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We use the theory of generalized linear ordinary differential equations in Banach spaces to study
linear measure functional differential equations with infinite delay. We obtain new results concerning
the existence, uniqueness, and continuous dependence of solutions. Even for equations with a finite
delay, our results are stronger than the existing ones. Finally, we present an application to functional
differential equations with impulses.
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1 Introduction

In this paper, we deal with linear functional equations of the form

t t

y(t) = y(a) +/ (ys,s)dg(s) +/ p(s)dg(s), t€[a,b], (L.1)
a a

where the functions y, £, and p take values in R™, / is linear in the first variable, and both integrals are

the Kurzweil-Stieltjes integrals with respect to a nondecreasing function g : [a,b] — R. As is usual in

the theory of functional differential equations, the symbol y, stands for the function ys(0) = y(s + 0),

0 € (—o0,0].

Equation (1.1) represents a special case of the measure functional differential equation

y(t) = y(a) + / f(yer5)dg(s), € [a,] (12)

introduced in [3] by M. Federson, J. G. Mesquita and A. Slavik for the case of finite delay; equations of
this type with infinite delay were later studied by A. Slavik in [16].

For g(s) = s, equation (1.2) reduces to the classical functional differential equation studied by numer-
ous authors (see e.g. [10]). Moreover, it was shown in [3] and [4] that impulsive functional differential
equations as well as functional dynamic equations on time scales are special cases of the measure func-
tional differential equation (1.2).

Our main tool in the study of equation (1.1) is the theory of generalized ordinary differential equations
introduced by J. Kurzweil in [11]. The relation between functional differential equations and generalized
ordinary differential equations in infinite-dimensional Banach spaces was first described by C. Imaz,
F. Oliva and Z. Vorel in [9] and [14]. Later, a similar correspondence was established for impulsive
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2 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

functional differential equations by M. Federson and S. Schwabik in [5], and for measure functional
differential equations with finite and infinite delay in [3] and [16], respectively.

For equations with infinite delay, an important issue is the choice of the phase space; this topic
is discussed in Section 2. In Section 3, we summarize the basic facts of the Kurzweil integration
theory needed for our purposes and prove a new convergence theorem for the Kurzweil-Stieltjes integral.
Section 4 describes the correspondence between linear measure functional differential equations and
generalized linear ordinary differential equations. In Section 5, we prove a global existence-uniqueness
theorem for linear measure functional differential equations. Section 6 contains the main results: a new
continuous dependence theorem for generalized linear ordinary differential equations (inspired by the
work of G. A. Monteiro and M. Tvrdy in [13]), and its counterpart for functional equations. Finally, in
Section 7, we present an application of the previous results to impulsive functional differential equations.

Our paper confirms that the theory of generalized ordinary differential equations plays an important
role in the study of functional differential equations. Moreover, by focusing on linear equations, we are
able to obtain much stronger results than in the nonlinear case (even for equations with a finite delay).

2 Axiomatic description of the phase space

In contrast to classical functional differential equations, the solutions of measure functional differential
equations are no longer continuous but merely regulated functions. Given an interval [a,b] C R and
a Banach space X, recall that a function f : [a,b] — X is called regulated if the limits

Slg?i f(s)=f(t—)e X, te(a,b and Slggrf(s) =ft+) e X, te]ab)
exist. It is well known that every regulated function f : [a,b] — X is bounded; the symbol || ]| stands
for the supremum norm of f.

Regulated functions on open or half-open intervals are defined in a similar way. Given an interval
I C R, we use the symbol G(I, X) to denote the set of all regulated functions f: I — X.

For equations with infinite delay, one of the crucial problems is the choice of a suitable phase space.
In the axiomatic approach, we do not choose a fixed phase space, but instead deal with all spaces
satisfying a given set of axioms. Consequently, there is no need to prove similar results repeatedly for
different phase spaces. For classical functional differential equations with infinite delay, the axiomatic
approach is well described in the paper [6] of J. K. Hale and J. Kato, as well as in the monograph [7]
by S. Hino, S. Murakami, and T. Naito.

Our candidate for the phase space of a linear measure functional differential equation is a space
Hy C G((—00,0],R™) equipped with a norm denoted by || - ||x. We assume that H, satisfies the
following conditions:

(HL1) Hy is complete.

(HL2) If y € Hy and ¢ < 0, then y; € Hy.

(HL3) There exists a locally bounded function 1 : (—00,0] — RT such that if y € Hy and ¢ < 0, then
ly@ < £ (@) [lyllx-

(HL4) There exist functions xs : [0,00) — [1,00) and A : [0,00) — RT such that if u <t <0 and y € Hy,
then

[yellse < ra(t —u) sup, ly(s) Il + At = w) [yl -
se|u,t

(HL5) There exists a locally bounded function k3 : (—oo,0] — R™ such that if y € Hy and ¢ < 0, then

Y2l < w3(0)]Yll%-
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Our conditions (HL1)-(HL5) are almost identical to conditions (H1)—(H5) in [16], except that (HL4)
is stronger than (H4). Indeed, assume that o > 0 and y € Hy is a function whose support is contained
n [—o,0]. Using (HL4) with ¢ = 0 and u = —o, we obtain

[ylla < K2(0) sup ly(®)],
te[—o,0]

which is precisely condition (H4). On the other hand, there is an additional condition (H6) in [16],
which is however not strictly necessary (see [16, Remark 3.10]) and we omit it here.

Remark 2.1. One can replace (HL3) by the following condition, which is known from the axiomatic
theory of classical functional differential equations with infinite delay (see [7]): There exists a constant
B > 0 such that if y € Hy and t < 0, then ||y(t)|| < B|lytl|lx- Indeed, combining this assumption with
(HL5), we obtain ||y(¢)|| < Bllutlla < Brs(t)]yllx, i-e., (HL3) is satisfied with k1 = Bks.

The following example of a phase space is a simple modification of the space Cy,((—00, 0], R™), which
is well known from the classical theory of functional differential equations with infinite delay (see [7]).

Example 2.2. Consider the space
Gy ((=00,0],R") = {y € G((—00,0],R"); y/¢ is bounded},

where ¢ : (—00,0] — R is a fixed continuous positive function. The norm of a function y € G, ((—o0, 0], R™)
is defined as

ly@)]l
lylle = sup :
v te(—o00,0] o(t)
Assume that
o(s+1t)
7)) = sup ————— <oo, t>0, (2.1)
SE(—o0,—t] @(S)
o(s+1t)
Yo(t) = sup ————— < oo, t<0, (2.2)
SE(—00,0] 90(8)

and that 7, is a locally bounded function. (In the typical case when ¢ is nonincreasing, the first
condition is satisfied automatically.) The following calculations show that under these hypotheses, the
space G,((—00,0],R™) satisfies conditions (HL1)-(HL5).

e The mapping y — y/¢ is an isometric isomorphism between G ((—o0,0],R™) and the space
BG((—00,0],R™) of all bounded regulated functions on (—o0, 0], which is endowed with the supre-
mum norm. The latter space is complete, and thus G, ((—o0, 0], R") is complete, too.

e For every t <0 and y € G,((—00,0],R™), we have

[lyz(s)]l ly(t + sl p(t +5)
sup < sup su < [lyllra(?),
s€(—00,0] 90(3) s€(—00,0] @(t + 8) s€(—00,0] 90(3) v

which shows that (HL2) is true and (HL5) is satisfied with k3(t) = y2(t).

e Since

ly(s)ll

L)
o =W S o)

Iy < ¢(?)

we see that (HL3) is satisfied with x4 (t) = (¢).
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4 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

e For an arbitrary u <t < 0, we have

t+s
R 1 7 A 171 I
s€(—00,0] 90(5) SE(—o00,t] 90(5 - t) SE(—o0,u] QD(S - t) s€u,t] QD(S - t)

We estimate the first term as follows:

AlyGIl Myl p(s —u)

sup sup sup
s€(—o0,u] 90(8 - t) s€(—o0,u] (p(S - ’U,) s€(—o0,u] 50(8 - t)

—llvello  sup plstt—u
v s€(—o0,u—t| 90(‘9)

For the second term, we have the following estimate:

< lyullem (t —w)

su S su S
o I _ 5Pt W _ supoepy ly(s)]

s€[u,t] 90(5 - t) B infse[u,t] ‘P(S - t) infse[uft,o] @(3)

Thus,

SUPsefu, 1Y(s)

y < YulloM(t — 1) + ——————,
Iyello < lyullom(t = w) + 7= = o)

which shows that (HL4) is satisfied with xa(0) = 1/(inf.e[—q,01 ©(s)) and A(o) = 71(0), for o €
[0, 00).

For example, when ¢(t) = 1 for every t € (—00,0], then G ((—o00,0],R™) coincides with the space
BG((—00,0],R™) of all bounded regulated functions on (—o0, 0] and endowed with the supremum norm
(see [16, Example 2.2]). Another important special case, which is a phase space commonly used for
dealing with unbounded functions, is obtained by taking an arbitrary v > 0 and letting (t) = e ¢
(see [16, Example 2.5]).

Besides the phase space Hj, we also need suitable spaces H, of regulated functions defined on
(=00, a], where a € R. We obtain these spaces by shifting the functions from Hy. More precisely, for
every a € R, denote H, = {y € G((—o0, a],R™);y, € Hp}. Finally, define a norm || - || on H, by letting
[ylls = l|yallx for every y € H,.

Example 2.3. Let Hy be one of the phase spaces G, described in Example 2.2. Then H, consists of
all regulated functions y : (—oo, a] — R™ such that

w1
te(—o0,al Sp(t_a‘)

In this case, the value of the supremum equals ||y||x-
The following lemma is a straightforward consequence of (HL1)—(HL5).

Lemma 2.4. If Hy C G((—00,0],R"™) is a space satisfying conditions (HL1)—(HL5), then the following
statements are true for every a € R:

1. H, is complete.

2. Ifye H, and t < a, then y; € Hy.

5. Ift<a andy € H,, then |ly(®)]] < rr(t — a)yllx-
4. Ifye H, and u <t < a, then

[yellse < ra(t —u) sup, ly ()l + At = w) [yl %
se|u,t
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5 Ify € H, and t < a, then ||y]lx < k3(t — a)||yl|%-

The next lemma analyzes the particular case when a function y € Hj is defined as the prolongation
of a function in Hj.

Lemma 2.5. Let ¢ € Hy, a,b € R, with a < b, be given and consider a function * € Hy of the form

#(0) — d(% —a), Ve (—0,a,
) {QS(O), 9 € [a,b].

Then, [|Z]lx < (k2(b— a)k1(0) + A0 — a))[[¢] %
Proof. Using the definition of the norm in Hy, Lemma 2.4 and (HL3), we obtain

[1Z]l% = [1Z6]la < r2(b—a) sup [Z(s)]] + Ab = a)||Zallx
sg|a,

= r2(b—a)[|p(0)[ + A(b — a)[[@l[ < (r2(b—a)r1(0) + A(b —a))l|p[lx. O

3 Kurzweil integration

The integrals which occur in this paper represent special cases of the integral introduced by J. Kurzweil
in [11] under the name “generalized Perron integral”. For the reader’s convenience, let us recall its
definition.

Consider a Banach space X and let || - | x denote its norm. As usual, the symbol £(X) denotes the
space of all bounded linear operators on X.

A pair (D,€) is called a partition of the interval [a,b], if D :a=sy < 81 < -+ < 8y, = b is a division
of [a,b], and 7; € [s;_1,s,] for every j € {1,2,...,m}. Given a function § : [a,b] — R* (called a gauge
on [a,b]), a partition is said to be -fine, if

[Sj—hsj} - (Tj - 5(Tj)77—j + 5(Tj))a jef{l,2,...,m}.

A function U : [a,b] X [a,b] — X is Kurzweil integrable on [a, b], if there exists a vector I € X such
that for every e > 0, there is a gauge § : [a,b] — RT such that

Y W(ry,s) = Ulrysg-)] = I|| <e
j=1 «

for every d-fine partition of [a, b]. In this case, we define the Kurzweil integral as f: DU(r,s) =1.

Basic properties of the Kurzweil integral, such as linearity, additivity with respect to adjacent inter-
vals, as well as various convergence theorems, can be found in [17], [12].

When U(r,s) = f(1)s, where f : [a,b] — X is a given function, the definition above reduces to the
definition of the well-known Henstock-Kurzweil integral, which generalizes the Lebesgue integral.

In this paper, we are particularly interested in Stieltjes-type integrals. The Kurzweil-Stieltjes in-
tegral f:fdg of a function f : [a,b] — R™ with respect to a function g : [a,b] — R is obtained by
letting U(,s) = f(7) g(s). This is the integral which appears in the definition of a measure functional
differential equation.

Secondly, we need the abstract Kurzweil-Stieltjes integral f:d[A] g, where A : [a,b] — L(X) and
g :[a,b] = X (see [18]). This integral corresponds to the choice U(7,s) = A(s) g(7), and it will appear
in the definition of a generalized linear ordinary differential equation.

Let us recall that a function f : [a,b] — X has bounded variation on [a, b], if

varig,p f = sup Y [1f(s5) = f(sj-1)llx < oo,

Jj=1
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6 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

where the supremum is taken over all divisions D : a = sg < s1 < ... < 8, = b of the interval [a, b].
Let BV ([a,b], X) denote the set of all functions f : [a,b] — X with bounded variation. It is worth
mentioning that BV ([a,b], X) C G([a,b], X).

The next theorem (see [18, Proposition 15]) provides a simple criterion for the existence of the abstract
Kurzweil-Stieltjes integral.

Theorem 3.1. If A € BV ([a,b],L(X)) and g : [a,b] — X is a regulated function, then the integral
fabd[A]g exists and we have

The following property of the indefinite Kurzweil-Stieltjes integral (see [17, Theorem 1.16]) implies
that solutions of measure functional differential equations are regulated functions.

b
[ g < (o Vgl

Theorem 3.2. Let f : [a,b] = R™ and g : [a,b] — R be such that g is requlated and the integral f; fdg
exists. Then the function

u(t) :/ fdg, telab,

1s requlated. Moreover, if g is left-continuous, then so is the function u.

The next convergence theorem for the Kurzweil-Stieltjes integral is inspired by a similar result from
[13, Theorem 2.2]. Instead of requiring the uniform convergence of the sequence {A}72, to Ay, we
show that a weaker assumption is sufficient.

Theorem 3.3. Let Ay, € BV ([a,b], L(X)), gr € G([a,b],X) for k € Nyg. Assume that the following
conditions are satisfied:

o limj o0 9k — gofloc = 0.
o There exists a constant v > 0 such that var(q ) Ax <y for every k € N.

o limy o0 SUPsefq ) I[AR(E) — Ao(t)]z||x = 0 for every z € X.

/ A - / " dlAolgo

Proof. Let e > 0 be given. Since gy is regulated, there exists a step function g : [a,b] — X such that
llgo — glloo < € (see [8, Theorem 1.3.1]). Also, there exist a division a =ty < t; < -++ < t,, = b of [a, b]
and elements c1, ..., ¢, € X such that g(t) = ¢; for every t € (¢;_1,1¢;).

Let kg € N be such that

Then

=0.
X

lim sup
k=00 te(a,b]

gk = golloe < e,

H(Ak - AO)(T)g(tj)”X < €/ma VS {O’ R 7m})
|(Ar — Ao)(T)cjllx <e/m, je{l,...,m}
[

for every k > ko and 7 € [a, ]].
For an arbitrary t € [a, b], we have

/atd[Ak]gk - /atd[AO]go

/:d[Angk—g)H /atd[Ak—AO]gH /:d[AO](g_gO)

S ’

.
X

:
X

X X
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For k > ko, the first and third term on the right-hand side can be estimated using Theorem 3.1:

Since g is a step function, we can calculate the integral fat d[Ar — Ap]g in the second term (see [18,
Proposition 14]), and obtain the following estimate:

t
/&mm%—ﬂlsw%—wwswm—%m+wrmuwwm
a X

< (varggp) Ao)llg — golleo < (Varjqp Ao)e.

/ d[Ao](g9 — 90)

X

/MM—%M‘< 1Ak — Ao)(tj1)g(t5—1) — [As — Aol(t;—)g(t;—1)x

X j=1
+ 3 AR = Aol(t—)e; — [Ar — Ao)(tj-1+)¢5] x
j=1
+ > Ak — Aol(t;)g(t;) — [Ax — Aol (t;—)g(t)llx < 6e.
j=1
Consequently,
t t
sup / d[Ak)gr — / d[Aolgo|| < e(2y + var|qy Ao + 6)
t€la,b] a a X
for every k > kg, which completes the proof. O

Remark 3.4. For the so-called interior integral, a result similar to Theorem 3.3 was proved by C. Honig
in [8, Theorem 1.5.8].

4 Linear measure functional differential equations and generalized
linear ordinary differential equations

A generalized linear ordinary differential equation is an integral equation of the form
t
z(t) =2 +/ d[A] z + h(t) — h(a), t € [a,b], (4.1)

where A : [a,b] = L(X), h € G([a,b],X), and T € X.

We say that a function x : [a,b] — X is a solution of (4.1) on the interval [a,b], if the integral
ff d[A] z exists and equality (4.1) holds for all ¢ € [a, b].

Equations of the form (4.1), which represent a special case of generalized ordinary differential equa-
tions introduced by J. Kurzweil in [11], have been studied by numerous authors. The situation when X
is a general Banach space was for the first time investigated by S. Schwabik in [19], [20].

In this section, we clarify the relation between linear measure functional differential equations and
generalized linear ordinary differential equations. Consider the functional equation

t t
v0) =v(@)+ [ Uu9)dgls) + [ p)dgls), te fad]
a a
where g : [a,b] — R is nondecreasing, ¢ : Hy X [a, b] — R™ is linear in the first variable and p : [a, b] — R"™.
We will show that, under certain assumptions, this functional equation is equivalent to the generalized
equation (4.1), where X = Hj, and the functions A, h are defined as follows:
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8 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

For every t € [a,b], A(t) : Hy — G((—o0,b],R™) is the operator given by

0, -0 < ¥ < a,
(AW)) () = { [ tysr5)dg(s), a<9<t<b, (4.2)
[itys, s)dg(s), t<0<b,

and h(t) € G((—o0,b],R™) is the function given by

0, —oo < ¥ <a,
W) = f p(s)dg(s). a<d<t<b, w
Jip(s)dg(s), t<d<b.

We introduce the following system of conditions, which will be useful later (in particular, conditions
(A) and (E) guarantee that the integrals in (4.2) and (4.3) exist):

(A) The integral f; L(y, t) dg(t) exists for every y € Hp.

(B) There exists a function M : [a,b] — R, which is Kurzweil-Stieltjes integrable with respect to g,
such that

whenever y, z € Hy and [u,v] C [a, b].

/uv(e(ym — U(z,1)) dg(t)H < /u M)y — 2|l % dg(t)

(C) For every y € Hyp, A(b)y is an element of H,.

(D) Hp has the prolongation property for ¢ > a, i.e., for every y € Hp and ¢t € [a,b), the function
g : (—o0,b] = R™ given by

is an element of Hj,.
(E) The integral f;p(t) dg(t) exists.

(F) There exists a function N : [a,b] — R, which is Kurzweil-Stieltjes integrable with respect to g,
such that

| [ stas)| < [ Nwastn

whenever [u,v] C [a, b].

(G) h(b) is an element of Hj.

We start with the following auxiliary statements.

Lemma 4.1. Assume that € : Hy x [a,b] — R™ is linear in the first variable and conditions (A), (B)
are satisfied. Let & = supe(q ) k3(t —b). Then

whenever y € Hy and [u,v] C [a,b].

[t dg<t>H <l [ - 2r(0)agte)
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Proof. For every y € H, and t < b, we have

[Yellae < w3(t =)yl < @llyllx

(the first inequality follows from Lemma 2.4). To finish the proof, it is enough to apply (B) with
z=0. O

Corollary 4.2. Assume that £ : Hyx[a,b] — R™ is linear in the first variable and conditions (A), (B) are
satisfied. For every bounded O C Hy, there exists a function K : [a,b] — RT, which is Kurzweil-Stieltjes
integrable with respect to g, such that

whenever y € O and [u,v] C [a,b)].

[t dg<t>H < [ & ag0)
b

The properties of the function A defined in (4.2), such as the fact that it has bounded variation on
[a, b], are described in the next lemma.

Lemma 4.3. Assume that ¢ : Hy X [a,b] — R™ is linear in the first variable and conditions (A)—(D)
are satisfied. For every t € [a,b], let A(t) : Hy — G((—00,b],R™) be given by (4.2). Then, the function
A takes values in L(Hp) and has bounded variation on [a,b]. Moreover,

b
var(gy A < k2(b—a) / a - M(s)dg(s),

where & = sup,¢pq ) K3t — b).

Proof. It is clear that for every t € [a,b], A(t) is a linear operator defined on H,. Using (C), (D), and
the definition of A, we see that A(t)y € Hy for every y € Hp, and ¢ € [a,b]. Note that (A(t)y), = 0 for
every y € Hp. Thus, by Lemma 2.4, we have

1]
[A@Yl% = [[(AB)Y)bllxe < r2(b—a) sup [[(A{#)y)(D)]| = r2(b—a) sup / €(ys, s) dg(s)

V€la,b] V€la,t]

By Lemma 4.1, A(t) is a bounded linear operator on H} and

VA gy < ralb— a) / & M(s)dg(s).

To show that A : [a,b] — L(Hp) has bounded variation, consider a < u < v < band y € Hp,. By
Lemmas 2.4 and 4.1,

I[A(v) = A(u)]yllx < r2(b—a) Sop 1[A(v) = A(w)]y) (D)

= ko(b—a) sup
VE€[u,v]

9
/ ((ys, 5) dg(s)

v

< ra(b — a) [yllx / G- M(s) dg(s).

u

Hence,

I400) — AWy < malv—a) [ - 21(5)dg(s),

u

which concludes the proof. O
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10 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

The following two theorems describe the relation between linear measure functional differential equa-
tions and generalized linear ordinary differential equations. Similar results for nonlinear equations were
already obtained in [16]; therefore, it is sufficient to verify that the assumptions from [16] are satisfied.

Theorem 4.4. Assume that g : [a,b] = R is a nondecreasing function, £ : Hy X [a,b] — R™ is linear in
the first variable, ¢ € Hy, and conditions (A)—(G) are satisfied. If y € Hy is a solution of the measure
functional differential equation

y(t)

Ya =

t
a

M®+/5%JNM$+/p@NM$ e fa,b),
d)?

then the function z : [a,b] — Hy, given by

y(0), 9 e (oo,
y(t), el

18 a solution of the generalized ordinary differential equation
t
aﬂzxwrg/dmu+mw—mm,tewﬂ7 (4.4)

where A, h are given by (4.2), (4.3).

Proof. Consider the set O = {z(t); t € [a,b]} C Hp. Clearly, O has the prolongation property for
t > a. Observe that for every ¢ € [a,b], the support of () — z(a) is contained in [a,b]. Thus, by
Lemma 2.4, we have

[e@) % < llz(t) = z(a)|x + [lz(a)][ % < ra(b—a) sup [2()(r) — x(a)(T)[| + [[z(a)llx

< ra(b - a) sup l2(0)(T) — z(a)(T)]| + [[z(a)]l-
TE|a,
The right-hand side does not depend on ¢, which means that the set O is bounded.
Let f(y,t) = £(y,t) + p(¢t) for every t € [a,b] and y € Hp. For every y € O and [u,v] C [a,b],
Corollary 4.2 and condition (F) lead to the estimate

The function F given by F(y,t) = A(t)y + h(t) for every t € [a,b], y € Hp is well defined thanks to
(A) and (E), and has values in Hy, by (C), (D), and (G). This shows that all assumptions of Theorem 3.6
from [16] are satisfied. Consequently, x is a solution of the generalized ordinary differential equation
whose right-hand side is F'; however, this is equation coincides with (4.4). O

AU@&@@@>

S ‘

[ s aate)

"

t[mg@@

< [ () + M) agls)

Theorem 4.5. Assume that g : [a,b] — R is a nondecreasing function, ¢ : Hy x [a,b] — R™ is linear
in the first variable, ¢ € Hy, and conditions (A)—(G) are satisfied. Let A, h be given by (4.2), (4.3). If
x: [a,b] = Hy is a solution of the generalized ordinary differential equation

z(t) = z(a) —I—/ d[Alx + h(t) — h(a), tE€ [a,b],

with the initial condition

¢(0 —a), I € (-o0,d,
¢(0), ¥ € la, ],
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then the function y € Hy defined by

_ z(a)(¥), o€ (—o0,a],
(%) {MWW% pe ot

s a solution of the measure functional differential equation

y(t)

Ya =

t t
va)+ [ Uy dgls)+ [ ps)dgls), e fand],

0.

Proof. From the definition of A, it follows that the functions z(t), where ¢ € [a,b], coincide on
(—o00,a]. As in the proof of the previous theorem, the set O = {z(t), t € [a,b]} is bounded, has the
prolongation property for ¢ > a (this follows from [16, Lemma 3.5]), and the functions f, F' given by
fly,t) = L(y,t) + p(t) and F(y,t) = A(t)y + h(t) satisfy all assumptions of Theorem 3.7 from [16];
consequently, y is a solution of the given measure functional differential equation. O

5 Existence and uniqueness of solutions

A local existence and uniqueness theorem for nonlinear measure functional differential equations with
a finite delay was obtained in [3, Theorem 5.3]. A generalized version for equations with infinite delay
was proved in [16, Theorem 3.12]. For linear equations, it is possible to prove a much stronger global
existence and uniqueness theorem; this is the content of the present section.

The following theorem guarantees the existence and uniqueness of a solution of the generalized linear
ordinary differential equation, and corresponds to a special case of Proposition 2.8 from [19].

Theorem 5.1. Consider a Banach space X and let A € BV ([a,b], L(X)) be a left-continuous function.
Then, for every & € X and every h € G([a,b], X), the equation

o(t) = & + /td[A] z+h(t) — h(a),  te|ab

has a unique solution x on [a,b]. Moreover, x is a regulated function.

With this in mind and using the relation established in the previous section, we derive the following
result.

Theorem 5.2. Assume that g : [a,b] — R is a nondecreasing left-continuous function, € : Hy x
[a,b] — R™ is linear in the first variable, ¢ € Hy, conditions (A)—(G) are satisfied, and the function
Zo : (—o0,b] = R™ given by

_J oW —a), ¥ (—o0,a,
x“m‘{wm, 2 € fo,)

is an element of Hy. Then, the measure functional differential equation

M@+/£%JNM$+/P@NM$ te fa,b),
o,

t

y(®)

a
Ya =

has a unique solution on [a,b].

Proof. Let A, h be given by (4.2), (4.3). It follows from Theorem 3.2 that A, h are regulated left-
continuous functions. Moreover, by Lemma 4.3, A has bounded variation on [a,b]. Thus, Theorem 5.1
ensures the existence of a solution of the generalized linear ordinary differential equation

z(t) = zo + /t d[Alz + h(t) — h(a), t € [a,b],
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12 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

where x takes values in the Banach space X = Hj. By Theorem 4.5, there exists a corresponding solution
of the given measure functional differential equation. If this equation had two different solutions, then,
by Theorem 4.4, the corresponding generalized ordinary differential equation would have two different
solutions, which is a contradiction. Thus, the solution has to be unique. O

6 Continuous dependence theorems

In this section, we use the theory of generalized linear ordinary differential equations (especially the
results from [13]) to prove a new continuous dependence result for linear measure functional differential
equations with infinite delay.

We remark that a continuous dependence theorem for nonlinear measure functional differential equa-
tions with a finite delay is available in [3, Theorem 6.3]. Although this theorem is also applicable to
linear equations, our result is much stronger.

The following continuous dependence theorem (including its proof) is almost identical to Theorem 3.4
from [13]; however, our assumptions are weaker since we do not require that || A — Agllcc — 0. (On the
other hand, [13, Theorem 3.4] does not require that Ay, k € Ny, are left-continuous functions.) Also,
the result from the next theorem is more general than [1, Proposition A.3] when restricted to the linear
case.

Theorem 6.1. Let X be a Banach space. Consider A € BV([a,b],L(X)), hi € G([a,b],X) and
T € X, for k € Ny. Assume that the following conditions are satisfied:

o For every k € Ny, Ay is a left-continuous function.

o limy_, o ||Zx — Zollx = 0.

o limy o0 SUPsefq ) I[AR(E) — Ao(t)]z||x = 0 for every z € X.

o limy o0 ||k — R0l = 0.

o There exists a constant v > 0 such that var(q ) Ax <y for every k € N.

Then, for every k € Ny, the equation
t

xp(t) = Tg +/ d[Ag] xg + hi(t) — hi(a), t € [a,b]
has a unique solution xy on [a,b], and limg_, o ||2x — Zo|leo = 0.
Proof. Existence and uniqueness of solutions follow from Theorem 5.1. Next, observe that
Tim [z~ @oloe < Jim [l — holao + Jim [l — hic — 0 + holloo = Tim [Ju e
where
wg =T — hgy —x0+ ho, k€N
Note that
wi(a) = Tk — hi(a) — To + ho(a), k€N,
and therefore limg_, o [Jwi(a)||x = 0. A simple calculation reveals that

wg(t) = Ty, —|—/

a

td[Ak]l‘k — hk(a) — Xg — /t d[A()]fL‘O + ho((l)

—unta) + [ iAo~ [ alaclay
= wk(a) + /t d[Ak]wk + /t d[Ak]hk — /t d[Ao]ho + /t d[Ak — Ao](.’bo — ho)

= wk(a) + /t d[Ak]wk + Zk(t) — zk(a),
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where

t):/:d[Ak]hk—/atd[Ao]ho—s—/:d[Ak—AO](xO—hO).

By Theorem 3.3,

t t
lim sup / d[Ag)hr — / d[Aolho|| =0,
k=00 telq,b) a X

t
lim sup / d[Ax — Ap](zg — ho)|| =0,
k=00 te(a,b] X

and consequently limy o0 ||2k|lcc = 0. According to [13, Lemma 3.2], we have
lwe()llx < ([wkla)llx + lzkllc)e”, ¢ € [a,b],
which implies that limg_, o0 [|wk|/e = 0. O

For every k € Ny, we consider the linear measure functional differential equation

t t
w® = 5@+ [ les)dn(s) + [ po)donls), e o],
(yk)a =
where gy, : [a,b] — R is nondecreasing, £, : Hp X [a,b] — R™ is linear in the first variable, py, : [a, b] — R"”
and ¢ € Hy. We define the corresponding operators Ag(t) : H, — G((—o0, b],R™) by
0, —o<¥<a,
(A®y) ) = { [ te(ys, ) dgi(s), a<9<t<b, (6.1)
S Oy, ) dge(s), t<d<b,

and functions hy(t) € G((—o0, b],R™) by
—o0 < ¥ < a,

(hi())(9) = f pr(s dgk 8), a<y<t<b, (6.2)

for every k € Ny and ¢ € [a, b].
To reflect the fact that we are dealing with sequences of functions, we modify conditions (A)—(G)
from Section 4 as follows:

(A) The integral f: O (ye, t) dgi (t) exists for every k € Ny and y € H,,.

(B) For every k € Ny, there exists a function My, : [a,b] — R™, which is Kurzweil-Stieltjes integrable
with respect to gi, such that

whenever y, z € Hy and [u,v] C [a, b].

/uv(zk(yt,t)—ék(zt, 1)) dgu(t H /Mk Ve — 24 dge(t)

(C) For every k € Ny and y € Hp, the function Ag(b)y is an element of Hp.
(D) H, has the prolongation property for ¢ > a.
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14 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

(E) For every k € Ny, the integral f pr(t) dgr(t) exists.

(F) For every k € Ny, there exists a function Ny : [a,b] — RT, which is Kurzweil-Stieltjes integrable
with respect to gi, such that

‘/ t) dg(t H /Nk ) dgr (1)

whenever [u,v] C [a, b].

(G) For every k € Ny, the function hg(b) is an element of Hp.

Now, using the correspondence established in Theorems 4.4 and 4.5, we derive the following result.

Theorem 6.2. For every k € Ny, suppose that g : [a,b] — R is a nondecreasing left-continuous
function, and £y : Hy X [a,b] — R™ is a function linear with respect to the first variable. Assume that
conditions (A)—(G) as well as the following conditions are satisfied:

o For every y € Hy, li s)dgg(s) f lo(ys, s )dgo(S)H =0.

s)dgr(s fpo ) dgo( )H 0.

e limy ;o0 SUPse[q,p)

o There exists a constant v > 0 such that f My (s)dgr(s) <+ for all k € N.

Further, consider a sequence of functions ¢ € Hy, k € Ny, such that
lim |l¢x — dollx =0,
k—o0

and such that for every k € Ny, the function

-~ ooy _ ) O —a), ¥ e (—o0,dl,
() = {m(o), 9 € [a,b],

s an element of Hy.
Then, for each k € Ny, there exists a solution yy, : (—oo,b] — R™ of the measure functional differential
equation

ye(®) = yi(@) + [, Gel(y)s, 8) dgu(s) + [, pr(s) dga(s), te[a’b]’} (6.3)

(Uk)a = O,

and the sequence {y;}32, converges uniformly to yo on [a,b].

Proof. Consider Ay, h, for k € Ny, given by (6.1), (6.2). By Theorem 3.2, hj and Ay are regulated
left-continuous functions. In addition, by Lemma 4.3, A, € BV ([a,b], L(H})) with
b
vary, ) Ax < k2(b—a) / & My(s)dgr(s) < ka(b—a)-a-vy, k€ Ny, (6.4)

a

where & = sup;¢j, ) k3(t —a). For every k € Ny, Theorem 5.1 ensures the existence of a unique solution
xy : [a,b] = Hp of the generalized ordinary differential equation

xk(t):fk—l—/ d[A] 2 + he(t) — hi(a), £ € [a,0)]
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Given y € Hy, the definition of Ay, k € Ny, together with Lemma 2.4, implies

[Ak(8)y — Ao(D)yll % < r2(b — a) S 1A @)y — Ao (D)yl(D) |

= ka(b sup H/ 0 (ys, 5)dgr(s / lo(ys, s) dgo(s )H

19€ab

for every t € [a,b]. Consequently,

sup 11440~ Aoyl < a0 ) s | [ et hon(s) — [ tatyn5) ()]

t€la,b] Y€(a,b)

and we conclude that

lim sup ||[Ax(t) — Ao(D)]yllx =0, y € H,.
k=00 tela,b)

Analogously, we have

t € la,b],

Ira0) = a®) < 306~ ) s || [ o)~ [ ote) (o]

J€[a,b]

and thus limg 0 ||Ak — hollee = 0 holds.
To show that limy e ||Zx — Zo||lx = 0, it is enough to notice that, by Lemma 2.5, we have

12k — Zollse < (r2(b — a)r1(0) + A(b — a))[| P — doll%-

In summary, all hypotheses of Theorem 6.1 are satisfied, which proves that limg_, o |25 — Zol|co = 0.
By Theorems 4.4 and 4.5, for each k € Ny, the function

_Jwg(a)(W), V€ (—o0,al,
uel(?) = {xk(ﬂ)(ﬁ), 9 € [a,b)

is the unique solution of Eq. (6.3). For ¢ € [a, b], we can use Lemma 2.4 to see that

lye(t) = yo (B)II = [|k (£) (t) =20 (£) ($)I] < ma(t—=0)l|zk(t) 2o (B)llx < B sup [lwx(r) —2o()llx,

T€[a,b

where § = SUPge[q,p) K1(0 — a). Thus, the sequence {y;}72; is uniformly convergent to yo. O

Remark 6.3. By the fourth part of Lemma 2.4,

1y = yolle = [[(Yx = yo)ollae < K2(b—a) sup |lyk(s) — yo(s)ll + A(b — a)l|dr — ¢ollx,

s€la,b]

i.e., the sequence of solutions {yx}°; from Theorem 6.2 converges to yo also in the || - ||x norm.

7 Functional differential equations with impulses

As an example, we show how our results apply to functional differential equations with impulses. For
simplicity, we restrict ourselves to the case when the phase space Hy coincides with one of the spaces
G, from Example 2.2. Recall that G,((—o0,0],R") = {y € G((—00,0],R™); y/¢ is bounded}, and for
Hy = G, the norm of a function y € H, is given by

ly(t +a)ll y@ll-
[y« = sup ——"== sup
t€(—o00,0] Qp(t) te(—o0,al <p(t - CL)
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16 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

We consider linear impulsive functional differential equations of the form

y'(t) = Lly,t)+p(t), ae. in [a,bd], (71)

where ¢ : Hg X [a,b] — R™ is linear in the first variable, p : [a,b] =& R", a < t; < -+ < & < b,
Ay, ... Ay € R by,..., by € R”, and, as usual, AT ( ) = y(s+) — y(s), s € [a,b). In addition,
assume the following conditions are satisfied:

(1) The Lebesgue integral f £(y, t) dt exists for every y € Hp.

(2) There exists a Lebesgue integrable function M : [a,b] — R such that

whenever y, z € Hy and [u,v] C [a, b].

/:(z(yt,t) — U(z,t)) dtH < /u M(#)|lye — 2| dt

(3) The Lebesgue integral f p(t) dt exists.

(4) There exists a Lebesgue integrable function N : [a,b] — RT such that

dtH / e

whenever [u,v] C [a,

The solutions of Eq. (7.1) are assumed to be left-continuous on [a, b], and absolutely continuous on
[a,t1], (t1,t2],- .., (tk,b]. The equivalent integral form of Eq. (7.1) is

t
y0) = 9(@)+ [ (bs) () ds + 3 (Aiglts) + ) (72)
@ it <t
We need the following statement, which is a consequence of [4, Lemma 2.4].

Lemma 7.1. LetkeN,a<t; <ty <---<tp<b, and

k
S) =s+ ZX(ti,oo) (5)7 s € [CL, b]
=1

(the symbol x 4 denotes the characteristic functz;on of a set A C R). Consider an arbitrary function
fila,b] = R and let f : [a,b] — R be such that f(s) = f(s) for every s € [a,b]\{t1,...,tx}
Then the integral fab f(s) dg(s) exists if and only if the integral fab f(s)ds exists; in that case, we have

/f )dg(s /f yas+ S Fn), tela]

i€{l,....,k},
t; <t

Using the previous lemma, Eq. (7.2) can be rewritten as

+ / Uy 3) dg(s) + / 7(s) dg(s), (7.3)
where

i) 0z, t)  ift € fa,b\{t1,... ,tr},
z,t) = ) .
A;z(0) ift=t; for some i€ {1,...,k}
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5 = {p(t) it ¢ € a,B\{tr,. ...t}

b, ift=t; for someie {1,... .k}

for every t € [a,b] and z € Hy. Thus, the original linear impulsive functional differential equation (7.1)
is equivalent to the linear measure functional differential equation (7.3).

It follows from Lemma 7.1 that assumptions (A), (E) from Section 4, where ¢, p are replaced by l, p,
are satisfied. For [u,v] C [a, b], we obtain

‘/:ﬁ(t)dg(t)H /uvp(t)dH >ob S/:N(t)dt+ > ||bi|/uv1v(t)dg(t),

@5 t; €[u,v) @5 t; €[u,v)

~ N(t if ¢ bI\{t1,...,t

N(t) — ( ) 1 € [a7 ]\{ 1 '; k}a
lb;]] if ¢ =t; for some i € {1,...,k}.

where

This verifies assumption (F). Similarly, for every y, z € Hy, we get

< / MOy - #llxdi+ 3 [Alls )]y, — 20llx = / M@ lys — =)l dg(2),

iyt €[u,v)

[ 0= i asto)| = | [ @ - dpas S At - 20

i t; €u,v)

where

~ o M(t) if t € [a,b]\{t1,...,tx},
M(t)_{||Ai|f€1(0) if t =¢; for some i € {1,...,k}.

Hence, assumption (B) from Section 4 is satisfied. The remaining assumptions (C), (D), and (G)
are fulfilled, too: (C) and (G) follow from the fact that A(b)y and h(b) are regulated functions with
compact support contained in [a, b], and hence elements of Hj. Also, it is clear that our space Hj has
the prolongation property for ¢ > a.

Finally, let ¢ € Hy. We claim that the function y : (—oo,b] — R™ given by

) e —a), Ve (—oc0,al,
u(?) = {¢(o), 9 € [a,b]

is an element of Hy,. (Recall that assumptions of this type appear both in the existence-uniqueness
theorem and in the continuous dependence theorem.) The claim follows from the estimate

lyOll oy @I ly@l

sup sup )
te(—o0,b] <p(t - b) te(—o0,al Sp(t - b) t€la,b] Qp(t - b)

since the second supremum is finite, and

ly@)ll ly@)l p(t —a) p(t —a)
sup ———— =< | sup — < sup ———< | = [|9lx | sup ——
te(—o0,al Sp(t - b) te(—o0,al (p(t - (l) te(—o0,al @(t - b) te(—o0,al @(t - b)
is finite, too (we need (2.1) here).
Our calculations lead to the following existence-uniqueness theorem, which is an immediate conse-

quence of Theorem 5.2. (For a local existence-uniqueness theorem for nonlinear impulsive functional
differential equations with a finite delay, see [5, Theorem 5.1].)
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18 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

Theorem 7.2. Assume that Hy = G, and conditions (1)—(4) are satisfied. Then for every ¢ € G, the
impulsive functional differential equation

y'(t) = Lly,t)+pt), ae. inla,b],
A+y(tl) = Azy(tz)+bza (RS {L"'vk}a
Ya = ¢

has a unique solution on [a,b].

We now proceed to continuous dependence and consider a sequence of impulsive functional differential
equations of the form

y;(t) = ( yj) t )er]( ), a.e. in [a,b],
Aty;(ts) = Al i(t) + 0k, i€ {1, kY,
where £; : Ho x [a,b] — R™ is linear in the first variable, p; : [a,0] — R", A}, ..., A% € R"™*", and

bi, ..., b € R™ for every j € No.
For linear equations, the following result is much stronger than the continuous dependence result
stated in [5, Theorem 4.1].

Theorem 7.3. Assume that Hy = G, and the following conditions are satisfied:
e The Lebesgue integral f: Ci(ye, t) dt exists for every j € Ng and y € Hp,.

e For every j € Ny, there exists a Lebesque integrable function M; : [a,b] — R™ such that

whenever y, z € Hy and [u,v] C [a,b].

/uv(éj(yt,t) —l(z,1)) dt” < /u M;(t)||lye — 2] % dt

e For every j € Ny, the Lebesgue integral f p;(t) dt exists.

e For every j € Ny, there exists a Lebesque integrable function Nj : [a,b] — RT such that

pa| < [ o

whenever [u,v] C [a,b].

s)ds — f(f lo(ys, s) ds|| = 0.

o For every y € Hp, li

s)ds — fatpo(s) dsH =0.

o lim; o0 SUP;cq 3

e There exists a constant v > 0 such that fab M;(s)ds <~ for all j € N.
o Foreveryi € {1,...,k}, imj o A; = A} and lim;_, o b} =bp.

Further, consider a sequence of functions ¢; € Hy, j € No, such that lim;_, ||¢; — ¢ollx = 0.
Then, for each j € Ny, there exists a solution y; : (—oo,b] — R™ of the impulsive functional differen-
tial equation

y;(f) - ( yJ) ty )er]( )7 a.e. in [aab]a
A+yj(ti) = Al ](tz) 1€ {1,...,]6},
(yj a - ¢j7

and the sequence {y;}52, converges uniformly to yo on [a,b].
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Proof. The theorem is a consequence of Theorem 6.2. Indeed, our sequence of impulsive equations is
equivalent to the sequence of measure functional differential equations

t -
yi(t) = )+ Jo i((w5)s8) dg(s) + [, Di(s) dg(s), ¢ € [a,],
(yj)a = ¢]7
where the functions Zj, pj, and g are defined as in the beginning of the present section. Our previous

calculations show that assumptions (A)—(G) from Section 5 (with £;, p; replaced by ¢}, p;) are satisfied.
In particular, we have the estimate

where M;(t) = M;(t) if t € [a,b]\{t1,...,tx}, and M;(t) = ||A§||/<;1(O) if t =t¢; for some i € {1,...,k}.
Hence,

/u,u(gj(yt;t)_gj(zt, t))dg(t H /M ®)|lye — 2l % dg(t),

/M ) dg(s /M ds+z|w|f;1 <yt (0 ZsupHAlH

i=1 11-7

for every j € N. By Lemma 7.1, we have

and it follows that
t t
/ 55(s) dg(s) — / Fo(s) dg (s)

Similarly, for every y € Hy, we have

it <t

[ 6165~ aso)| < | [ i)~ mis)as

lim sup = 0.

J—00 te(a,b]

t t
[ @009 = o) 5(6)| < | [ @t0n00) = b 4| 3 = At
a a it <t
Since the last term can be majorized by Zle | A7 — A9|| - |ly(ts)], we obtain
lim sup / 05(ys, ) dg(s / lo(ys, s) dg(s)
=0 tela,b)
Thus, we have verified that all assumptions of Theorem 6.2 are satisfied. O

8 Conclusion

Finally, let us mention that the results of this paper are also applicable to linear functional dynamic
equations on time scales. As shown in [3], functional dynamic equations represent another special case
of measure functional differential equations.

Let T be a time scale, i.e., a nonempty closed subset of R. Given a,b € T, a < b, let [a,b]r = [a,b]NT.
Using the notation from [15], let t* = inf{s € T; s > ¢} for every t € (—o0, b].

Recall that in the time scale calculus, the usual derivative f’ is replaced by the A-derivative f2
(see [2] for the basic definitions). Therefore, we consider the linear functional dynamic equation

y2 (1) = Ly t) +a(t), ¢ € [ablr, (8.1)
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20 G. A. Monteiro, A. Slavik: Linear measure functional differential equations with infinite delay

where ¢ : Hy X [a,b] — R™ is linear in the first variable and ¢ : [a, by — R™. Here, the symbol y; should
be interpreted as (y*);; as explained in [3], the reason for working with y; instead of just y; is that the
first argument of ¢ has to be a function defined on the whole interval (—oc, 0].

For example, a linear delay dynamic equation of the form

k
y2(t) = Zpi(t) y(r:(t)) + q(2),

where 7; : T — T, p; : [a,b]r — R™ and 7;(t) <t for every t € [a,b]r, i € {1,...,k}, is a special case of
Eq. (8.1) corresponding to the choice

k
£y t) = Y pilt) y(rilt) )

Now, under certain assumptions on ¢ and ¢, the linear functional dynamic equation (8.1) is equivalent
to the measure functional differential equation
t t
) = #(0) + [ U dgls) + [ o) dgls), 1€ ot
a a
where g(s) = s*, s € [a,b]. More precisely, a function z : [a,b] — R is a solution of the last equation if
and only if z(t) = y(t*), t € [a,b], where y : [a,b]r — R™ is a solution of (8.1).
Therefore, the existence-uniqueness theorem as well as the continuous dependence theorem for lin-
ear functional dynamic equations of the form (8.1) are simple consequences of our results for measure
functional differential equations. Moreover, the same approach also works for functional dynamic equa-

tions with impulses (see [4]). Since the whole procedure would be very similar to the one described in
Section 7, we omit the details.
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