:

s

. n_ T C+vVD(2+V2)...2+vn) T

,}:H;o”(anﬂ 1)—3520” o = n
(24+V1)(2+V?2)...(24+v/n+1)

2
lim n - =00 > 1,
n—00 vn+1
tedy fada > (—1)""! V! konverguje absolutné.

(2-+V1)(24V2)...(2+/n)




