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Abstract

The aim of this paper is to show that dynamic equations on time
scales can be treated in the framework of generalized ordinary differential
equations as introduced by J. Kurzweil. We also use some known results
for generalized ordinary differential equations to obtain new theorems
related to stability and continuous dependence on parameters for dynamic
equations on time scales.
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1 Introduction

The name of Jaroslav Kurzweil is connected especially with the nonabsolutely
convergent Henstock-Kurzweil integral, which generalizes the integrals of Rie-
mann, Lebesgue, and Newton. The roots of this integral lie in the theory of
generalized ordinary differential equations, which can be traced back to 1957
(see the paper [8]). Consider an interval I C R, a set B C R", and a function
F:BxI— R" A function x : I — B is called a solution of the generalized
ordinary differential equation

dz
— = DF(x,t
dT (x7 )7

whenever

x(s2) —xz(s1) = /82 DF(xz(1),t)

for each pair of values s1,s9 € I, where the integral on the right-hand side is
the generalized Kurzweil integral (see the next section).

Although generalized ordinary differential equations are not as widely known
as the Kurzweil integral, they have turned out to be quite a powerful concept,
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which includes not only ordinary differential equations, but also differential
equations with impulses, measure differential equations and other concepts. For
example, the recent papers [3] and [4] demonstrate the possibility of convert-
ing retarded functional differential equations to generalized ordinary differential
equations for functions with values in a Banach space.

Stefan Schwabik has suggested a different research direction in his work [10],
which shows that discrete systems of the form

Tpt1 = f(.%‘k), ke N7

might be also rewritten as generalized differential equations. The present paper
can be considered as a continuation of his work; we concentrate on dynamic
equations on time scales of the form

a®(t) = f(z(t),t), teT,

and show a procedure which allows us to convert this dynamic equation into
a generalized differential equation. Finally, to illustrate the usefulness of this
procedure, we obtain some new results concerning stability and continuous de-
pendence on parameters for dynamic equations on time scales as corollaries of
known results for generalized differential equations.

Although we do not presuppose a knowledge of generalized differential equa-
tions, some familiarity with the subject might be helpful; the monograph [9] is
recommended as a good starting point. On the other hand, we assume a basic
knowledge of dynamic equations on time scales as presented in [1] and [2].

2 Integrals and their properties

We start with a short summary of the generalized Kurzweil integral, also known
as the generalized Perron integral.

Consider a function § : [a,b] — RT. A partition D of interval [a,b] with
division points ¢ = apg < ag < -+- < ag = band tags 7; € [a;—1, 4], 0 =1,...,k,
is called o-fine if

[ai,hai] C [Ti — 5(7'7;),’7'2' + 5(7’1)], = ]., .. .,k.

A function F : [a,b] X [a,b] — R™ is called Kurzweil integrable over [a,b] if
there exists a vector I € R™ such that given an € > 0, there is a function
§ : [a,b] — RT such that

k
Z(F(ij%‘) — F(rj,a51)) —I|| <e

for every é—fine partition D. The vector I € R™ is called the generalized
Kurzweil integral of F' over [a,b] and will be denoted by f; DF(r,t).

An important special case is the Kurzweil-Stieltjes integral f; f(s)dg(s),
which is obtained from a pair of functions f : [a,b] — R™ and ¢ : [a,b] — R
by setting F(r,t) = f(7)g(t). Note also that the choice g(t) = ¢ leads to
the Henstock-Kurzweil integral fab f(s)ds mentioned in the introduction; this
justifies the name “generalized Kurzweil integral”.



If a < b, welet [ DF(r,t) = — fab DF(r,t) provided the right-hand side

exists; we also set f; DF(r,t) =0 when a = b.
The following results will be needed later in our development; see Chapter 1
of [9] for more information about the generalized Kurzweil integral.

Theorem 1. If f : [a,b] — R" is a regulated function and g : [a,b] — R is a

nondecreasing function, then the integral f: f(s)dg(s) exists. Moreover, when
7 (s)|| < C for every s € [a,b], then

Proof. See Corollary 1.34 in [9]; the inequality follows easily from the definition
of the integral. O

b
/ F(s)dg(s)|| < Cla(®) — g(a)).

Theorem 2. Let f : [a,b] = R™ and g : [a,b] — R be a pair of functions such
that g is requlated and f; f(s)dg(s) exists. Then the function

t
ht) = [ F)dg(o), t€ o],
is requlated and satisfies
B+ = h(t)+ F(B)A (D), € [a.b),
h(it=) = h(t) = F()Ag(t), t € (a,b],
where A*g(t) = g(t+) — g(t) and A=g(t) = g(t) — g(t-).
Proof. The statement is a special case of Theorem 1.16 in [9)]. O

Theorem 3. Let g : [a,b] = R be a nondecreasing function. Consider a se-
quence of functions fi : [a,b] = R™, k € N, such that f: fre(t)dg(t) exists for
every k € N. Assume there exists a function m : [a,b] — R such that the integral
f; m(t)dg(t) ewxists, and such that

I fe(®)]| < m(t), t€lab], keN.

If khj& fu(t) = f(t) for every t € [a,b], then f; f(t)dg(t) ewxists and

b b
/f(t)dg(t):klir{:o/ fe(t)dg(t).

Proof. The statement follows easily from Corollary 1.32 in [9]. O

Our next goal in this section is to show that the Riemann A-integral, which
represents a time scale version of the classical Riemann integral, is in fact a
special case of the Kurzweil-Stieltjes integral. We assume that the reader is
familiar with the Riemann A-integral as described in Chapter 5 of [2].

Given a time scale T and a pair of numbers a,b € T, the symbol [a, b]r will
be used throughout this paper to denote a compact interval in T, i.e. [a,b]r =
{t € T;a <t < b}. The open and half-open intervals are defined in an similar



way. On the other hand, [a,b] will be used to denote intervals on the real line,
ie. [a,b] = {t € R;a < t < b}. This notational convention should help the
reader to distinguish between ordinary and time scale intervals.

Given a real number ¢ < sup T, we define
t* =inf{s € T;s > t}.
Since T is a closed set, we have t € T. Further, let

T+ — (—o0,sup T if supT < o0,
"1 (—o0,0) otherwise.

Given a function f: T — R", we define a function f*: T* — R" by
@)= f@t"), teT.
Similarly, given a set B C R™ and a function f: B x T — R", we define
f(z,t) = fx,t*), x€ B, t €T

Lemma 4. If f : T — R" is a requlated function, then f* : T* — R™ is also
requlated. If f is left-continuous on T, then f* is left-continuous on T*. If f is
right-continuous on T, then f* is right-continuous at right-dense points of T.

Proof. Let us calculate limy_;,— f*(t), where tg € T*. If t; € T and it is
left-dense, then
lim f*(¢) = lm f(t).

t—to— t—to—

If top € T and it is left-scattered, then
tkg},f (t) = f(to) = [*(to).
Finally, if tq ¢ T, then
lim f*(t) = f(t5) = f~(to).

t—to—

Now consider limy_¢,4 f*(t), where tg € T* and ¢y < sup T*. If ¢y € T and it is
right-dense, then
lim f*(¢t) = lm f(¢).

t—to+ tto+
If tg € T and it is right-scattered, then

lim f*(t) = f(o(to)).

t—to+
Finally, if tq ¢ T, then
Jim (1) = 1(68) = (1) O

Theorem 5. Let f : T — R”™ be an rd-continuous function. Choose an arbitrary
a € T and define

Fi(t) = /tf(s)As, teT,

Fy(t) = / £*(5)dg(s), teT",

where g(s) = s* for every s € T*. Then Fy = FY.



Proof. Note that the functions F; and Fy are well-defined; indeed, the Riemann
A-integral in the definition of F; exists because f is rd-continuous, and the
Kurzweil-Stieltjes integral in the definition of Fy exists because f* is regulated
(use Lemma 4 and the fact that every rd-continuous function is regulated) and
g is nondecreasing. To complete the proof, it is sufficient to prove the following
two statements:

(1) Fi(t) = Fy(t) for every t € T.
(2) If t € T and s = sup{u € T; u < t}, then Fy is constant on (s, ¢].

We start with the second statement, which is easy to prove: If u,v € (s,t] and
u < v, then

&erum:/Wf@mmgza

where the last equality follows from the definition of the Kurzweil-Stieltjes in-
tegral and the fact that ¢ is constant on [u, v].

To prove the first statement, we note that Fy(a) = F(a) = 0 and it is thus
sufficient to show that F{(t) = F£(t) for every t € T (any two functions with
the same A-derivative differ only by a constant). It follows from the properties
of the Riemann A-integral that F>(t) = f(¢), and it remains to calculate F5.

When ¢ is a right-dense point, then f is continuous at ¢ and

. * *

lim £(s) = £(t) = £(0
(see Lemma 4). Therefore, given an arbitrary € > 0, there is a ¢ > 0 such that
If*(s) — f(®)|| < & whenever |s —t| < §. Now, consider a sequence of time
scale points {t;}72 ; such that limy_,o tx =t. We can find a ky € N such that
|ty — t| < 0 whenever k > ko. Thus for every k > ko we have

Fa(te) — Fo(t) 1,
‘lek—tz_f(t)H = ‘ i) ! (S)dg(s)—f(t)H
:lqltlkﬁﬁﬁ—fu»@@>gggﬁi—gﬂ:&
since g(tx) = tx and g(t) = t. It follows that
. Fa(ty) = Fa(t)
S T =t f(@),

ie. FR() = f(b).
On the contrary, when t is a right-scattered point, we have

Fy(o(t)) = Fa(t+) = Fa(t) + f(H)ATg(1),

where the first equality follows from the fact that F is constant on (¢, o(¢)] and
the second equality is a consequence of Theorem 2. But AT g(t) = g(t+)—g(t) =
o(t) —t = p(t), and it follows that

A Balo(t) — Balt) _



Note that the integral f; f*(s)dg(s) in the definition of F» also exists as
the Lebesgue-Stieltjes integral. We have chosen the Kurzweil-Stieltjes inte-
gral simply because it seems to be more natural in the context of generalized
differential equations. On the other hand, the integral need not exist as the
Riemann-Stieltjes integral, because there might be points where both f* and g
are discontinuous (this is in fact a typical behavior at right-scattered points).

3 Main result

This section describes the correspondence between dynamic equations on time
scales and generalized ordinary differential equations. To obtain a reasonable
theory, we restrict ourselves to differential and dynamic equations whose right-
hand sides are functions satisfying the conditions given below.

Assume that G = B x I, where I C R is an interval and B C R™. Given
a function F' : G — R", we introduce the following conditions, which play an
important role in the theory of generalized ordinary differential equations:

(F1) There exists a nondecreasing function h : I — R such that
[1F (2, ta) — F(z, t1)|| < |h(t2) — h(t1)]
for every z € B and ty,t5 € 1.

(F2) There exists a continuous increasing function w : [0,00) — R with w(0) =0
such that

[F(z,t2) — F(z,t1) — F(y, t2) + F(y, t1) || < w(llz = yl)|h(t2) — h(t1)]
for every z,y € B and t1,t2 € I.

Now, consider a set B C R™ and a function f : BxT — R"™. Let us introduce
the following three conditions:

(C1) f is rd-continuous, i.e. the function ¢ — f(z(t),t) is rd-continuous when-
ever z : T — B is a continuous function.

(C2) There exists a regulated function m : T — R such that || f(z,t)|| < m(t)
for every z € Band t € T.

(C3) There exists a continuous increasing function w : [0, 00) — R with w(0) =0
and a regulated function [ : T — R such that

1f (. t) = f(y, Ol < U(BDw(llz —yl)
for every z,y € Band t € T.

The following lemma describes the relation between the two sets of condi-
tions.

Lemma 6. Consider a set B C R"™. Assume that f : B x T — R" satisfies
conditions (C1)—(C3). Define g(s) = s* for every s € T*. Then for arbitrary
to € T, the function

¢
F(x,t):/t f*(x,8)dg(s), € B, teT",
0



satisfies conditions (F1)—(F2) on the set G = B x T* with

t
) = [ (1°(5)+m (5) dats).
0

Proof. For a fixed € B, condition (C1) implies that the function ¢ — f(z,t)
is rd-continuous on T, and therefore ¢t — f*(x,t) is regulated on T*. The
function g is nondecreasing, and thus the Kurzweil-Stieltjes integral exists and
F is well defined. Similarly, the functions [* and m™* are regulated, and thus the
integral in the definition of h exists. When ¢; < t5, we have

ta

VP () — Fla,t)] = \ F* (. 5) dg(s)

t1

to to
< [ @lldg(s) < [ m*(6)dg(s) < hita) = ht)
tq t1
and
|F(x,t2) — Fx,t1) — F(y, t2) + F(y, t1)]|
to to t2
- ] Fas)dg(s) — [ F(y.s)dg(s)| = \ [ 0w = £ dgts
t1 t1 t1
to ta
< / 1 (@ 8) — £* (4, 9] da(s) < (]l - yn)/tl 1*(s) dg(s)
< w(llz — yl) (hltz) — h(tr)).

The case t; > to is similar and is left to the reader. O

Before proceeding to the main result, we need the following auxiliary lemmas.

Lemma 7. Let G = BX|a, ], where B C R"™. Consider a function F': G — R™
such that t — F(x,t) is requlated on I for every x € B. Ifz : [a, ] = B is a
step function, i.e. if there exists a partition

a=s5<81 < <8, =p
and vectors c1,...,c, € R™ such that
x(s) = ¢; for every s € (s;-1, 8:),

then
k

8
/ DF(x(r),t) =Y <F(Cj7 sj—) — F(¢j, sj-1+)

Jj=1

+F(x(sj-1), sj—1+) — F(x(sj-1), 85-1) + F(2(s)), s5) — F(z(s;), Sj—)>-

Proof. See the proof of Corollary 3.15 in [9]. O



Lemma 8. Consider a set B C R™ and a function f: B x T — R" such that
t— f(x,t) is requlated on T for every x € B. Define g(t) = t* for every t € T*,
choose an arbitrary to € T and let

F(z,t) = /t [ (x,8)dg(s), € B, teT".

If [a, 5] C T* and x : [, B] — B is a step function, then

B B
/ DF(a(r),1) = / £ (1), 1) dg 2).

Proof. By Lemma 4, the function ¢t — f*(x,t) is regulated on T* for every
x € B, and thus the integral in the definition of F' exists. Given a step function
x : [a, ] = B, there exists a partition

a=s51<s5 < <8, =0
and vectors cq,...,c; € R™ such that
x(s) = ¢; for every s € (s;_1, ;).

The function ¢ — F(z,t) is regulated by Theorem 2 and we may use Lemma 7
to obtain

k
/DF _Egr&;(F(cj,sj—5)—F(cj,sj,1+a)) (1)
k
+5£I3+Z(F($(Sj—1)75j—1 +e) = F(x(sj-1),85-1)) (2)
k
+ lim 1(F($(Sj),5j)*F($(8j),3j*5))~ (3)

Now, since z is a step function, it is not difficult to see that ¢t — f*(z(t),t)
is regulated, and thus the integral ff f(x(t),t) dg(t) exists. In this case, we

obtain ,
[ re a0 -y [ .5)dg(s)

]1311

k sj—1te

=tm 3 [ e, s dgte ()
L

+61_1>r51+§:1 /+ J*((s), 5) dg(s) (5)

Sj

+ lim Z s),s)dg(s). (6)

6~>0+ Si—e
J



Obviously, for every i € {1,...,k} we have

S;—€&

Flej, 55— ) — Fley, 551 +¢) = / £ (a(t), 1) dg (1),

Sj71+8

and thus (1) equals (5). Theorem 2 gives

Jim F(z(sj-1), 85-1 +€) = Fla(sj-1), 85-1)

sj—1te
=lm | SH(x(sj-1),8)dg(s) = f*(x(s5-1),55-1)ATg(s;-1)
and I
Jim [ [ (2(s),5) dg(s) = f"(@(s-1), 55-1) AT g(s5-1)

and thus (2) equals (4). Finally,
lim F(x(sj),s;) — F(z(sj),s; —¢€)

e—0+
= dim [ 7l s) das) = £ (a(s,), )0 (sy)
and o
i [ Gs), ) dgls) = £ (als) 5)Ag(s)
and thus (3) equals (6). O

Lemma 9. Let G = B x [a, 8], where B C R™. Assume that F' : G — R"
satisfies conditions (F1)—(F2) for some h andw. If z : [, §] — B is a pointwise
limit of step functions xy, : [a, f] — B, then

B B
/ DF(x(r),t) = lim / DF(ax(7), )

k— o0
Proof. See Corollary 3.15 in [9]. O

It is a known fact that given a regulated function z : [o, 8] — R™ and a
number € > 0, there is a step function ¢ : [, 8] — R™ such that ||z(t)—p(t)|| < e
for every t € [a, 8]. In other words, every regulated function is a uniform limit
of step functions. Now suppose there is a set B C R™ such that x(t) € B for
every t € [, f]; we wish to show that x can be uniformly approximated by step
functions with values in B. Assume that the above mentioned step function ¢ is
constant on intervals (s;_1,$;), where a = 59 < 51 < --- < s = 3 is a partition
of [, 8]. Now, choose a t; € (s;,-1,8;) for every i € {1,...,k} and construct a
function v : [a, ] — B as follows:

W(s) = { (s))  fors=s,

z(t;) for s € (s;—1, 8:).
It is clear that v is a step function. Moreover, when s € (s;_1, s;), then
[z(s) = (s)| < llz(s)—p(s) I+l (s) =t (s) | =lz(s) = (s) |+l (t:) —z(t:)]| < 2.

It follows that ||x(t) — ¢ (t)|| < 2e for every t € [a, §]. This means that = can be
uniformly approximated by step functions with values in B.



Lemma 10. Let B C R™ and assume that f : B x T — R" satisfies conditions
(C1)—(C3). Define g(t) = t* for every t € T*, choose an arbitrary to € T and
let

¢
F(z,t)= [ f*(z,s)dg(s), z € B, teT".
to

If [a, 0] C T* and x : [, f] — B is a regulated function, then

B B
/ DF(x(r), ) = / £ (1), 1) dg (2).

Proof. Given a regulated function z : [a, 5] — B, there is a sequence of step
functions zy, : [o, 5] — B which converge uniformly to  on [«, 5]. Condition
(C3) implies

1/ (@ (t), 2) = f*(2(t), )} < 1E)w(llze(t) —x(B)]]), keN, t e |, f],

and thus limg_ o f*(2x(t),t) = f*(x(t),t) for every ¢t € [, 8]. Using first
Lemma 9 (the assumptions are satisfied by Lemma 6) and then Lemma 8, we
obtain

k—o0

B B
/ DF(a(r),) = lim / DF(2(7), 1)

B B
= din [P @0.0dg0 = [ @000,

k—o0
where the last equality follows from Theorem 3 (note that || f*(x(¢),t)|| < m*(¢),
m* is regulated, and thus the assumptions are satisfied). O

Lemma 11. If x : [, 8] = R™ is a solution of the generalized ordinary differ-
ential equation
dz
— =DF(z,t
dr (z,1),
then
lim (z(u) — F(x(t), u) + F(x(t),t)) = 2(t)

u—t

for every t € [, B].
Proof. See Proposition 3.6 in [9]. O

Now we have all prerequisites necessary for the proof of the main result.

Theorem 12. Let X C R™ and assume that f : X x T — R"™ is such that
conditions (C1)—(C3) are satisfied on every set G = B x [a, B]1, where B C X
is bounded. If x : T — X is a solution of

z2(t) = f(x(t),1), teT, (7)
then z* : T* — X is a solution of
dz
— = DF(x,t), teT" 8
X = DF(a,1), teT", (®)

where .
Fo.t)= [ f(o.s)dgls), we X, te T
to

to € T, and g(s) = s* for every s € T*. Moreover, every solution y : T* — X
of (8) has the form y = x*, where x : T — X is a solution of (7).

10



Proof. Choose an arbitrary a € T. If  : T — R” is a solution of (7), then

2(s) = 2(a) + / F@(),0)At, seT.
It follows that .
z(s*) = z(a) +/ f(z(t),t)At, seT".

Using Theorem 5, we rewrite the last equation as

z*(s) =z"(a) + /S fr(z*(t),t)dg(t), seT". (9)

Let I be a compact interval in T containing both a and s*. Since z is continuous,
it is bounded on I. Therefore it is possible to find a bounded set B C X such
that x(t) € B for every t € I. The function f satisfies conditions (C1)—(C3) on
B x I and we may use Lemma 10 to replace the last equality by

x*(s) = x%(a) + /S DF(z*(7),t), se T,

which means that x* is a solution of the generalized equation (8).
To prove the second assertion, let y : T* — X be a solution of (8). Then

ys) =sla)+ [ DF(u(r).0. seT

Fix an arbitrary s € T* and let [a, 8] be a time scale interval such that a,s €
[, B]. For every 7 € [«, 8), Lemma 11 implies that

y(r) = lim (y(w) = Fy(r),w) + Fy(r),7)) =

~ lim (y<u>— / uf*(y(T),S)dg(S)) = lim (y(u) — f*(y(r), T)ATg(r)).

u—T+

and therefore lim,_,,4 y(u) exists. Similarly, for every 7 € (o, ], we have

y(r) = lim (y(u) — Fy(r),u) + F(y(r), 7)) =

= i (500 = [ 9000 -

= lim_(y(w) + f*(y(r),7)ATg(r) = lim y(uw),

because g is a left-continuous function. Since y is regulated and therefore
bounded on [«, 3], it is possible to find a bounded set B C X such that y(t) € B
for every ¢ € [a, 8]. The function f satisfies conditions (C1)—(C3) on B X [«, 8]t
and Lemma 6 guarantees that the function F' satisfies conditions (F1)—(F2) on
B x [a, f]. Using Lemma 10 again, we obtain

v =y + [ Fu0.0dg0), seT.

But the right-hand side is constant on every interval (s,t], where ¢ € T and
s = sup{u € T; u < t} (see the argument in the proof of Theorem 5). Thus
y = x*, where  : T — B is the restriction of y to T. This implies (9), and
consequently also (7) (note that, according to Theorem 2, x is a rd-continuous
function). O

11



From now on, the letter g will always denote the function g(s) = s*.

Let us pause for a moment to discuss conditions (C1)—(C3). Condition (C1)
is fairly common in the theory of dynamic equations; its purpose is to ensure
that the integral equation

z(s) = z(a) + /S fz(t),t)At

can be differentiated to obtain z2(¢) = f(z(t),t). In a more general setting, we
could focus our interest on the integral equation only; in this case, it would be
sufficient to assume that ¢ — f(x(t),t) is regulated whenever z : T — X is a
regulated function.

Conditions (C2)—(C3) were used to prove that the function

¢
F(m,t):/f [ (x,8)dg(s), € B, teT",
to

satisfies conditions (F1)—(F2). Condition (C3) represents a generalization of
Lipschitz-continuity with respect to x, which corresponds to the special case
w(r) = r and I(t) = L. Again, this is a fairly standard condition. In many
cases, the function f is defined on R™ x T and has continuous partial derivatives
with respect to x1,...,x,. Since we require the conditions to be satisfied only
for sets of the form G = B x [« f]t with B C X bounded, it is easy to see that
both (C2) and (C3) are satisfied.

Moreover, if B = {x € R"™; ||z|| < r}, condition (C3) can be weakened; in
this case, it is sufficient to assume that z — f(x,t) is continuous for every t € T
(see Chapter 5 of [9], which describes the case T = R, but the same reasoning
can be used for a general time scale).

4 Linear equations

To illustrate Theorem 12 on a simple example, consider the linear dynamic
equation

2 (t) = a(t)z(t) + h(t), tET, (10)

where a : T — R™ "™ and h : T — R"™ are rd-continuous functions (we use the
symbol R"*™ to denote the set of all n x n matrices). It is easy to see that
the function f(z,t) = a(t)x + h(t) satisfies conditions (C1)—(C3) on every set
G = B x [a, f]1, where B C X is bounded.

To obtain the corresponding generalized differential equation, we choose an
arbitrary 79 € T and let

¢

F(x,t) = / (@ (s)x + h*(s)) dg(s) = A(t)z + H(1),
70

where A(t) = f:o a*(s)dg(s) and H(t) = f:ﬂ h*(s)dg(s). Now, Theorem 12 says

that if z : T — X is a solution of (10), then the function z* is a solution of the

linear generalized differential equation

% — D(A(t)z + H(t)), t €T (11)
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Conversely, every solution of this generalized equation has the form z*, where
2 : T — R"™ is a solution of the dynamic equation (10).

The monograph [9] contains a fairly complete theory of linear generalized
equations. For example, the equation (11) is known to have a unique solution
satisfying x(tg) = xo, whenever

I—(A(t) — A(t—)) and I + A(t+) — A(t) are regular for every t. (12)
Let us rephrase this condition in the language of equation (10); Theorem 2 gives

Alt+) = A(t)+a*(t)ATg(t),
Alt=) = A(t) —a*(t)Ag(1).

First, if t € T*\T, then A*g(t) = A~ g(¢t) = 0 and (12) is satisfied. Next, assume
t € T. Since g is a left-continuous function, we always have A~ g(¢t) = 0 and
therefore I — (A(t) — A(t—)) = I is regular. Finally, if ¢ is a right-dense point,
then Atg(t) = 0 and I + A(t+) — A(t) = I is regular; if ¢ is right-scattered,
then ATg(t) = u(t) and I+ A(t+) — A(t) is regular if and only if 7 + a(t)u(t) is
regular. The last condition is called regressivity and is well known in the theory
of linear dynamic equations.

Let us mention one more result: Under assumption (12), there exists a
function U : T* x T* — R™*™ such that the function x(t) = U (¢, to)zo represents
the unique solution of the homogeneous equation

dz
dr
The function U has the following properties:

(i

(ii
(iii
(i

We already know that for ¢ € T, the third condition might be written as
U(t+,s) = (I + a(t)p(t))U(t,s). It is easy to recognize that the restriction
of U to T x T is the matrix exponential function, which is denoted by e, (t, to)
in the book [1].

In his paper [11], S. Schwabik presents the following interesting construction
of the function U: He defines the Perron product integral HZ(I +dA(s)) as a
matrix P € R™*™ such that for every € > 0, there is a function § : [a,b] — R
which satisfies

=D(A(t)x), t € T", z(to) = xo.

) U(t,t) = I for every t € T*,

) U(t,s) =U(t,r)U(r,s) for every r,s,t € T*,

i) U(t+,s) = (I + Alt+) — A(t))U(t, s) for every s,t € T*,
v)

U(t,s) is always a regular matrix and U(¢,s)™t = U(s, t).

1
H I+ A(aj) — A(aj—1)) — P|| < e

for every d—fine partition with division points a = ag < a7 < -+ < a = b and
tags 7 € [ai—1, 5], 4 =1,..., k. Now, the function U is obtained by considering
the product integral as a function of its upper bound, i.e.

t

Ult,to) = [ [(I + dA(s)).

to

13



A similar result for linear systems on time scales is given in the paper [12],
which shows that the matrix exponential function e, (t,ty) corresponding to an
rd-continuous function a : T — R™*™ can be written in the form

t

ea(t?to) = H(I + a(S)AS)a

to

where the symbol on the right-hand side stands for the product A-integral.
Thus our considerations imply that

t t

H(I +a(s)As) = H(I+ dA(s)), to,t €T

to to

for every rd-continuous function a : T — R™*™ and A(t) = f:o a*(s)dg(s).

5 Continuous dependence on a parameter

In this section, we use two known results concerning continuous dependence of
generalized equations on parameters to obtain new theorems about dynamic
equations on time scales. The symbol B, will be used to denote the open ball
{z € R"; ||z|| < r} and B, stands for the corresponding closed ball.

Theorem 13. Let ¢ > 0, G = B, X [, 8], and consider a sequence of functions
F.:G— R", k€N, such that

klim Fy(x,t) = Fy(z,t), = € B, t € [a, B].

—00

Assume there exist functions h and w such that F, satisfies conditions (F1)—
(F2) for every k € Ny. Finally, suppose there exist a function = : [a, ] — B
and a sequence of functions xy, : [«, ] — Be such that

Lk DR t), te (o8l keN,
dr
lim z(s) = z(s), s€ [a, ]
k—o0
Then d
x
— = DF .
d’T 0(.’L‘,t), te [avﬁ]
Proof. See Theorem 8.2 in [9]. O

Theorem 14. Consider a sequence of functions fi : B. X [c, Blr — R™, k € Np.
Assume there exist functions I, m and w such that each function fi, k € Ny,
satisfies conditions (C1)—(C3). Suppose that

lim Ltfk(x,s)As_Atfo(x,s)As (13)

k—o0

for every x € B, and t € [a, B]r. Finally, suppose there exist a function x :
[, Bl — B. and a sequence of functions xy, : [a, ]t — B, k € N, such that

ap () = f(zr(t),t), t€ o, flr,

14



klim zr(s) = z(s), s€ [, f]1.

Then
z2(t) = fol(z(t),1), t € [a, Blr.

Proof. Let G = B, X [«, 8] and

t
Fi(x,t) = / fi(z,s)dg(s), = € Be, t € [, ], k € Ng.

Equation (13) together with Theorem 5 imply

lim Fy(z,t) = Fy(z,t), = € B, t € [a, 3]

k—o0

It follows from Lemma 6 that F}, satisfies conditions (F1)—(F2) for every k € Ny.
It is clear that

klim xi(s) =27 (s), s €|,

Theorem 12 implies

dxy
dr

= DFk(x27t)7 le [avﬁ]a k€ N.

Thus the assumptions of Theorem 13 are satisfied and

dz*
dr

= DFy(z*,t), t € |a,f].
The function z* is bounded and it follows from Theorem 12 that

22 (t) = folz(t),t), t € [a, Blr. 0

Given a function F : B x I — R™ and an interval [a, 8] C I, a solution
x: [a, ] = B of the generalized differential equation

dz

— = DF(z,t 14
© D) (1)
is said to be unique if every other solution y : [o,7] — B of (14) such that
x(a) = y(«) satisfies z(t) = y(t) for every t € [a,¥] N [, B].

Theorem 15. Let ¢ > 0, G = B, X [, 8], and consider a sequence of functions
F.:G— R", ke Ny, such that

klim Fr(x,t) = Fy(z,t), « € B, t € [a, 3]
—00

Assume there exist a left-continuous function h and a function w such that Fj,
satisfies conditions (F1)—(F2) for every k € Ng. Let x : [, f] — B, be a unique

solution of

dx
— = DF t).
dr O(xa )

Finally, assume there exists a p > 0 such that ||y — z(s)|| < p implies y € B,
whenever s € |a, 8] (i.e., a p-neighborhood of x is contained in B.). Then, given
an arbitrary sequence of n-dimensional vectors {yx}72, such that limp_,oc yr =
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z(a), there is a ko € N and a sequence of functions zy, : [a, 8] = Be, k > ko,
which satisfy

dx
diTk = DFk(xkvt)u te [avﬁ]a xk(a) = Yk,
lim zx(s) = z(s), s € [a, ]
k—o00
Proof. See Theorem 8.6 in [9]. O

In analogy with the previous case, we say that a solution z : [a, 8]r — B
of the dynamic equation z2(t) = f(x(t),t) is unique if every other solution y :
[, ] = B such that z(«) = y(«) satisfies z(t) = y(t) for every ¢ € [, ¥]N[av, B].

Theorem 16. Consider a sequence of functions fr : Be. X [a, Sl — R™, k € Ny.
Assume there exist functions [, m, w such that each function fi, k € Ny, satisfies
conditions (C1)—(C3). Suppose that

k—o0

t t
lim / fu(x,s)As = / fo(z,8)As (15)
for every x € B. and t € |«, B]r. Let x : o, Bl — Be be a unique solution of

22 (t) = fo(z(t),t).

Finally, assume there exists a p > 0 such that ||y — x(s)|| < p implies y €
B. whenever s € [, B]r. Then, given an arbitrary sequence of n-dimensional
vectors {yr 52, such that limy_o yr = x(c), there is a ko € N and a sequence
of functions xy, : [o, B]r — Be, k > ko, which satisfy

xkA(t) - fk(xk(t)’t)v te [avﬂ]’ﬂ‘; Z‘k(OZ) = Yk,
kli)ngo zr(s) = z(s), s € [o,f]1.

Proof. Using the same reasoning as in the proof of Theorem 14, we construct a
sequence of functions {F}}7° , defined on G = B, X [a, 3]. All these functions

. s : t s * .
satisfy conditions (F1)—-(F2) with h(t) = fto(l (s) + m*(s))dg(s); note that
g(t) = t* is a left-continuous function, and thus h is left-continuous according
to Theorem 2. It follows from Theorem 12 that x* is a unique solution of

d *
o DFy(z*,t), t€|a,f].
dr
The proof is finished by applying Theorem 15. O

Let us note that Theorem 4.11 in [9] states that if the function F satisfies
conditions (F1)—(F2) with w such that

“d
lim / LS (16)
v—0+ v w(T)
for every u > 0, then every solution z : [, 8] = B. of the generalized equation
d
S DF(a,t)
dr

is unique. Now, it is often the case that the function f is Lipschitz-continuous
with respect to « on B, X [«, 8], and thus f satisfies conditions (C1)—(C3) with
[(t) = L and w(r) = r. In this case, we see that (16) is true and therefore every
solution is unique.
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6 Stability

The dynamic equation

2 (t) = f(x(t),1)
has the trivial solution x = 0 if and only if f(0,¢) = 0 for every t € T. The
present section is devoted to the investigation of stability of this trivial solution.
The problem of stability has already been considered in a number of papers, see
e.g. [5], [6], [7]. However, the theorem which will be obtained in this section
describes two slightly different types of stability.

Consider a set I C R and a function f : I — R". Given a finite set of points
D = {to,tl,...,t}c} clI

such that to <t; < --- <y, let

k
W(£.0) = I = St

The variation of f over I is defined as

var f(t) = supv(f, D),
war f(t) = supo(f, D)
where the supremum ranges over all finite subsets D of I.

Note that when I is an interval on the real line, then we obtain the usual
variation of a function over an interval, but our slightly more general definition
permits us to calculate the variation of a function defined on a time scale interval

[a,bh‘.

Lemma 17. Given an arbitrary function f : [a,blr — R", we have

t) = *(t).

te\[fzill")]qr f( ) tg[?sz] f ( )
Proof. The statement follows from the fact that if D = {¢o,t1,...,tx} C [a,b],
then D* = {t§,t5,...,t5} C [a,b]r and v(f, D) = v(f*, D*). O

We start with a Lyapunov-type theorem for the generalized equation

dz
— = DF(x,t).
= DF@.1)
Note that this equation has the trivial solution x = 0 on an interval I C R if

and only if F(0,t1) = F(0,t2) for each pair t,ts € I.

Theorem 18. Let ¢ > 0, tg € R and G = B, X [ty,0). Consider a function
F : G — R™ which satisfies conditions (F1)~(F2) and F(0,t;) = F(0,t2) for
every t1,ta > to. Assume there exists a number a € (0,¢) and a function
V i [to,00) x By — R with the following properties:

(V1) t— V(t,z) is left-continuous for every x € B,.

(V2) There exists a continuous increasing function b : [0,00) — R such that
b(p) = 0 if and only if p = 0 and V(t,z) > b(||z|) for every t € [to, 00)
and x € B,.

17



(V3) V(¢,0) =0 for every t € [tg, ).

(V4) There exists a constant K > 0 such that ||V (t,z) — V(t,y)|| < K|z — y||
for every t € [tg,00) and z,y € B,.

(V5) t = V(t,z(t)) is nonincreasing along every solution x of the generalized
equation

dx

— = DF(z,t).
dr (z,)

Then the following statements are true:

(1) For everye > 0, there is a d > 0 such that if « > to andy : [a, B] = B is a
left-continuous function with bounded variation which satisfies ||y(c)|| < &
and

v (w9~ [ DFGLD) <

s€la,B

then ||y(t)|| < € for every t € [a, B].

(2) For every e > 0, there is a 6 > 0 such that if P : [a,] — B is a
left-continuous function with

var P(s) <0,

then an arbitrary function y : [«, ] — B. which is a solution of

j—f = D(F(z,t) + P(t))

and ||ly(a)|| < ¢ satisfies ||y(t)| < e for every t € [, B].
Proof. See Theorem 10.8 and Theorem 10.13 in [9]. O

The statement (1) is called variational stability; it says that functions which
are initially small, and which are “almost solutions” of the given generalized
equation, are close to zero in the whole interval. The statement (2) is called
stability with respect to perturbations; it says that functions which are initially
small, and which are solutions of a generalized equation with a small perturba-
tion term, are again close to zero in the whole interval.

We now proceed to a similar theorem concerning dynamic equations on time
scales.

Theorem 19. Letc > 0 andty € T. Consider a function f : B.x[tg,00)T — R™
which satisfies conditions (C1)—(C3) and f(0,t) = 0 for every t € [to,00)r.
Assume there exists a number a € (0,¢) and function V : [tg,00)r X B, — R
with the following properties:

(V1) t s V(t,x) is left-continuous for every x € B,.

(V2) There exists a continuous increasing function b : [0,00) — R such that
b(p) = 0 if and only if p = 0 and V(t,z) > b(||z||) for every t € [to,00)T
and r € B,.

(V3) V(t,0) =0 for every t € [tg, 00)T.
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(V4) There exists a constant K > 0 such that ||V (t,x) — V(t,y)|| < K|z — y||
for every t € [tg,00)r and x,y € B,.

(V5) t — V(t,z(t)) is nonincreasing along every solution x of the dynamic
equation

Then the following statements are true:

(1) For everye >0, there is a § > 0 such that if « > tg and y : o, B]lr — Be is
a left-continuous function with bounded variation which satisfies ||y(a)|| <
0 and

v (60~ [0 ad) <

s€la,Blr
then ||y(t)|| < € for every t € o, B]t.

(2) For every € > 0, there is a 6 > 0 such that if p : [o, Bl — B, is an
rd-continuous function and

B
/MWMK&

then every function y : [o, Bl — B such that ||y(a)|| < § and

y2(t) = f(y(t),t) +p(t), t€ o, flr
satisfies ||y(t)|| < e for every t € [, Blr.

Proof. 1t is sufficient to apply Theorem 18 to the functions

Fa,t) = [ f*(x,5)dg(s),

to
V*(t,x) = V(" x).
To prove (1), note that

v (- [ fuar) <o

s€[a,Blr
implies

var (y*(s) _ /a ’ DF(y*(T),t)) <5

s€la,p

(this follows from Lemma 17, Theorem 5, and Lemma 10). To prove (2), note
that

y2 () = f(y(t),t) +p(t), t€ [o,B]r
implies
j—i = D(F(z,t) + P(t))

with P(t) = f; p*(s)dg(s), and that
B
| Ivtenac<s
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implies

a YAt ) <6
R (/a p(t) )

(this is easy to see from the definition of variation) and consequently

P = *(t) d )
o P = v ([Tr0a00)

(this follows from Lemma 17 and Theorem 5). O

7 Conclusion

We have outlined a method which enables us to translate existing results con-
cerning generalized ordinary differential equations into the language of dynamic
equations on time scales.

The readers are invited to examine existing sources on generalized differential
equations to find theorems which might be interesting in the time scale setting;
the amount of literature devoted to generalized equations is still growing.

ACKNOWLEDGMENT. The author thanks the anonymous referee whose sug-
gestions helped to improve this paper.
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