
Abelian groups with a minimal generating set

Pavel Růžička
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◮ A set X ⊆ A is called S-independent if x /∈ Span(X \ {x})
for all x ∈ X .

◮ An S-independent set generating A is called a minimal
generating set of A.

Notation
Given an algebra A, we denote by Gen(A) the minimal size of
its generating set.
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Lemma
Let A be an abelian group. If the dimensions of A/pA, and A/qA
(as Zp, and Zq vector space, respectively) are the same as
Gen(A), for two different prime numbers p, q, then A possesses
a minimal generating set.

Corollary
A products of copies of Z has a minimal generating set.

Example

◮ Let F be a free abelian group. A group Q ⊕ F hes a
minimal generating set iff the abelian group F is not finitely
generated.

◮ Q ⊕ Z has no minimal generating set while

(Q ⊕ Z)(ℵ0) ≃ Q(ℵ0) ⊕ Z(ℵ0)

has.
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Lemma (A)
Let A be an abelian group and B a subgroup of A such that A/B
is a non-trivial divisible abelian group. If Gen(B) < Card(A), then
A does not have a minimal generating set.

Example
The group

P =
∏

p∈P
Zp

does not have a minimal set of generators.
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Theorem (2)
An uncountable abelian group A has a minimal generating set if
and only if there is a prime number p such that
dimZp(A/pA) = Card(A).

Corollary

◮ Let A be a non-divisible abelian group of size λ. If κ is
a cardinal number satisfying λκ = 2κ, then Aκ has
a minimal generating set.

◮ In particular, an infinite product of copies of a countable
group A has a minimal generating set if and only if the
group A is not divisible.
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Definition
An abelian groups is called reduced if it does not have a
nontrivial divisible direct summand.

Lemma
Every countable reduced torsion group has a minimal
generating set.

Example
Let p be a prime number. The torsion subgroup T of the product

∏
∞

n=1 Zpn

is reduced and it does not have a minimal generating set.
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Lemma
An uncountable torsion group A has a minimal generating set if
and only if its basic subgroup has the same cardinality as
the group A.

Lemma (Recall)
Every countable reduced torsion group has a minimal
generating set.

Theorem (3)
Let A be an infinite torsion abelian group with a basic subgroup
B. Then A has a minimal generating set if and only if
Card(B) = Card(A).
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Definition

◮ A torsion free abelian group is of rank 1 iff it is a subgroup
of Q.

◮ A torsion free abelian group is completely decomposable if
it is a direct sum of torsion free abelian groups of rank 1.

Definition

◮ A torsion free abelian group A of rank 1 is of Type I if its
characteristic is represented by a height sequence
hhh = (hp)p∈P with 0 < hp < ∞ for infinitely many primes.

◮ A torsion free abelian group A of rank 1 is of Type II if it is
neither divisible nor of Type I.



Lemma
Let A = A1 ⊕ A2 ⊕ · · · ⊕ An be a finite direct sum of torsion-free
abelian groups A1, A2, . . . , An of rank 1. Then A has a minimal
generating set if and only if either A is free or one of the groups
Ai is of Type I.



Lemma
Let A = A1 ⊕ A2 ⊕ · · · ⊕ An be a finite direct sum of torsion-free
abelian groups A1, A2, . . . , An of rank 1. Then A has a minimal
generating set if and only if either A is free or one of the groups
Ai is of Type I.

Lemma
An infinite direct sum of torsion-free abelian groups of rank 1 of
Type II has a minimal generating set.



Lemma
Let A = A1 ⊕ A2 ⊕ · · · ⊕ An be a finite direct sum of torsion-free
abelian groups A1, A2, . . . , An of rank 1. Then A has a minimal
generating set if and only if either A is free or one of the groups
Ai is of Type I.

Lemma
An infinite direct sum of torsion-free abelian groups of rank 1 of
Type II has a minimal generating set.

Lemma (C)
Every completely decomposable reduced torsion free abelian
group of an infinite rank has a minimal generating set.
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Theorem (1)
Let D be a divisible abelian group and let A be an abelian group
with a minimal generating. Then the direct sum A ⊕ D has
a minimal generating set if and only if Gen(A) ≥ Card(D).

Lemma (C)
Every completely decomposable reduced torsion free abelian
group of an infinite rank has a minimal generating set.

Theorem (4)
Let A be a completely decomposable torsion free abelian group
of an infinite rank and let A = R ⊕ D be its decomposition into
a direct sum of a divisible group D and a reduced abelian group
R. Then A has a minimal generating set if and only if
Rank(R) ≥ Card(D).
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