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5 Drinfeld—Jimbo Algebras and their Represen-

tations

In this lecture we introduce the Drinfeld—Jimbo quantised enveloping algebras and
discuss their representation theory. This generalises our presentation of U,(sls)

from previous lectures, and closely parallels the classical situation.

5.1 Drinfeld—Jimbo Quantised Enveloping Algebras

In this first section we give the definition of the Drinfeld—Jimbo algebras. We begin
by recalling some relevant classical facts about the semi-simple Lie algebras, and

then move onto the definition itself.

5.1.1 Semi-simple Lie Algebras

Let g be a finite dimensional complex semi-simple Lie algebra, and h C g a fixed
Cartan subalgebra. As usual, we call the dimension of h the rank of g. Let
R C b* denote the root system associated with (g, h). Choose an ordered basis 7 =
{ai, ..., a,} of simple roots for R and let R (respectively R™) be the set of positive
(respectively negative) roots with respect to m. Moreover, let g=n, @ h S n_ be

the corresponding triangular decomposition.

Identify b with its dual via the Killing-Cartan form. The induced non-degenerate
symmetric bilinear form on h* is denoted by (-,-). The root lattice Q := ZR is

contained in the weight lattice
P:={\ebh"|(\w)/d; € Z, for all o; € 7}.

where d; := (o, ;)/2. The fundamental weights w; € b*, for i = 1,...,r are

characterized by (w;, «;)/d; = 0;;. Let us denote

P :=spang{w;|i=1,--- 1},



and call this the set of integral dominant weights. Recall that (a;;) := 2(, ) /(ay, ;)
is the Cartan matrix of g with respect to .

For u € P*,let V(u) denote the uniquely determined finite-dimensional irreducible
left g-module with highest weight . More explicitly, there exists a nontrivial vector
v, € V(p) satistying , = 0, Hv, = p(H)v,, (for all H € h, E € n"), andV(p) is
generated by this vector.

5.1.2 Drinfeld—Jimbo Algebras

We keep here the notation of the previous section, and introduce one of the central

definitions in the theory of quantum groups:

Definition 5.1. The Drinfeld-Jimbo quantised enveloping algebra of g is the al-
gebra

Uq(g) =C <Eza F;'aKia Ki_l | i = ]-7 . >l> /Ig>

where [ is the rank of g, and I is the ideal generated by the elements

KK '=K'K; =1, K,K; = K; K,
KE; = ¢ B K;, KiFy = ¢ "9 F K,
1—a;;
> (- ( ) E;""™ E;EF =0,
k=0
l—a”
( ) F "R EF =0,
k:O
K, — K
E;F; — F,E; = & —,
qi — qi

with ¢; := ¢%, and the g-deformed binomials defined as in Lecture 3.

Exercise: It is now natural to ask how this definition relates to the the classical
Serre presentation of U(g) (see [1] for the exact definition of the classical Serre
presentation). The following two exercises show there is a direct generalisation of
situation for the U, (slz).



lem (i) Obviously, the presentation of U,(g) we have given above is not well-
defined when ¢ = 1. However, just as for the U,(sly) case, there exists a re-
expression ﬁq(g) of the algebra which is well-defined for the ¢ = 1 case. This
involves adding [ additional generators G;, and new set of relations replacing the

offending expressions

K — Kt

qi — ¢;

Find these relations and explicitly describe the isomorphism.

(ii) In the ¢ = 1 case, the algebra (71(9) has generators E;, F;, G;, and K;. Show
that quotienting U, (g) by the ideal generated by the elements K; = 1, for i =
1,...,1, gives back the classical Serre presentation of U(g), and hence that U, (9)

is an [-fold cover of U(g).

Now just as in the classical case, there exists a canonical vector space basis of

U,(g), as the following proposition demonstrates:

Proposition 5.2 The following two sets are vector space bases for U,(g):
{F" - F'K - KB - B | ri t; € Ny, s; € 2},

and
{Ey - El'K - KUFP - F eyt € Ny, s € 2

We call them the PBW bases.

Clearly, this generalises the PBW-bases introduced for U,(sl2) in Lecture 2. More-
over, it is clear that this result shows that the classical triangular decomposition
of the universal enveloping algebra of a semi-simple Lie algebra generalises to the

quantum setting in the form

Uy(g) = Uy(ny) @ Uy(h) @ Uy(n).

The definition of g is quite uninteresting from a deformation theory point of view.

However, it is very interesting from a Hopf algebraic point from view:



Proposition 5.3 For any compact semi-simple Lie algebra g, a Hopf algebra struc-

ture on Uy(g) is determined by

AK)=K oK, AE)=EQK+10E, AF,)F=F®l+K;'®F,
e(K;) =1, e(E;) =0, e(F;) =0,

The proof of this proposition is just a careful generalisation of the proof for the
special case of U,(sly), and we leave it as an instructive exercise.

Exercise: Find an explicit description of the induced Hopf algebra structure on
ﬁq(g). Show that in the ¢ = 1 case, this structure descends to a well-defined
Hopf algebra on Uy(g)/ (K; — 1), and that it is isomorphic to the canonical Hopf

algebra structure on U(g) discussed in Lecture 1.

5.2 Finite Dimensional Representations of Drinfeld—Jimbo

Algebras

Now that we have given the definition of the Drinfeld-Jimbo algebras, we can
move on to discussing their representations. While the theory closely parallels the
classical case, there is an important difference: The fact that U,(g) is an [-fold
cover of U(g) when ¢ = 1 gives rise to 2 different representation types. As we shall

see, it is the so-called type 1 representations that will be of most interest to us.

5.2.1 Type 1 Representations

Let T be a representation of a Drinfeld-Jimbo algebra U,(g) on a vector space V.

For a (not necessarily linear) functional A on the root lattice ), we set
Va={z e V|T(K,)z = A(a)z, for all a € Q},

where K, = K{'---K]', and a = raq + -+ + may. That is, each V) is a joint
eigenspace of the commuting operators T'(K;), for i = 1,2,...,1.

If VA # {0}, then we say that A is a weight, we call the number
my = dimV} the multiplicity of A, and we say that V, is a weight subspace of



the representation 7. The non-zero vectors in V), are called weight vectors. A rep-
resentation is called a weight representation if its underlying space V' decomposes
into a direct sum of weight vectors. As we will see below, the weights of most

interest to us are all of the form (z1, ..., 2), for z; € C, where
!
(21,-- -, Zl)(z nia;) = (21)™ -+ (21)™.
i=1
A weight representation T" of U,(g) on a vector space V' is called a representation
with highest weight if there exists a weight vector ey € Vj such that
T(U,(g))ean = Va; and T(E)ex=0, (foralli=1,2---1).

We then call the function A a highest weight, and the vector ey a highest weight

vector of the representation 7'

We say that the a highest weight representation of U,(g) is a representation of type
1 if it is of the form

A= (", ... qM), (n; € Ny).

Clearly, if A = 22:1 n;a; is some element of Pt and (-,-) is the bilinear product

on g* induced by the Cartan—Killing form of g, then

Ala) = ¢V, (¢ €Q),

in analogy with the classical situation.

5.2.2 Verma Modules and Type 1 Representations

We will recall that for a classical enveloping algebra U(g), the Borel subalgebra of
U(g) is defined to be

U(b) :=C(H,F,|i=1,....10).

Moreover, for any A € h*, and C, the corresponding one-dimensional h-module,
the associated Verma module is defined as

M(X) == U(g) ®u(s) Ca.



As one might guess, these definitions carry over directly to the quantum setting.
Explicitly, the Borel subalgebra of a Drinfeld-Jimbo algebra U,(g) is defined to be

Ub):=C(K, K, Fli=1,....1).
Moreover, the quantum Verma module associated to A € P*, is given by
M(A) := Uy(9) ®u,(v) Ca-

Generalising the well-known classical result about Verma sub-modules, we have
the following:

Lemma 5.4 For any quantum Verma module M (), there exists a mazimal irre-

ducible submodule M, and hence a U,(g)-representation

Just as in the classical case, these representations are of central importance, as the
following result demonstrates:

Proposition 5.5 [t holds that

1. Ly is an irreducible representation;

2. For any A\ € b*, there exists, up to equivalence, a unique irreducible type
1 representation of U,(g) with highest weight X. All type 1 representations
arise in this way;

3. If X\ € PT, then the representation Ly is finite dimensional.

5.2.3 Classifying Representations

Just as for the U,(sly) case, it turns out that all the representations of U,(g) are

of highest-weight type:

Theorem 5.6 Any irreducible finite-dimensional representation of a Drinfeld—
Jimbo algebra U,(g) is a weight representation with highest-weight. Such a weight

representation s uniquely determined, up to equivalence, by its highest weight.



We would like to find a more concrete version of this description and relate it to
our results on type 1 representations. To do this we must first look at the one-
dimensional representations of U,(g). As a little thought will confirm, these are
classified by [-tuples w = (wy,...,w;), where each w; € {1,—1}, and the corre-

sponding representation 7}, acts on Ce according to
TW(EZ) = T(FZ) = 0, T(Kl)e = we.
With this fact in hand we are ready to give our next result:

Proposition 5.7 IfT is a finite dimensional irreducible highest weight represen-
tation of U,(g), and T, is a one-dimensional representation of U,(g), then the
tensor product

T ® T, is a finite dimensional irreducible highest weight representation of U,(g).
Moreover, every finite dimensional irreducible highest weight representation of
U,(g) is of this form.

We call a representations of the form T'® T}, a representations of type w. Clearly,

a type 1 representation is the same thing as a representation of type (1,...,1).

Finally, we come to the quantum analogue of the classical Weyl theorem, which
states that all finite dimensional representations of a compact semi-simple Lie
algebra are completely reducible:

Theorem 5.8 Every finite dimensional representation of U,(g) is completely re-
ducible.
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