Cviceni 05 NMTM102 - Matematicka analyza II.

Piiklady jsou pfevzaty ze stranky doktorky Pavlikové ( http//:www.karlin.mff.cuni.cz/~pavlikov/).

Id V4
Zadani
1. Ukazte, ze funkce F)(z) a Fy(z) jsou primitivni funkce k téze funkci, a urcete konstantu, o kterou se lisi.

a) Fi(z) =Invz —2+3, Fy(z) =ln2zx—4
b) Fi(x) = cos2x, Fy(z) = 6cos’x +4sin’x

2. Ukazte, ze funkce F(xz) = x(arctgz + arctgl) + 7 je primitivni funkce k funkci f(z) = 3 na intervalu (0, c0).

3. Urcete primitivni funkce.

)
b) [ L-do
¢) [(14 2z)3dx
d) [ 224y
e) fa;jlld
f) [(sinz — 2cosz)dx
g) [(cos3z + 3z + 1)dz

e? -5 ldx
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5. Urcete primitivni funkce (metodou substituce).

@) | e
b) [ gda

6. Urcete primitivni funkce.

a) [tglxdx
in 2
b f gco%i dm

C SlIl

cos Q:r
sin? z cos? dx

cotgrdx

Q.

e
f sin® zdz
1 — 22dx

J
J
J
J
J
[ 2 :E3+ 5dx
[ ®
J
]
J
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)
)
)
)
)
)
g)
h)
)
)
)
)
)
)
)
)

8,
E
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8
U
8
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j cos® z sin zdx
k Inx dx
1) [ arcsinzdzx
m) | sinx-Intgrdr
n) [In(x + 1+ 2?)dz
In sin
0 hlfl Q?dl

7. Integrace raciondlnich funkci:

Q

S+ —4z)? 430) 7)dz

2x—3
J = 3@+5d$

=3

€ f 2+21
f fmd
g f(m) dx

)
)
)
d) f2z2 a:+2
)
)
)
)

h dz.

f‘(y 1)(3: 22

8. Urcete primitivni funkce.

a) f 1_(:1051dl'

) [ cos® zdx

c) fﬁdm

) j sinz - sin 2z - sin 3zdx
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) [tg?x — tgwdx

[¢)

2sinz—3cosx
f sinxz+5cosx dx

9. Urcete primitivni funkce.

| G
b) [/ e2ds
c) fmd
R e —
e) fmdx
f) ftmdx

10. Urcete primitivni funkce.

arctg\f 1
f VT T+ dx

f __cosx
\/1+sm2:1:
C) fc2(j—l 1 Z

d) fx/ﬁ%/ﬁd

Vi—z?t

)f\/Tf\/sz

[¢)

d
g) _/‘sir12(2z+%)d'r
h) [ £ de
1

3

1
x®—2
i 1

S

] et
i) [ ———==dx
J
J

J

)
) | 7=
k)
)
)
)

dx

zlnzIn(lnz)

1
zvV/x2 -1

Sin T d

1

dx

m X
Vcos3 x

sin x cos x
n) [

<

a2 sin? z+b2 cos? x

1
) fsinQ:v sin x cos x—2 cos? x

dx
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L4

Reseni

1. a)

Fy(x) = ln\/2x—4—ln(\[ Va — ) mv2+Inve—2=(Inv2-3)+Inve —2+3=(nv2-3)+ F(z)
b)

Fy(x) = cos(2x) = cos*(x) — sin?(z) = cos?(z) — sin?(z) + 5 — 5 = 6cos?(z) + 4sin?(z) — 5 = Fy()

=+ 5.
2. F(z) = a(arctg(x) + arctg (L)) + 7 f(z) = Z.
F'(z) = [ arctg(z) + arct 1 +z L—l—# -1 = arctg(x) + arct 1 +z #—i—i -1
B & s\ % 14 22 1"'1% 22 ) & &\ % 1422 1422 22
tg(x) +arctg (=) =2 T
= ar r ~ | ==
arctg(e) +arctg | — 5

Posledni rovnost (ozna¢end (*)) vychazi z nasledujiciho vypodtu.

arctg(x) + arct = I— ¥+# -1 =0
& t\z C\1+a22 144 2 )

p X

tedy arctg(z) + arctg (%) je konstanti funkce. Dale staci dosadit naptiklad = = 1 (arctg(1) = 7).

3. a) [(2¥+2?—"T)dx r—Tx+C
f” de = [z3dx :2”2—|—C
z=1+42x 22 14-22)2
o) JA+2a)yde=| "0 " | =3 [zdz=F +C=EFEL 4O

d) f:v+2wdm*f(x+3+%)dil?:ﬁ+3x+31n|x—1|+0

e)f"’;_jlld:zr—f(x fx+1)d:c_—+ liz+C

f) [(sinz —2cosz)dz = —cosz — 2sinz + C

g) f(cosSaH—Sx—i—l)dx:%-k%_karC
f\/ﬁdx—fxz"‘ +8dx—f:c8dx_8“;58 +C

b) L [sinzcoszdr = Z=sinz

dz = cosxdx = [zdz =% S+ 0= M—l—C

II. [sinzcoszdr = % [sin(2z)de = 5 - COS;%) +C = _COS(%) +C
¢) [(1+2z)3dx =

d)

z=1+42x
dz = 2dx

—[Zdz=x+0=W2 ¢

z

- 5111566 +C

1 1 = 1 1
/61_51—1dx:5/(5e)zdx:5/ezln5@dx:‘ z xInbe ’: /ede

dz = InbSedx 51ln 5e
1 x 1n 5e

1 xT
" 5lnbe _5ln5e(5e) +C

) [ de = fld:z::z+c, z >0
] [-ldz=—-2+C, z<0
e) [20dy=a2Py+C
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5. a) f\/l_Qde:’ dizgzx :fﬁdZ—arcsm( z) + C = arcsin(2z) + C
z=2 ©
b) f—xzi_gdz:fﬁ(%g“) dx‘ iy — %de :fis(zzlﬂ)dz: tarctg(z) + C = arctg (£) + C
z=2
) Fatsste = fsrgipie=| o223 | = 2 et = g+ 0 = gtz 0
—— = 2 3 2 3
d) fx 2% —ddz = fl —xQJ‘dx :Zf\[dZ_TQ +0=8 34)2 +C
@ =1 x .
) [ riede = Zz:;ix = [Ldz=In|s|+ C =In(1+¢%) + C
f1+e ——dr = e: e Idz*flﬁ_ezdxfln(lJre )+ C
z=23" -
g) 1+91d$_’ ds — 3% In 3da = 15 | T2 dz = pparctg(z) + C = pparctg(3”) + C
z=x+2
h) f£2+411x+5d13=f(x+21)2+1d$= ds — du ’:f =pdz = arctg(z) + C = arctg(z +2) + C
z =tgx ,
6. a) [tg’zdz=| x = arctgz :fljjdz:f(l—ﬁ)dz:z—arctg(z)+C=tgx—x+C
dx:1+12dz
b) [ SN2 gy o [ 2sinscoss gy 2 [ gingdy = —2 cosa + C

c)

sin? 222 _9gin L cos L + [ cos? Ldz = —2sin Z cos = + (1 — sin? z)dg:
2 2 2 2 2 2 2
= —QSingcosg-i-aﬂ—/sin2 gdx: —Singcosg+g+C

d) f%dmzf%dw—f t—dr — [ —L—dz = —cotgr —tgz + C

sin2 x cos? sin? x cos2 sin? x cos?
z =sinx
dz = cos xdx

) [ cotgrdy = [ <=L

sinx

:f%dzzln|z|+C:ln|sinx|+C

Z = COST

dz = —sinzxdx :7f(1*22)d21*er?JrC:fcostr@JrC

f) [sin®zdr = [sinz(l — cos? v)dr =

g)

cos zdz

Y T =sinz
/\/1 xdx—’dw

. p.p. . .
= / V1 —sin? 2 cos zdz = /0052 zdz = sinzcosz + /sm2 zdz

:SiHZCOSZ+/(17COSQZ)dZ:SiIlZCOSZ+Zf/COSQZdZ: WJFC
sin zy/1 — sin? 2 4 2 zV1 — 22 + arcsinz
2 2
z=x%+5 3 3
h) [22Vz3 + dx—‘ - 322de =1[Vadz=32224+C=2(2*+5)2+C
i) [a?sinazde "2 —z?cosz + [2xcoszdr "L —x?cosz + 2rsinx — 2 [sinzdr = —a?cosx + 2w sinz + 2cosx + C
3 . B Z=cosT T S| _ —cos’s
) [ cos® xsinadr = D — — sinade | = JZdz=="2+C==<24C

)fgwlezmx =[edz=%5 +C=1224C

dz = %dl




Cviceni 05 NMTM102 - Matematicka analyza II.

) [arcsinzdz "2 zarcsinz — J & =dx = zarcsinz + V1 — 22 + C
7d_ Z:]_*I2 _;1 7%__%_‘_0__ 1_ 2—|—C
x\/l—x2 TT dr = —2zdr | T 2 20T TE -V x
m) fsinx~lntga:dxp£'—Cosx-lntgx—i- = —cosz-Intgz + 1 1n ggziﬁ‘-i-c
/ sinx d Z = COSX / 1 d 1/ 1 + -1
= —_—ar = . = —_— A = — —_—
1—cos?x dz = —sinxdx 221 2 -1 241

1
:i(ln|z—1|—ln|z+1|)+0:

1 T
In(z + V14 22)dz "2 z1n(z + /1 + 22 —/:17 <1+ )dx
/ ( ) ( ) x4+ V14 z? V1422

=zIn(z++V1+22) — =zln(z+V1+22) —V1+22+C

_ z=1+22 1 _ 5
o) [ lz‘limfdx = —cotgmlnsinx—i—fcotgngjidx = —cotgz Insinz + = —cotgx Insinx — cotger —x + C
_ z = tgx _ 1 ©) 1 1 1
1 (i)é+§+Cz+D7Az(1+22)+B(1+z2)+C’23+D22
22(1+22) 2z 22 1+22 22(1 4 22)
1=(A+0)2*+(B+D)2*+ A2+ B
B=1
A=0
C=0
D=-

/ sinz - sin 2z - sin 3zdx = /(6 sin® 2 cos® & — 2sin® z cos x)dx = /[6 sin® x(1 — sin® ) — 2sin® 2] cos zdx

:/(623—82 )dz_3i_4i CZSSin4$_4sin6m+C

2 3 2 3

z=sinx
dz = cosxdx

7. a) [(2=5 + (171130)2)‘137 = 3In[3z —2[ + 4(1i4x) +C

z=22-3x+5
dz = (3z — 2)dx

b)f 2.L3d

z2—3z+5 :f%dz:hl|2|+C:1n\x2—3x+5|+c

_ xz—1
i)

1 1 1 —
) | pmrsdr =] (@— 1)2+4d =1/ (m)2+1dx—’ dz = Ldz

=3 f 2+1d2 = *arctgz +C = Qarctg— +C

d) [ 5= 1+2dm—7 -1 :iln|x2—x+2\—garctg4j11; +C
z=222—z+2
dz:(4x—1)dx'_ Jdz=Inja[+C=
1 1 8 1 8 1 z =22
ST Rres e el B et e el IV G
(— 2%+ 1% Eoa) (4z—1) 11 =7

2 / b 2
V15 ) 22 +1 V15
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X

53| TC

&) [ rbmdr =14 [ (L4 25)de =1

f)
z? 522 + 4 (*) 1 1 16 1 1 4
—  dr= [ (1-— )zt | ([-——F —— )dr =24+ [ |-
/x4+512+4 v /( x4+5x2+4> v x+3/( x2+1+x2+4) . x—|—3/ x2+1+(%)2+1

1 8 T
= x4+ ——arctgr + garctg§ +C

3
502 +4 () Az+B  Cx+D (Az+ B)(2*+4)+ (Cax+ D)(2? +1)
v+ 522 +4 2241 2244 (22 4+ 1)(22 + 4)
 (A+ )P4+ (B+D)a? + (4A+C)z+4B+ D
(@2 + 1)(a? + 4)
502 +4 = (A+C)2* + (B+ D)z* + (4A+C)z+4B+ D
A=0
C=0
P
3
b1
3

iy 12 (*) _
8) [(ze=iis)?dr = [ gogfmpyzdr = [ (—41%2 +agtyr gty + (w—11)2> dr =4I| 7=

x? ) A n B n C n D
(r—22@x-1)2 2-2 (x-2)2 (z-1) (x—1)2
Az —2)(z —1)>+ Bz — 1)> + C(z — 2)*(x — 1) + D(z — 2)?

(v —2)(x - 1)?

—

1=D
4=0B
0=A+C
0=-2A+B-4C+4D
C=4
A=-4

)

/ 3 J _/ 23 d _/ . 322 — 6z +4 (i)/ 14 1 . 2 . 4 d
- D@—22"" )] B 3221604~ (z—1)(z—-22) e 1 722" @_22)%

:x—|—ln|a:—1\+21n|x—2|—i+c
T —2
3z —6r+4 () A N B C  Ax—-2?4+Bx—-1)(z—2)+C(z—1)
(z—D(x—-22 22-1 z-2 (x—2)2 (x —1)(z —2)2
=A
=C
3=A+1B
2=B
8. a) [—Lt_dr= 1fi2_dttg:2dx :f%-ﬁdt:ft%dt:—%+02—é+0=—cotg%+0

t=sinx

Ut — cosmdi = [A=)dt =t - £ +C=sing — 22 4 C

b) [cos®zdx = [(1 —sin®z) coszdr = ‘
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t=tgx . 1 2 t? tg’z
¢) [ —i—dr= = [t dt=[1+)de=t+5 +C=tge+3=+C
fcos4a: 1+t2df dx j(ﬁ) 1—}-1&2 j 3 3
d)
L—@x t?2—t (/ t 1 1 )
tg’z — tgrde = = dt= [ (1-+—5 ———)dt=t—-In|l+*| —arctgt + C
/‘gx BPEET | Hdt = da L/1+ﬁ 1+ 148 g Im[L 17— arctgt &
=tgr —In\/1+tg?z —2+C
e)
1 = 1
/~2 ~ o=| oY :/ : Sdt
sin“ x — sinx cosx — 2 cos? x 1+tzdt dx [ 2 1 14t
1+t2 T+2 ° 1+t2 1+t2
1 1 (1 1 1
/?2—t—2 /(P+D@—2) 3/<t+1+ 2)
1 ltgz — 2|
=—(—Inlt+1|+Injt—2 0—717 C
3(n|+|+n| )+ taz +H+
1 W A B _A@—%+B@+U
t+D)t—-2) t+1 t—-2  (t—=1(t+2)
0=A+B
1=-2A+82B
1
~=B
3
1
—-—=A
3
f)
/2sinx—3cosx _ t—tgx \/@ \/Lﬁ 1 _/ 2t -3 i
sinz+5cosz | mdt \/;t,z 1+t2 ) t+5)(2+1)
() 1 -1 t 1 9 1
= - — dt = —lt5 —In|t 1| — —arctgt + C
2/(t+5+t2+1> 5 n|+|+4n\ + 1] Sarctet +

-1
:71n|tga:+5|+11n|tgx2+1\—g—FC

2t — 3 xn A Bt+C  A(t?+1)+ (Bt+C)(t+5)
(t+5)(t2+1) t+5 2+1 (t2+1)(t+5)

0=A+B

2=5B+C

-3=A+5C

1_p

2

1y

2

1

_5_0
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9. a)
/W—W / LoyE | i=y/Ee o -/ —4t1-t)

Vititve -1 1+\F | o= B8 dr = 1+ 02— 1)2

4t (*)/ -3 -1 2 i
= | ———dt = - dt
/(1+t)3(t71) IR S PR S
1 1 1
:——1 14t T to[1—t+C
n|l+ |+1+t (1+t)2—|-2n\ | +
T—¢ ¢ - /5 Fow
:hl m+(1+ )2+C:1H m+1+ x+1 +C
Ly +y/5m)?
4¢ x A . B . C .
(1+t)3(t—1) 1+t (1+H)2 (1+t)3 t—1
CAQ+ )2t —-1)+BA4+t)(t—-1)+C(t—1)+ D1 +1)*
B (t+1)3(t—1)
4=8D
1
=D
2
—4=-2C
2=C
0=A+D
1
_Z—A
2
0=—-A-B-C+D
-1=828
b)
t:\/a—‘riz7ﬁ2_a+m 4t2 _1 1
/ O e = o o :/(tzil)zdt”':paa{t-(f2+1)+/f2+1dt}
a—x T =" ,dx—(t2+1’)2dt 2 2
" [at+x
= 2(1 |:(t2—‘,—]_) —+ arctgt] + C = ZCL a+a: o + arctgw/
—v/(z —a)(xz + a) + 2a - arctg +x+C
c)

/ 1 p V1—de —a2 =1+te, 1 —do — 2% =1+ 2t + t?22
T ar = —2(2+t) _ 2(t2+4t-1) =
\/1—41’—1‘2 T = 211 d (t2+1)2 dt

1 202 + 4t —1) / -2
= : dt = | ——dt = —2arctgt + C
/1+t.f§it) (t241)2 241

X

V1—dor —2%2 -1
2arctg< i +C
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d)

/ 1 p Vitao+a?2=t+a,1+a+2® =12+ 2z + 2? / 1 2(t—t2—1)dt
—_——axr = _ _ = = .
] v =21 dy %dt t+ 25 (1-2t)?

t=2

1 1 _ € _ 1 2
f\/md SIde_‘dtgidx —ifmdt 2arcsm()+C’—Qarcsm(§)+C
f)
1 t=+v1 2 1 1 1 1 t—1
/703:1@ B jm :/ dt:f/ —— — —— )dt=lny/——+C
oI+ 22 dt = =de 2 -1 2 t—1 t+1 t+1
| V1422 -1 o
=1In
V1i+a?+1
t= t
10. f‘”“ngliwdx—' dtiﬁcgi}d ’ [ 2tdt = t* + C = arctg®>/z + C
T l4x 2y
b)
cosx | t=snz _/ [ »l+/'-’*/+*l+/3*/”+)/ + 22
/1 +sin2e | dt=coszdz | | T+ t ,dt ‘1/
:/#/ 7/—,/,:7111 4+ C=—-In|V1+t2-t|+C
J (35 +2)22
= —In|V1 +sin®z —sinz| + C
o t=c¢e" _ e?—
c>feu1dm=\dtezdx = [t =3 (- o) de =[S+ o= im|t 4
d)
VI+taZ4+V/1—2a? /( 1 1 ) /
dr = + dxr = arcsinx +
Vv1—24 VIi—z2 J1+2a2 \/1—1—7‘2
U109 arcsina— In [V1+a2—z|+C
e)
Va2 1 -Vz2 -1 /( 1 1 ) — :
do = —|— de=—In|V22 -1 —z/—-In|vV1i+22—z|+C
Vot —1 V2 — Va2 +1 ' g | |
1 Va2 —1= t,—1 =2zt + t2 —2(t? -1 -1
?(71 = H_t2x+ (t f1)+ Z/%dt:/—dt:—ln\ﬂﬁ-(]
V2 — v =15 do = —=dt (4L + 1) 412 t
=—-In|Va2-1—z|+C

£) [VEZE2 gy = [(1—2)Fdo = (1 —a) +C

1 | t=2247
&) | srpapde = ‘ dt — 2da

=3 [ sz dt = —jcotgt + C = cotg(2z + ) + C

4

3 _ l=u _ 1 1 _ 1 1 =2
h) fmdex—‘ dt = 4a3dx _medt_mf(t— V2 t+f)dt Sfln H\[‘—i—C \/5 In z4+ﬁ‘+c
t:
f(1+:x: \/de‘ gt — \{de :Qfl_&jdt:2arctgt+C:2arctg\/5+C’
2V
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t=e¢e" ULz9f) T2 /1T e2%
D gmemde = gy gy | = waredt sIn Vet +C = g In Ve di 4 C

k) [ smrmmsde = n(ln(lnz))) +C

t=+vz2 -1 1 5
fodx ‘ dt = —2—dz = [ pgdt = arctgt + C = arctgv/a? — 1+ C
sinz _ t =coszx o 1 —l _ 2
m) VCos%dx_‘ dt = —sinzdxr | f\ﬁd \/+C_ vcosm+0
n)
/ sinx cos / sinx cos dx—’ t = (a® - b?)sin® z + b?
Va2sin?z + b2 cos? ¢ \/ 2 _12)sin’ x4+ b2 dt = 2(a® — b*) sinx cos zdz

\/(a2 — b2)sin® z + b2

_ Vi _
= 5 — ) /%dt BT ) T ey )




