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THE HOWE DUALITY AND POLYNOMIAL SOLUTIONS FOR
THE SYMPLECTIC DIRAC OPERATOR

HENDRIK DE BIE, PETR SOMBERG, AND VLADIMIR SOUCEK

ABSTRACT. We find the Fisher decomposition for the space of polynomials
valued in the Segal-Shale-Weil representation. As a consequence, this allows
to determine symplectic monogenics, i.e. the space of polynomial solutions of
the symplectic Dirac operator.

1. INTRODUCTION

The classical topic of separation of variables, often realized by a Howe dual pair
acting on the representation of interest, is one of the cornerstones in harmonic
analysis.

Some well-known examples are the Howe dual pair for the orthogonal Lie group
O(n) acting on the space of polynomials on R™ given by O(n) X sly and the dual
pair for the representation on spinor valued polynomials given by O(n) x osp(1]2).
Recently, there has been a lot of interest in deformations of these dual pairs where
the orthogonal group is replaced by a finite reflection group G < O(n). This leads
to the introduction of the so-called Dunkl operators (see e.g. [8,[9]). They allow to
construct a Dunkl Laplacian and it was proven in [I3] that the relevant operators
again generate sls (see also [1]). In [I7], a Dunkl Dirac operator has been introduced,
leading to a dual pair G x osp(1]2).

The Dunkl Laplacian can be seen as a spherical deformation of the classical
Laplacian. Very recently, also radial deformations have been obtained in this con-
text. We refer the reader to [3] for radial deformations of sly and to [6] for radial
deformations of asp(1|2).

A natural question to be posed now is whether similar things are also possible
for the symplectic group Sp(2n), namely do there exist dual pairs Sp(2n) X sly or
Sp(2n) x 0sp(1]2) and do there exist Dunkl analogs of these dual pairs. In other
words, can the operators realizing these dual pairs be deformed to be only invariant
under a (finite) subgroup of the symplectic group?

The answer is partly positive. In e.g. [T, 5] a theory of harmonic analysis
has been established for operators acting on Grassmann algebras (or superspaces),
leading to dual pairs Sp(2n) x sly and Sp(2n) x osp(1|2). However, although this
yields a satisfying framework, it is unclear how the operators obtained there can
be deformed to be only invariant under a subgroup of the symplectic group. The
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construction leading to the classical Dunkl operators (see [§]) cannot immediately
be transferred to this new framework, due to the different algebraic structure of
Grassmann algebras.

Fortunately, there seems to be an alternative way of obtaining symplectic analogs
of the orthogonal constructions. Many years ago B. Kostant introduced a symplectic
analog of the Dirac operator called symplectic Dirac operator. This symplectic
Dirac operator was mainly studied from the geometrical point of view, see [12]
and references therein, and also as an invariant differential operator in [I5], but its
spectral properties are difficult to obtain.

In this article we aim to study the symplectic Dirac operator from the point of
view of special functions and harmonic analysis. We will establish the Howe duality
and the corresponding Fischer decomposition. As a consequence, we determine its
kernel on R?". It is important to note that the symplectic Dirac operator that we
will study does not have a Laplace counterpart.

The paper is organized as follows. In section 2 and 3 we repeat some well-
known facts on symplectic Lie algebras and their finite dimensional representations.
In section 4 we define the symplectic Dirac operator and show how it leads to a
realization of sl;. In section 5 we obtain the Fischer decomposition and construct
explicit projection operators on all summands. We end with some conclusions and
an outlook for further research.

2. SYMPLECTIC LIE ALGEBRA, SYMPLECTIC CLIFFORD ALGEBRA AND SIMPLE
HIGHEST WEIGHT MODULES FOR sp(2n)

Let us consider a symplectic vector space (R?" w) and a symplectic basis

elv"'venafla"'afn

with respect to the non-degenerate two-form w on R*". Let E;; be the 2n x
2n matrix with 1 on the intersection of the ¢-th row and j-th column, and zero
otherwise. The symplectic Lie algebra sp(2n) is generated by (see e.g. [11])

Xij = Eij — Entintj,Yij = Eintj + Ejnti, Zij = Engij + Engji
fori,j € {1,...,n}, and can be realized by the first order differential operators
Xij = 2;0; — TpyjOnti, Yij = TnyjO0i + Tn1i0j, Zij = Tj0nyi + 1i0nyj-

For example, in the case n = 1 the three vector fields {22201, 22102, 101 — x202}
generate sp(2).

Next, we introduce the symplectic Clifford algebra over (R?",w) (see [4]). This is
the associative algebra over R with unit element, which is multiplicatively generated
by the elements eq, ..., ey, f1,..., fn under the relations

eie; = eje;
Jifi=1Fifi
eifj — fiei = wles, fj) = 6y
for all 4,5 € {1,...,n}.

The metaplectic Lie algebra mp(2n,R) is a Lie algebra attached to the twofold
covering p : Mp(2n,R) — Sp(2n,R) of the symplectic Lie group Sp(2n). It can be
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realized by homogeneity two elements in the symplectic Clifford algebra, where the
homomorphism p, : mp(2n,R) — sp(2n,R) is given by

P*(eiej) =Y,
p«(fifi) = Zij,
(2.1) p«(eifi + fiei) = 2X;

for i,j5 € {1,...,n}. There is another useful realization of the symplectic Lie
algebra as a subalgebra of the Weyl algebra of rank n. Let z;, i € {1,...,n} be
the generators of polynomial algebra. The Weyl algebra is the associative algebra
generated by {z;,0;}, i € {1,...,n}, partial differentiation with respect to x; and
multiplication operators x;, acting on polynomials on R™. The root spaces of sp(2n)
corresponding to positive simple roots «; are spanned by x;410;, i € {1,...,n—1}
and «, is spanned by —%82.

The Segal-Shale-Weil representation L is the minimal highest weight representa-
tion of Sp(2n,R) on the vector space L?(R™, du), where dy = exp 121 drg. with
dzgn» the Lebesgue measure on R™. We take for the basis of this vector space poly-
nomials on the isotropic subspace R® C R?". The differential L, : mp(2n,R) —
End(Pol(R™)) of the Segal-Shale-Weil representation is

L*(eiej) = ia:l-xj,
L.(fif;) = —i0;0;,
(2.2) L.(eifj + fiei) = zi0; + x;0;

fori,je{1,...,n}.

3. DECOMPOSITION OF TENSOR PRODUCTS OF FINITE DIMENSIONAL
REPRESENTATIONS WITH THE SEGAL-SHALE-WEIL REPRESENTATION

In this section, we will make explicit several results in [2] on the decomposition
of the tensor product of completely pointed highest weight modules (specifically,
we will consider two irreducible components of the Segal-Shale-Weil representation)
with a suitable class of finite dimensional representations (specifically, symmetric
powers of the fundamental vector representation R?") of sp(2n, R). The property of
a module being completely pointed means that all of its weight spaces are uniformly
bounded by a constant, see [2], Lemma 2.1. Throughout the article, V(u) denotes
the Verma module of highest weight ;1 and L(u) denotes the simple module of
highest weight p, i.e. the quotient of V(u) by its unique maximal submodule

I(p) C V().
Let us introduce the set

T = diL;|dj + 6100, €N, d; = 0mod2}.

j=1 j=1

Here N means the set of natural numbers including 0, d; € Nand i =0 resp. i =1
for V(—3wy) resp. V(wn—1— 3wy,). These sets are bijective with the set of weights
of two irreducible parts of the Segal-Shale-Weil representation.



4 HENDRIK DE BIE, PETR SOMBERG, AND VLADIMIR SOUCEK

Let A = 3", Aiw; be a dominant integral weight, i.e. the highest weight of a
finite dimensional irreducible representation. Define the set of weights

o= {uA—p= Zdij €T
j=1
0<d; <Xj(j=0,....,n—1),0<dp, + 1, <2\, +1}.

The central result of [2] is

Theorem 3.1. Let L(—3w,) resp. L(wn—1 — Swy) denote the Verma modules
corresponding to irreducible subrepresentations of the Segal-Shale- Weil representa-
tions. Then for any finite dimensional irreducible representation F(X\) with highest
weight A\ we have

(3.3) L(—%wn) @ FO) ~ P L(—%wn )

METS
(the same is true for L(wn—1 — Swy,) with Ty instead of 73.) In particular, the
decomposition is direct and so the tensor product is completely reducible.

Recall that the Verma modules V(u) appearing in the previous decomposition
are irreducible, i.e. equal to L(u). In particular, they have no other singular vector
than the highest weight one.

The consequence of this result is the decomposition of the tensor product of
L(—3w,) resp. L(wp—1 — 3w,) with symmetric powers S¥(C?") (k € N) of the
fundamental vector representation C?" of sp(2n). Note that these are irreducible
representations (see [11]).

Corollary 3.2. We have for L(—3w,)
(1) In the even case k =21 (2L + 1 terms on the right-hand side):

1 1 3
L(—Ewn) ® S*(C*™) ~ L(—iwn) & L(wy +wn—1 — 5“”)

1 3
SL(2w — Ewn) @ L(3w1 + wp—1 — Ewn) D...

3 1
BL((21 — 1wy + wp—1 — Ewn) @ L(2lwy — iwn),
(2) In the odd case k =21+ 1 (2l + 2 terms on the right-hand side):

1 3 1
L(—5wn) ® SHC®) ~ L(wp_1— 5n) ® L{wi — Swn)

3 1
SL(2w1 + wp—1 — §w") ® L(3wy — Ewn) B...

3 1
SL(2lwy + wn—1 — §wn) @ L((20 + Dwy — 54;.)”)
We have for L(wp,—1 — %wn)
(1) In the even case k =21 (2L + 1 terms on the right-hand side):
3 3 1
L(wp—1 — Ewn) ®SHC®™) ~ L(w,_1— Ewn) & L{wy — Ewn)

3
OL(2wr +wp—1 — 5“”) D...

1
AL((2l — 1wy — Ewn) @ L(2lwy + wp—1 — gwn),
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(2) In the odd case k =20+ 1 (21 + 2 terms on the right-hand side):

3 1 3
L(wp-1 — Ewn) ® sH(C?) ~ L(—Ewn) @ L(wy + wn—1 — Ewn) D...

1 3
®L(2lwy — Ewn) @ L2 + Dwy +wp_1 — Ewn)

Reformulated in the language of differentials operators, this Corollary leads to
Theorem 53l We also introduce the notation C = L(—4wy) ® L(wn—1 — 3wy).

4. SYMPLECTIC STRUCTURE AND ITS LIE ALGEBRA sl

Let (R?",w) be the symplectic vector space with coordinates z1, ..., Z2,, coordi-
nate vector fields 01, . .., 02, and symplectic frame eq, f1,. .., en, fo, 6. w(e;, ;) =
0, w(fi, f;) =0 and w(e;, fj) = d;5 for all 4,5 =1,...,n. It follows from the action
of sp(2n) on these vectors that

X =Y (wa5-1f; + wa5€5),

1

<

Dy := Z(am%flej = Oua, f5),
(4.4) Ei=2 20

are invariant and so will be used as linear maps intertwining the sp(2n) action on
the space P®C of symplectic spinor valued polynomials on R?", with P = Pol(R?").
The space of homogeneous polynomials of degree k will be denoted by Py.

It is easy to verify that they fulfill sly commutation relations:

[E +n, Ds] =—-D,,
(4.5) [E+n, X;] = X,
Dy, X,] =E +n.
The action of sly x sp(2n) will generate the multiplicity free decomposition of the

representation of interest.
Further we introduce the operator

1
(4.6) Iy =X.Di~ 3E@2n - 1+E),

which is the Casimir operator in sly. Using the formulas (@3] it is easy to check
that I'y commutes with both X and Dy.

5. FISCHER DECOMPOSITION AND HOMOMORPHISMS OF $p(2n, R)-MODULES
APPEARING IN THE DECOMPOSITION OF POLYNOMIALS VALUED IN THE
SEGAL-SHALE-WEIL REPRESENTATION

Before introducing the scheme in full generality, we start with a few explicit
remarks concerning homogeneity zero and one parts in the decomposition. The
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tensor product L(—3w,)®C?" (analogously, one can consider L(wn—1— 3w,)®C?")
decomposes as the direct sum V; @ V5, of two invariant subspaces, given by

n n 1
V= {Z eis®e; + Z fis®eils € L(—gwn)},
i=1 i=1

n n 1 n n

Vo = {; S;i K e; + J:Zl $; ® fj; Siy S5 € L(—§wn)| ;eisi + ]2 ijj = 0}
The map i : L(wp—1— Swn) = L(—3wn) ®C?™ (resp. L(—3wn) = L(wn—1— 3wn)®
C?") is injective and onto V4. The reason is that injectivity i(s) = 0 is equivalent
to e;s = O resp. f;s = 0 for all ¢ € {1,...,n}, and so (e;f; — fje;)s = 0. The
symplectic Clifford algebra relation e; f; — fje; = d;; implies s = 0 and the result
follows. In other words, the action of X, induces an isomorphism between two
irreducible submodules in homogeneity zero and one.

Another remark is an application of tools in representation theory, in partic-
ular of infinitesimal character. The sum of fundamental weights (or half of the
sum of positive roots) for sp(2n) is 6 = (n,n — 1,...,2,1). The highest weights
of irreducible simple sp(n)-modules, coming from the decomposition of the tensor
product, were determined for each homogeneity k£ € N in Corollary [3.221 The mul-
tiplication by X gives an intertwining map between neighboring columns, say the
k-th and (k + 1)-th. Let us determine possible target modules when restricting
the action of X, to a given simple irreducible sp(2n)-module L(awi — $w,) with
highest weight aw; — %wn for some a < k (the case of L(bwy + wp—1 — %wn) being
analogous.) The comparison of infinitesimal characters of the collection of weights
{1ta = awr — Jwn, v = bwy + wn—1 — 3wy} (a,b € N) yields ||uq + 6|> = ||v, + 6] |?
if and only if either

(1) 2a+n— % =2b+n— %, which implies a = b, or
(2) 2a+n—3 =—(2b+n—3),ie. a+b=—n+ 1 and there is no solution
in this case.

It remains to prove that the image of X, when restricted to an irreducible simple
module in the k-th column, is nonzero (or, as follows from irreducibility, is the
irreducible simple module in the (k + 1)-th column with the same infinitesimal
character.)

To complete this line of reasoning, we employ the Lie algebra sly from Section
[ To illustrate it explicitly, we start in homogeneity zero with only one simple
module L(—3w,) and assume that it is Ker(X,). Because it is in Ker(D;), it
is in the kernel of the commutator [Ds, Xs] = E + n. However, E + n acts in
homogeneity zero by n, which is the required contradiction and so X acts as an
isomorphism L(—%wn) — L(wp—1 — %wn) Let us now consider the action of X
on L(wp—1 — %wn) sitting in the homogeneity one part and assume it acts trivially.
Then due to the previous isomorphism, this kernel is Ker(X2) when X2 is acting
on L(—%wn) in homogeneity zero. As before, the commutator [X2, D] acts by zero.
Because it is equal to —X(E+n)— (E+n) X, it acts on homogeneity zero elements
by —(2n + 1)X; and due to the fact that X, is an isomorphism, it is nonzero and
so yields the contradiction. In conclusion, Xy : L(wp,—1 — %wn) — L(—%wn) acting
between homogeneity one and two is an isomorphism. Clearly, one can iterate the
procedure further using the subsequent Lemmas [5.1] and on sp(2n)-invariant
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intertwining operators acting on the direct sum of simple highest weight sp(2n)-
modules. An analogous induction procedure can be used to prove the isomorphic
action of D;.

In what follows, we formulate the previous qualitative statements more quanti-
tatively. Denote by M, resp. M, the (irreducible) simple sp(2n)-module with
highest weight L(lw; — %wn) resp. L(lwy +wp—1 — %wn)), and call them symplec-

tic monogenics of degree ! (or l-homogeneous symplectic monogenics). We put
M, == M} & M; and we also have

M;=kerD;N (P ®C).

We then obtain two auxiliary lemmas.

Lemma 5.1. Suppose My € My is a symplectic monogenic of degree £. Then

1
D, (XFM,) = FF@n+20+ k- DXE1M,.

Proof. By induction. O

Lemma 5.2. Suppose My € My is a symplectic monogenic of degree £. Then

DI(XEMy) = cj e XM,

with
1K Cnttk-nl
ciki=3 Dhk—)NCnr2t+k—j_1n 7=
0 7>k
Proof. The lemma follows from j iterations of Lemma [5.11 d

The previous considerations can be summarized in the symplectic analog of the
classical theorem on separation of variables in the orthogonal case, see e.g. [17] and
the references therein.

Theorem 5.3. The space P ®@C decomposes under the action of sly into the direct
sum of simple highest weight sp(2n)-modules

(5.7) ééXﬁM[,

1=0 j=0
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where we used the notation M; := Ml+ ® M, . The decomposition takes the form
of an infinite triangle
PoxC PL®C P& C Ps®C Pi®C Ps®C
I
Mo — XMy — XSQMQ - X?Mo - X;J‘Mo - Xg./\/lo
D
My — X My — X2 My — X3My — XM,
D
MQ —>X5./\/l2 —>X52M2 —>X§M2
5]
M3 — XSMg — XS2M3

M4 —— XSM4

Ms

where all summands are simple highest weight sp(2n)-modules. The k-th column
gives the decomposition of homogeneous polynomials of degree k taking values in
C = L(—%wn) @ L(wp—1 — %wn) The l-th row forms a highest weight sla-module
B72,XIM,; generated by the space of symplectic monogenics M;.

One immediate Corollary is the structure of polynomial solutions of the sym-
plectic Dirac operator on R?". The statement is given for both symplectic spin
modules L(—iw,) and L(wn—1 — 3w,) separately.

Corollary 5.4. The kernel of (half of) the symplectic Dirac operator Dy acting on

L(—3wp)-valued polynomials is

1 1
Ker®(D,) ~ P (L(2lw1 — 5wn) & L((2 + 1wn — 5%)) :
leN
The kernel of (half of) the symplectic Dirac operator Dy acting on L(wp—1 — %wn)-
valued polynomials is
_ 3 3
Ker™(D;) ~ g% (L(2lw1 4 Whpe1 — §wn) @& L2+ 1wy + wp—1 — §wn)) )

Every homogeneous polynomial of degree k, taking values in C, can now be
decomposed in monogenic components as follows.

Theorem 5.5. Let p € P, @ C. Then there exists a unique representation of p as

k
=0

where p; = Xfﬂ'mi and m; € M;.

We now proceed to construct projection operators that allow to explicitly com-
pute the representation given in Theorem They are given in the following
theorem.
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Theorem 5.6. The operators

N

—1i

<.
Il
o

with L
27 (2n + 2k — 21 — j — 2)!
5! 2n+2k—i-1)

att = (=1)/(2n + 2k — 2i — 1)
andi=0,...,k satisfy
Wf(Xng_j) = 6in2Mk_i.

Proof. Using lemma [5.2] it is easy to see that mF(XJMy_;) = 0 for all j < i. The
coeflicients a“’C for fixed ¢ and k, can now be determined iteratively. First of all,
expressing 7 (XZ./\/lk i) = XIM_; yields

g 1 27(2n+2k—2i—1)!

0 o Ciik—i B ’L' (27’L—|— 2k —1 — 1)' '

Similarly, expressing 7% (X1 My_;_1) = 0 then yields
allk __ Ciitlk—iol aé,k _ 1 Bk.
Cit1,i+1,k—i—1 Tt k—i—1
Thus continuing we arrive at the hypothesis
Sk (—1)j2,—f (2n + 2k — 2i —J- 2)!%1,c
il (2n+ 2k —2i—2)!
which can be proven using induction. Indeed, suppose that the statement holds for

a; k, j <1, then we prove that it also holds for q, fl This last coefficient has to

satisfy

I+1

ik _
E a;” Ciyjitit1,k—i—i—1 = 0.
=0
Substituting the known expressions we obtain

ik zk Citjiti+1,k—i—1—1
ag’ty _E ,

=0 Citl4+1,i4+14+1,k—i—1—1

lam 2+1=i (g — 21— 1)
T (I+1-j) (a@—1—j)

§=0
2 (e z_1 ak : I+1\ (—j)!
(S Jz::o < ')(a—l—j)!

where we have put a = 2n + 2k — 2¢ — 2. The proof is now complete by remarking

that -
ha I+1\ (a—j)!
S (e

=0 J

This can either be obtained directly (see e.g. Lemma 5 in [5]) or as a consequence
of Gauss’s hypergeometric theorem, expressing 2F(a, b;¢; 1) in terms of a product
of Gamma functions. O
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Note that there exists another way of computing the projection operators on
irreducible summands, namely using the Casimir operator of sly. First observe
that

1
T's My = _ik@n — 14+ k)My.

It is then clear that the operators

20, +72n—143 )
P [ g i

=01 I\ J) —en !
defined on the space Py, ® C satisfy

k(yk—j k—i
Py (XTI M;) =6 X" M,.
6. OPEN QUESTIONS AND UNRESOLVED PROBLEMS

In [15], the symplectic Dirac operator Ds on R*" was studied as an sp(2n + 2)-
invariant differential operator in the context of contact parabolic geometry. As a
consequence, the kernel of Dy has the structure of an sp(2n + 2)-module. Clearly,
Ker(Dy) is, as a vector space, isomorphic to Pol(R?"*2) (see Corollary [5.4]) and
we leave the question of its representation theoretic content open.

In [17], the authors studied the specific deformation of Howe duality and Fischer
decomposition for the Dirac operator acting on spinor valued polynomials, coming
from the Dunkl deformation of the Dirac operator. It is an interesting question
to develop the Dunkl version of the symplectic Dirac operator in the context of
symplectic reflection algebras (see [10]).

Another interesting question is whether the reproducing kernel of the space of
sympletic monogenics M; can again be expressed in terms of Gegenbauer polyno-
mials, as in the orthogonal and Dunkl case.

REFERENCES

[1] S. Ben Said and B. Orsted, Segal-Bargmann transforms associated with finite Coxeter groups.
Math. Ann. 334, 2006, 281-323.
[2] D. J. Britten and F. W. Lemire, On modules of bounded multiplicities for the symplectic
algebras, Trans. Amer. Math. Soc. 351 (1999), 3413-3431.
[3] S. Ben Said, T. Kobayashi and B. @rsted, Laguerre semigroup and Dunkl operators. Preprint:
arXiv:0907.3749, 74 pages.
[4] A. Crumeyrolle, Orthogonal and symplectic Clifford algebras. Mathematics and its Applica-
tions, 57. Kluwer Academic Publishers Group, Dordrecht, 1990.
[5] H. De Bie, Harmonic and Clifford analysis in superspace. Ph.D. Thesis, Ghent University,
2008.
(6] H. De Bie, B. Orsted, P. Somberg and V. Souc¢ek, Dunkl operators and a family of realizations
of 0sp(1|2). Preprint, larXiv:0911.4725, 25 pages.
[7] H. De Bie and F. Sommen, Spherical harmonics and integration in superspace. J. Phys. A:
Math. Theor. 40 (2007), 7193-7212.
[8] C. F. Dunkl, Differential-difference operators associated to reflection groups. Trans. Amer.
Math. Soc. 311 (1989), 167-183.
[9] C. F. Dunkl and Y. Xu, Orthogonal polynomials of several variables, vol. 81 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 2001.
[10] P. Etingof and V. Ginzburg, Symplectic reflection algebras, Calogero-Moser space, and de-
formed Harish-Chandra homomorphism. Invent. Math. 147 (2002), 243-348.
[11] W. Fulton and J. Harris, Representation theory, vol. 129 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1991.
[12] K. Habermann and L. Habermann, Introduction to symplectic Dirac operators. Lecture Notes
in Mathematics, 1887. Springer-Verlag, Berlin, 2006.


http://arxiv.org/abs/0907.3749
http://arxiv.org/abs/0911.4725

SYMPLECTIC DIRAC OPERATORS 11

[13] G.J. Heckman, A remark on the Dunkl differential-difference operators. Barker, W., Sally, P.
(eds.) Harmonic analysis on reductive groups. Progress in Math. 101, pp. 181 — 191. Basel:
Birkhdauser Verlag 1991.

[14] R. Howe and E.-C. Tan, Nonabelian harmonic analysis. Universitext. Springer-Verlag, New
York, 1992.

[15] L. Kadlcakova, Contact Symplectic Geometry in Parabolic Invariant Theory and Symplectic
Dirac Operator. Dissertation Thesis, Mathematical Institute of Charles University, Prague,
2002.

[16] B. Kostant, Symplectic Spinors. Rome Symposia, XIV, (1974), 139-152.

[17] B. Orsted, P. Somberg and V. Soucek, The Howe duality for the Dunkl version of the Dirac
operator. Adv. appl. Clifford alg. 19 (2009), 403-415.

DEPARTMENT OF MATHEMATICAL ANALYSIS, GHENT UNIVERSITY, KRIJGSLAAN 281, 9000 GENT,
BELGIUM.
E-mail address: Hendrik.DeBie@UGent.be

MATHEMATICAL INSTITUTE OF CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 75 PrAHA, CZECH
REPUBLIC.
E-mail address: somberg@karlin.mff.cuni.cz

MATHEMATICAL INSTITUTE OF CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 75 PRAHA, CZECH
REPUBLIC.
E-mail address: soucek@karlin.mff.cuni.cz



	1. Introduction
	2. Symplectic Lie algebra, symplectic Clifford algebra and simple highest weight modules for sp(2n)
	3. Decomposition of tensor products of finite dimensional representations with the Segal-Shale-Weil representation
	4. Symplectic structure and its Lie algebra sl2
	5. Fischer decomposition and homomorphisms of sp(2n,R)-modules appearing in the decomposition of polynomials valued in the Segal-Shale-Weil representation
	6. Open questions and unresolved problems
	References

