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Motivation — differential equations

-

y' ()
y(a)

where z € [a,b], y : |a,b] —

Instead of It we can solve

Y'(x)
Y(a)

Consider the differential equation

-

= A(z)y(r)
= Yo

R™, 4o € R™, A: |a,b] — R,

= A(z)Y ()
= 1

)

where x € |a,b], Y, A : |a,b] — R™*".

(The solution of the initial problem is then y(z) = Y (z)yo.)
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Standard solution
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An equivalent formulation of our equation is

Y(z)=1+ / CAWY (1) dt.

Using the method of successive approximations we find the
Peano-series solution

i tl
Y( ) = ]—I—/ A(tl dtl —I—/ / tl A(tg) dto dt1+

t1 to
/ / / tl tQ tg) dts dto dt1 + -
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Another approach
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Equation Y/(z) = A(x)Y (x) implies that for small Az
Y(z+ Az) =Y (z) + Y (2)Az = (I + A(x)Ax)Y ().
Therefore we expect (using the fact Y (a) = I) that
1
m | [+ Alzio1)Azy),

li
v(D)—0 ;

=m

Y(z) =

where D is a partition a = 29 < z1 < -+ < xy, = z Of |a, 7]

and Ax;, =x; — T;i_1.
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Product integral definition

fFor any function A : |a, b] — R™*" denote T

1
P(A,D,il?) — H(]—I_A(gz)sz)a

1=m
where x € [a,b], Disapartitiona =20 <21 < - - < xp =2
of (a,x] and &; € [z;—1, x|, Ax; = x; — 21

If the limit lim,,py_,o P(A, D, z) exists, we call it the product
Integral of A over |a, x| and use the notation

i

u(gr)n—m P(A, D, x) = 1;[(] + A(t) dt).
= |
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Existence of product integral

If A:la,b] — R "™ is a Riemann integrable function, then
the product integral of A over |a, b| exists and

b

a a

b 1 L2
+/ / / A(t1)A(t2) A(ts) dtz dta dty + - - -

-

H([+A(t) dt) = [+/b A(tl) dtq —|—/b /t1 A(tl)A(tQ) dto dt1+



Integration of continuous functions
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Suppose A : [a,b] — R™*™ Is continuous. Then the function

i

Y(x) = [ + A(t) dt)

satisfies Y'(x) = A(z)Y (x), Y(a) = 1.
Conversely, if Y : [a,b] — R™ " is such that
Y'(x) = A(x)Y (z) for every x € [a, b], then

b
1]+ A@)d) =Y (b)Y (a)™

a



Multiplicative calculus

-

If a < b <e¢, then

c C b
1] +A@d) =]+ A@)de) | [(I + A(z) at).
a b a

If A(t) = A Is a constant function on [a, b], then

b
][+ A(t) dt) = exp((b— a)A).

a

Substitution theorem:

(0) b
(I +A@tydt) = | [(T + Ale(t)¢'(t) dt)

(a) a
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History of product integration

-

# 1887 Vito Volterra — Riemann-type product integral
# 1931 Ludwig Schlesinger — Lebesgue product integral

# 1938 Bohuslav Hostinsky — product integration of
operator-valued functions

#® 1947 Pesi Rustom Masani — Riemann production
Integration in Banach algebras

Recent development:
# Stieltjes product integral, integration of measures
#® Henstock-Kurzweil and McShane product integral

o |
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Operator-valued functions
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Let X be a Banach space. Denote O(X) the space of all
operators on X and let A : [a,b] — O(X). Put

1
P(A,D,ZL’) — H([+A(§@)A$Z),

where z € |a,b] and D Is a partition of |a, z|.

If the limit lim,,py_,o P(A, D, z) exists, we call it the product
Integral of A over |a, x| and use the notation

i

V(g?iop(A’ D,z) = 1;[(1 + A(t) dt).

o |
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Example: Fluid flow (1)
-

Position of fluid particles at time ¢ > 0 is specified using an
operator S(t) : R? — R3.

S(t)(x) ... position of particle which was at x at time .
What is the velocity of the fluid at position = at time ¢?

V(#)(x) = AI}E}O S(t + At)bX?— () — x

Velocity is therefore an operator V (¢) : R? — R?3, where

St ADSH -1
V(e) = Jim S-S0

o |
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Example: Fluid flow (2)
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Given the velocity operator V', how to compute S?
For small At

S(t+AHS(t) -1 =V(t)At
S(t+ At) = (I + V(t)At)S(t)
Therefore (using the fact that S(tg) = I)
1 t
m [+ V(tm1)Alw) = ][+ V(u) du),

li
v(D)—0 i i

S(t) =

where D is a partition tg <t; < --- <tp—1 <t =1t 0f [tg, ]

and At,,, = t,,, — tyn_1.
| 1 |
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The end.
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