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Abstract

In the first part of the paper, we consider nonlinear generalized ordinary differential equations
whose solutions take values in infinite-dimensional Banach spaces, and prove new theorems concerning
the existence of solutions and continuous dependence on initial values and parameters. In the second
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1 Introduction

The concept of a generalized ordinary differential equation was originally introduced by J. Kurzweil in [20]
as a tool in the study of continuous dependence of solutions to ordinary differential equations of the usual
form a/(t) = f(x(¢),t). He observed that instead of dealing directly with the right-hand side f, it might be
advantageous to work with the function F(z,t) = fti) f(z,s)ds, i.e., the primitive to f. In this connection,
he also introduced an integral whose special case is the Kurzweil-Henstock integral. Gauge-type integrals
are well known to specialists in integration theory, but they are also becoming more popular in the field
of differential equations (see e.g. [5]).

Over the years, it became clear that the theory of generalized differential equations is not only useful in
the study of classical nonautonomous differential equations (see e.g. [2]), but also represents a suitable tool
for the investigation of equations with discontinuous solutions. (For other approaches to equations with
discontinuous solutions or right-hand sides, such as measure differential equations, equations in Filippov’s
or Krasovskii’s sense, distributional differential equations, or impulsive differential equations, see e.g. [6, 7,
14, 18, 19, 25, 22, 31].) In particular, generalized differential equations encompass other types of equations,
such as equations with impulses, dynamic equations on time scales, functional differential equations with
impulses, or measure functional differential equations (see e.g. [10, 11, 13, 27, 32, 37] and the references
there). To deal with functional differential equations, it is necessary to consider generalized equations
whose solutions take values in infinite-dimensional Banach spaces; this fact provides a motivation to the
study of abstract generalized differential equations.

Unfortunately, the existing theory for abstract generalized equations is not as powerful as in the finite-
dimensional case. The only exception is the class of linear equations, where the results are quite satisfactory
(see [17, 27, 28]). Our goal is to rectify this situation and obtain new results concerning well-posedness of
solutions to abstract nonlinear generalized differential equations under reasonably weak assumptions on
the right-hand sides.



In the theory of classical ordinary differential equations, it is well known that Picard’s theorem on the
local existence and uniqueness of solutions of the problem

() = f(z(t),t), tela,b], =z(a)=xo, (1.1)

can be improved in the following way: Instead of working with a locally Lipschitz continuous right-hand
side, it is enough to assume that f is a continuous function satisfying

1f (2, 8) = (o, Ol < w(lle =yl

where w : [0,00) — [0, 00) is a continuous increasing function such that w(0) = 0 and

. “odr
v£%1+A w(r) > (1.2)

for every u > 0. This existence-uniqueness result is known as Osgood’s theorem (in [29], W. F. Osgood
identified (1.2) to be a sufficient condition for uniqueness). The situation in finite-dimensional spaces is
rather simple, since the existence of a local solution follows from Peano’s theorem, and condition (1.2)
together with Bihari’s inequality guarantee uniqueness.

Remarkably, Peano’s theorem is no longer valid in infinite-dimensional Banach spaces, but Osgood’s
theorem remains true (see e.g. [8, Theorem 3.2] and [35]). In this case, condition (1.2) is necessary to
prove both existence and uniqueness. The proof uses the fact that a continuous right-hand side can be
uniformly approximated by locally Lipschitz continuous right-hand sides; the corresponding initial-value
problems have unique solutions, which are uniformly convergent to a solution of the original equation.

Things become more complicated when we switch to abstract generalized differential equations, whose
right-hand sides are usually assumed to be continuous in x, but may be discontinuous in ¢. A local
existence-uniqueness theorem, whose proof is based on the contraction mapping theorem, can be found
in [13]; this is the analogue of Picard’s theorem for generalized equations. In Section 3, we prove a more
general Osgood-type existence and uniqueness theorem; again, the idea is to approximate the right-hand
side by functions such that the theorem from [13] is applicable.

In Section 4, we discuss continuous dependence of solutions to generalized differential equations with
respect to initial values and parameters. We obtain two new theorems, which generalize several results
available in the literature. We also provide an example showing why we cannot expect the infinite-
dimensional theorems to hold under exactly the same assumptions as in the finite-dimensional case.

In Section 5, we use the previous theory to study the well-posedness for nonlinear measure functional
differential equations of the form

y(t) = y(to) + t f(ys,s)dg(s).

These equations were introduced only relatively recently in [10], and were subsequently studied in [3, 11,
12, 26, 27, 37]. Fairly general results concerning the well-posedness for linear equations with finite delay
have been obtained in [27], while the nonlinear case with finite delay was considered in [10]. Here we show
that the theory from Sections 3 and 4 leads to new well-posedness theorems for nonlinear equations with
infinite delay, which significantly improve the results from [10].

Functional differential equations with impulses, which represent an important special case of measure
functional differential equations, are briefly discussed in Section 6.

2 Preliminaries

The theory of generalized ordinary differential equations is based on the concept of Kurzweil integral. We
recall the definition here, and refer the reader to [21, 24, 32, 34] for more information about the properties
of this integral and its special cases, the Kurzweil-Stieltjes and Kurzweil-Henstock integral.

Given a function § : [a,b] — R™, a tagged partition of the interval [a,b] with division points a = s¢ <
51 < -+ < sp=band tags 7; € [si_1, 8], ¢ € {1,...,k}, is called -fine if

[82;1,81‘] - (Ti — (S(Ti),TZ' -I—(S(TZ)), 1€ {1, .. ,k}



Let X be a Banach space. A function U : [a,b] X [a,b] — X is called Kurzweil integrable on [a, b], if there
is an element I € X such that for every € > 0, there is a function ¢ : [a,b] — R* such that

k

Z(U(T”Sz) — U(Ti,Si_l)) -1

i=1

<e

for every d-fine tagged partition of [a,b]. In this case, we define f; DU(r,t) =1.

An important special case is the Kurzweil-Stieltjes integral (also known as the Perron-Stieltjes integral)
of a function f : [a,b] — X with respect to a function ¢ : [a,b] — R, which corresponds to the choice
U(r,t) = f(7)g(t). This integral will be denoted by f; f(t)dg(t). There is a useful simple criterion for the
existence of the Kurzweil-Stieltjes integral: If f : [a,b] — X is regulated and g : [a,b] — R has bounded
variation, then f; f(t)dg(t) exists (see [33, Proposition 15]). We will often use this criterion in situations
where ¢ is a nondecreasing function.

We can now proceed to the definition of a generalized ordinary differential equation. Consider a set
B C X, an interval I C R, and a function F' : B x I — X. A generalized ordinary differential equation
with the right-hand side F' has the form

dz

T =DF(@t), tel, (2.1)

which is a shorthand notation for the integral equation
S2
o(s2) = (o) = [ DFGa(r)it), fsrisal € 1 (22)
s1

In other words, a function x : I — B is a solution of (2.1) if and only if (2.2) is satisfied. The reader should
keep in mind that (2.1) is a symbolic notation only and does not necessarily mean that z is differentiable.

The next definition introduces classes of functions which occur frequently in the theory of generalized
differential equations.

Definition 2.1. Assume that B C X, G = B x I, hy : I — R, hy : I — R are nondecreasing functions,
and w : [0,00) — R is a continuous increasing function with w(0) = 0. The class F(G, hy, ha,w) consists
of all functions F': G — X satisfying the following conditions:

||F(CC,t2) — F(ZE,tl)H < hl(tg) — hl(tl), T € B, [tl,tg] C I,
1F(z,t2) = F(z,t1) = F(y, t2) + F(y, t1)[| < w(llz — yl)(h2(tz) — ha(tr)), w,y€ B, [t1,ta] C L.

For the rest of the paper, let us make the following agreement: Whenever we write F' € F(G, hy, ha,w),
we assume that hi, ho, w satisfy the assumptions listed in Definition 2.1, without mentioning all of them
explicitly.

In the special case when hy and hs are equal to the same function h, we write F(G, h,w) instead of
F(G, hy,ha,w). Many authors focus solely on this special case. Indeed, in many situations, the important
thing is the existence of a pair of functions such that F' € F(G, hy, ho,w), while the particular values of hy
and hy play no role. In this case, the assumption hy = hs presents no loss of generality, because we always
have

.F(G, h1, hz,w) C .F(G, hi 4+ ho,h1 + hg,o.)) = f(G, hi + hg,u)).

Still, for our purposes, it is useful to distinguish h; and hs. In Theorem 3.2, this will enable us to
provide a more reasonable lower bound for the length of the interval where a local solution is guaranteed
to exist.

Under certain assumptions on the right-hand side (see [32, Theorem 5.14]), a classical ordinary differ-
ential equation of the form

a'(t) = f(z(t),t), tel,
is equivalent to the generalized ordinary differential equation

dx
— = DF(x,t tel
dT (x? )7 6 9



where

t
F(z,t) = f(z,s)ds, tel,
to

and to is an arbitrary point in I. In this situation, the two conditions from Definition 2.1 reduce to

‘ " f(x,s) ds < hl(tQ) — hl(tl), xT € B, [tl,tg] - I, (23)
‘ /t 2(f(fﬂ,s) — f(y,8))ds|| <w(|lz —y[)(ha(t2) — ha(t1)), z,y€ B, [t1,t2] C 1. (2.4)

However, we emphasize that not every generalized differential equation is equivalent to a classical one;
different choices of F' might lead to other types of equations (cf. Section 5).

In the rest of this section, we collect some basic facts about regulated functions, Kurzweil integration,
and generalized ordinary differential equations.

The following proposition, which characterizes relatively compact sets in the space of regulated func-
tions, was proved in [16, Theorem 2.18]. For an arbitrary interval I C R, we use the symbol G(I,X) to
denote the space of all bounded regulated functions f : I — X (if I is a compact interval, then every
regulated function f : I — X is necessarily bounded). The space G(I, X) is equipped with the supremum
norm

[fllee =sup lf(®)I, f € G, X).
tel
For an arbitrary set B C X, let G(I, B) denote the set of all bounded regulated functions f : I — B.
Theorem 2.2. For every set A C G([a,b],R™), the following conditions are equivalent:
1. A is relatively compact.

2. The set {z(a); x € A} is bounded, there are an increasing continuous function n : [0,00) — [0, 00)
with n(0) = 0, and an increasing function K : [a,b] — R such that

[z(t2) — z(t1)|| < n(K(t2) — K(t1))
whenever x € A and [t1,1t2] C [a,b].

We now present two inequalities for the Kurzweil integral. Both follow easily from the definition of the
integral, and are special cases of [32, Corollary 1.36].

Lemma 2.3. Let BC X, G = B x [a,b]. Assume that F : G — X satisfies
||F(I,t2) - F(z7t1)” < hl(tQ) - hl(tl)v x € B, [tlatQ] - [aﬁb}y

where hy : [a,b] = R is a nondecreasing function. If x : [a,b] — B and the integral fab DF(x(7),t) exists,
then

Consequently, if z : [a,b] — X is a solution of a generalized equation % = DF(z,t) whose right-hand
side is an element of F(G, hy, he,w), we have the estimate

[z(t2) —x(t)ll < hi(t2) —ha(t1), [t1,t2] € [a,].

Lemma 2.4. Let B C X, G = B X [a,b]. Assume that F : G — X belongs to the class F(G,hy, ha,w). If
x, y : la,b] = B are arbitrary functions, then

provided that the integrals on both sides exist.

/ DF(@(r), )| < u(b) - b (a).

b b
/D[F(x(T),t)*F(y(T)vt)] S/ w(ll=(t) —y(@)) dha(?),




The next three lemmas provide sufficient conditions for the existence of the Kurzweil integral f; DF(z(1),t).
The proof of the first statement can be found in the proof of [32, Corollary 3.15].

Lemma 2.5. Let B C X, G = B X [a,b]. Assume that F' : G — X belongs to the class F(G,h,w). If
x: [a,b] = B is a step function, i.e., if there exists a partition

a=85<8 <+ +<Sp=>
and elements cq,...,c, € X such that
z(s) =¢, s€(si—1,8), i€{l,...,m},
then the integral fab DF(xz(1),t) exists and equals

m

(F(Cj» sj—) — F(cj,sj-1+) + F(x(sj-1), 8j-1+) — F(x(sj-1), s5-1) + F(x(s5), ;) — F(2(s;), Sj—)>~
j=1

The next lemma generalizes [1, Proposition 2.13], which is a special case of our statement corresponding
to w(r) = r. (A finite-dimensional version can be found in [32, Corollary 3.15]; unfortunately, the proof
no longer works in infinite dimension.)

Lemma 2.6. Let B C X, G = B X [a,b]. Assume that F' : G — X belongs to the class F(G,h,w). If
x : [a,b] = B is the uniform limit of a sequence of step functions zy, : [a,b] — B, k € N, then the integral

fab DF(x(1),t) exists and equals limy_, fab DF(zi(7),t).
Proof. By Lemma 2.5, the integral ff DF(x(7),t) exists for every k € N. Let us prove the existence of

limy, s 00 f: DF (zx(7),t). For each pair 7,7 € N, Lemma 2.4 implies

b
Fai(r),t) = F(x;(7),t)] S/w(llwi(t)—wj(t)\l)dh(t)Sw(Hxi—%lloo)(h(b)—h(a))-

The right-hand side approaches zero as i, j — oo, and therefore the Cauchy condition for the existence of
limy, oo f; DF(zy(7),t) is satisfied.
Choose an arbitrary € > 0. There exists a k € N such that

/Dka —hm bDF(xl() B <

a

)

w| M

w (|2 = 2k[loo) (R(b) = h(a)) <

Also, there exists a gauge d on [a, b] such that

w| ™

m b
€
> (F(ax(r), si) — F(ai(7:), 5i-1)) _/ DF(ak(r), )| < 5
=1 a
for every d-fine tagged partition of [a,b] with division points sg, s1, ..., Sy, and tags 71, ..., 7. For these
partitions, we get
m b
> (F(x(ri), si) — Fla(r:), 8i-1)) — Jim [ DF(z(7), 1)
i=1 a
<Y (F(a(r),8:) — F(x(ni), si1) — Flar(n), si) + Flax(r), Sil))H
i=1
m b
S Fanm), 50) — Flo(m), si1) / DF(ax(r / DF(@(r).) = Jim [ DF(@i(r).0
i=1




Ui 2¢ 2¢
<> wlllz(m) = a(m) ) (h(si) = h(si1)) + 5 Swlllz = axlle) (A(b) = h(a)) + 5 <,
i=1
which proves that f; DF(x(1),t) exists and equals lim;_, fab DF(z,(1),t). O

Since every regulated function is the uniform limit of step functions, we get the following corollary.

Lemma 2.7. Let BC X, G = B X [a,b]. Assume that F : G — X belongs to the class F(G,h1, ha,w). If
x: [a,b] = B is a regulated function, then the integral f: DF(z(1),t) exists.

The proof of the next lemma is almost identical to the proof of [28, Proposition 3.8] (which is concerned
with the special case when Fy(t,z) = Ai(t), k € Np), but we include it here for reader’s convenience.

Lemma 2.8. Let B C X, G = BX|a,b], and consider a sequence of functions Fy, : Bx [a,b] = X, k € Ny,
such that
lim Fk(m,t) = F()(J},t), (x,t) eqG.

k—o0

Assume that Fj, € F(G, h,w) for every k € Ng. Then

klim Fy(z,t+) = Fy(z,t+), (z,t) € B x[a,b),
—00
klim Fy(z,t—) = Fy(z,t—), (x,t) € B x (a,b].
—00

Moreover, for every fized x € B, the sequence of functions t — Fi(x,t), k € N, is uniformly convergent to
the function t — Fy(x,t) on [a,b].

Proof. For every x € B and ¢ € [a,b), we have Fy(x,t+) = Fy(z,t+) for k — oo, because
1% (2, t4) = Fo(z, t4) || < [[Fr(x, t4) = Fi(a, ¢+ 0)|| + [[Fr(x, t +0) — Fo(z,t +0)

1 Fo(z,t +6) = Fo(x, t+)[| < 2(A(t + 6) — h(t+)) + [[Fr(x, t + 0) — Fo(z,t + )],

and the right-hand side can be made arbitrarily small by choosing § > 0 sufficiently small and k£ € N
sufficiently large. Similarly, one can prove that Fy(x,t—) — Fy(x,t—) for k — oo.

Now, assume there is an « € B such that the sequence t — Fy(z,t), k € N, is not uniformly convergent
to t — Fy(z,t). Then, there exist an € > 0, a subsequence {F}, }7°,, and a sequence {¢;}7°, such that

| Fi(a,te) = Fola,t)]| >, LEN. (2.5)

Moreover, without loss of generality, we can assume that lim;_, . t; = tg € [a,b]. Then, at least one of the
following statements has to be true:

a) The sequence {¢;}7°, has a subsequence {¢;,, }7°_; whose terms are all smaller than .
b) The sequence {¢;}7°, has a subsequence {¢;,, }°0_; whose terms are all greater than .

(If neither a) nor b) was true, then ¢; = ¢y for infinitely many values of [; together with (2.5), this would
contradict the fact that Fy(x,t9) — Fo(x,t9).) We show that a) leads to a contradiction, and leave the
other case up to the reader. We have

e < |[F,, (2, t,,) = Fo(z, ti,, ) || < [Py, (2,11,) = Fr,,, (2, t0=) || + [[Fry,,, (,20—) = Fo(z, to—)|

m

+l[Fo(w, to—) — Folz, ti,, )|l < 2(h(to—) — h(t1,,)) + || Fk,,, (x,t0—) — Fo(z, to—)-
However, the expression on the right-hand side approaches zero for m — oo, which is a contradiction. [l

The following lemma represents a stronger version of [32, Lemma 8.1]; instead of pointwise convergence,
we prove uniform convergence of the indefinite integrals. Also, the original condition that x has bounded
variation is replaced by the weaker assumption of regulatedness.



Lemma 2.9. Let B C X, G = B x [a,b], and consider a sequence of functions Fy, : G — X, k € Ny, such
that
1im Fi(x,t) = Fo(z,t), (z,t) € G.

Assume that Fj, € F(G, h,w) for every k € No. If x : [a,b] — B is regulated, then

lim / DFy(x / DFy(x
k—o0

uniformly with respect to s € [a,b].

Proof. First, let us verify the statement in the case when z : [a,b] — B is a step function: There exist
a partition a = sp < s1 < --- < s, = b and elements c¢1,...,¢, € X such that z(t) = ¢; for every
t € (sj_1,5;). Choose an arbitrary ¢ > 0. According to Lemma 2.8, there exists a kg € N such that

[ Fk(cj,si—) — Folej,s5—) < €/(6m), je{l,...,m},
[ Fi(cj, sj—1+) — Folej, sj—a+)l| < /(6m), je{l,....,m},
HFk(fC(Sj—l)aijﬁ)—FO( z(sj—1),sjH)| < g/(6m), je{l,...,m},
[ Fy(x(s5),85—) — Fo(z(sy),s;—)|| < ¢/(6m), je€{l,...,m},

|| Fy.( ( s5),8) — Fo(x(s ),S)ll < ¢/(6m), j€{0,....,m}, s¢€[a,b],

| Fy(cj,s) = Folej,s)| < ¢/(6m), je€{l,...,m}, s¢€lab]

for all £ > kg. By Lemma 2.5, we have
5j
/ DFy(z(7),t) = Fi(cj, s5—) — Fr(cj, sj-14) + Fi(z(sj-1), sj-1+)
j—1

—Fy(x(sj-1), 8j-1) + Fi(2(s)), s;) — Fi(x(s5), s5—),
for all k € Ny, j € {1,...,m}, and therefore

/ DFy(x / DFy(z(7),1)

Sj— Sj—

. k> ko

E
When s € (sj_1,s;) for some j € {1,...,m}, we have z(s) = ¢;,

/S DFy(x(7),t) = Fi(cj, ) — Fi(cj, sj—1+) + Fe(x(sj-1), sj-1+) — Fe(z(sj-1), 8j-1),

Sj—1

and therefore

/ DFy(z(7),t) — / DFy(x(7),t)

Sj— -1

It follows that for every s € [a, b], we have

/DFk /DFO H e, k> k.

Now, consider the general situation when z : [a,b] — B is regulated. Choose an arbitrary € > 0. There
exists a step function ¢ : [a,b] - B such that w(|lz — ¢lleo) < m Also, there exists a ko € N

such that || [” DFy(p(7),t) — [ DFy(¢(7),t)|| < &/2 for all k > ko and s € [a,b]. Then

[fonieo /m R S
/DFk /DFO H /DFO /DFO H

< 2/@ w([[z(7) = @(r)|l) dh(r) + 5 <2w(|lz = lloc) (h(s) = h(a)) + 5 <e

holds for all k > k¢ and s € [a, b], and the proof is complete. O




The following lemma summarizes some properties of solutions to generalized differential equations; it
is a consequence of [32, Corollary 3.11] and [32, Lemma 3.12].

Lemma 2.10. Let B C X, G = B X [a,b]. Consider a function F : G — X satisfying

||F(.’E,t2) — F(Qﬁ,tl)ll < hl(tg) — hl(tl), T € B, [tl, tg] - [a7 b], (26)
where hy : [a,b] — R is a nondecreasing function. If x : [a,b] — X is a solution of the generalized
differential equatwn = DF(x,t), then x is a requlated function with bounded variation. Moreover,

‘I(5+) = JI(S)+F(I(S),S+) 7F(£E(S),S), s € [a7b)a
x(s=) = x(s) + F(a(s),s—) = F(a(s),s), s€(ab]

If hq is left-continuous, then x is left-continuous as well.

Consider an equation 92 = DF(z,t), where I satisfies (2.6) with a left-continuous function ;. Assume
that we have a solution of this equation on [a,b), and would like to extend it to [a,b]. According to
Lemma 2.10, the extension obtained by letting 2:(b) = x(b—) is the only candidate for such a solution. In
the next lemma, we verify that the limit always exists, and that the extension indeed provides a solution
on [a, b].

Lemma 2.11. Assume that B C X, G = B x [a,b], and F : G — X satisfies (2.6) with a left-continuous
function hy. If z : [a,b) = X is a solution of $£ = DF(x,t), then the limit z(b—) ezists. If 2(b—) € B
and we extend x to [a,b] by letting z(b) = x(b—), we obtain a solution of = = DF(z,t) on [a,b).

Proof. The Cauchy condition for the existence of the left-sided limit x(b—) is satisfied, because
[#(s1) — x(s2)l| < |ha(s1) = ha(s2)l, s1,82 € [a,a + D),

and the left-sided limit of hy does exist. Assume that z(b—) € B. Since

/a ’ DF(x(r / DF(x / DF(x

it follows that lim,_,— [ DF(x(7),t) = fab DF(x(1),t), and therefore

< hi(b) — hi(s), s € [a,b],

z(b) = z(b—) = z(a) + lim SDF / DF(x O

s—=b— Jq

The following theorem, which describes the properties of the indefinite Kurzweil-Stieltjes integral, is
a special case of [32, Theorem 1.16].

Theorem 2.12. Let f : [a,b] = R™ and g : [a,b] — R be a pair of functions such that g is requlated and
f:fdg exists. Then the function

ht) = / f(s)dg(s), t€ [a,b)],

is requlated and satisfies

h(t=) = h(t) = f(H)A7g(t), t€ (a,b],
where AT g(t) = g(t+) — g(t) and A™g(t) = g(t) — g(t—).

The next result is a Bihari-type inequality (i.e., a nonlinear version of the Gronwall inequality) for the
Kurzweil-Stieltjes integral, which can be found in [32, Theorem 1.40].



Theorem 2.13. Consider functions v : [a,b] — [0,400), h: [a,b] = R, w: [0,4+00) — R such that ¢ is
bounded, h is nondecreasing and left-continuous, w is continuous, increasing and w(0) = 0. Suppose there
exists a k > 0 such that

t
vl) <kt [ w(v(s) duls). € fa.b)
For an arbitrary ug > 0, let

v

Q(u) :/ ——dr, wue€(0,00),
o 20) )

a = limy oy Qu) > —o0, and B = limy_, o Qu) < co. Also, let Q71 : (o, 8) — R be the inverse

function to Q. If Q(k) + h(b) — h(a) < B, then

Y(t) < Q7HQ(K) + h(t) — h(a), t€ [a,0].

The next proposition is an Osgood-type uniqueness theorem for generalized differential equations. The
finite-dimensional version can be found in [32, Theorem 4.11], and its proof remains valid even in the
infinite-dimensional case (in fact, it is a fairly straightforward consequence of Theorem 2.13).

Theorem 2.14. Let B C X, G = B x [a,b]. Consider a function F : G — X such that F € F(G, h,w),
where h : [a,b] — R is left-continuous, and

. /“ dr
lim —— =0
B8 ), o)
for everyu> 0. If £ € X, [a,01], [a,b2] C [a,b], and z1 : [a,b1] = B, x2 : [a,b2] — B are solutions of the
initial-value problem
d
= = DF(x,1), a(a) =%,
then x1(t) = x2(t) for every t € [a,b1] N [a, ba].

Finally, let us recall the following existence-uniqueness theorem for generalized ordinary differential
equations whose right-hand sides are elements of F(G, h,wy) with wy(r) = r, r > 0. Its proof, which is
based on the contraction mapping theorem, can be found in [13, Theorem 2.15].

Theorem 2.15. Assume that B C X is an open set, G = B x [a,b], F : G — X belongs to the class
F(G, h,wy) with a left-continuous function h and wi(r) =r, r > 0.
If o € B is such that xo + F(xo,a+) — F(x9,a) € B, then the initial-value problem

dz
Fr DF(z,t), z(a)=xo, (2.7)

has a unique local solution defined on a right neighborhood of a.

If x is a local solution of the initial-value problem (2.7), it follows from Lemma 2.10 that x(a+) =
xo + F(xo,a+) — F(xo,a); this explains the meaning of the condition z¢ + F(x¢,a+) — F(xg,a) € B.

3 An Osgood-type existence theorem

In this section, we prove an Osgood-type existence theorem for abstract generalized differential equations.
Unfortunately, the finite-dimensional proof presented in [32, Theorem 4.2], which makes use of Helly’s
choice theorem, is no longer applicable. Our proof is based on the following lemma, which says that a right-
hand side F' € F(B X [a, b], h1, ho,w) can be approximated by a function F which is in a certain sense close
to F'. Moreover, F. has the property that for every x € B, there is a neighborhood U(z) and a constant
L(z) > 0 such that the restriction of F. to U(z) X [a,b] is an element of F(U(x) x [a,b], k1, L(z)h1,w1),
where wy(r) =r, r > 0.



Lemma 3.1. Let B be an open subset of X and G = B x [a,b]. Consider a function F : G — X such
that F € F(G, hy,ho,w). Then, for every ¢ > 0, there exists a function F. : G — X with the following
properties:

1. ||[(F = F)(z,t2) — (F — Fo)(z, t1)|| < e(ha(te) — ha(t1)) for all z € B, [t1,ts] C [a,b].
2. ||Fe(x,ta) — Fe(a, t1)|| < ha(t2) — ha(ta) for all x € B, [t1,t2] C [a,b].
3. For every x € B, there exist a neighborhood U(x) and a constant L(x) > 0 such that
1F=(ys t2) = Fely,t1) — Fe(z,t2) + Fe(z, 00) || <y — 2[|L(2) (ha(t2) — 7 (t1))
for ally,z € U(x), [t1,t2] C [a,b)].

Proof. There exists a § > 0 such that w(d) < e. For every x € B, let Us(z) = {y € B; ||z — y| < §/2}.
Clearly, the system {Us(x); x € B} is an open cover of B. Using the fact that every metric space is
paracompact (see e.g. [30] or [4, Corollary 2.2]), we conclude that {Us(z); © € B} has a locally finite open
refinement {W;; j € J}; that is, the system {W;; j € J} is an open cover of B, every W, is contained in
Us(x) for a certain x € B, and every x € B has a neighborhood V(z) that intersects only finitely many
sets W.

Let {¢;; j € J} be a partition of unity subordinated to {W}; j € J}, i.e., a collection of functions such
that for every j € J, the support of ¢; is contained in W;, and Z]EJ pj(x) =1 for every € B. The
existence of such a partition of unity follows from paracompactness again (see e.g. [4, Proposition 2.3]).
Moreover, it is known that the functions ¢; can be chosen to be locally Lipschitz continuous; the standard
way of achieving this goal (cf. [23, Lemma 1]) is to let

’Q/JJ(LU) _ {d(a:,BW]), S Wj
O, T ¢ Wj
(where d denotes the distance between a point and a set), () = >_,c ; ¥;(2), and finally ¢;(z) = wf((z))
It is not difficult to verify that the functions ¢, are Lipschitz continuous with the Lipschitz constant equal
to 1, v is locally Lipschitz continuous (because {W;; j € J} is locally finite), and ¢, are locally Lipschitz
continuous.
Now, for every j € J, choose an arbitrary w; € W;, and let

ZQOJ F(wj,t), xze€B, te&l]a,b.
jed

We claim that F. possesses the three properties listed in the statement of the theorem. Indeed, for all
x € B and [t1,t2] C [a,b], we have

||(F—F5)(l‘,t2)—(F—F Z, tl Z(pj x tg)—F(’UJj,tz)—F(Qj,tl)—FF(wj,tl))
jed
<Y @i (@)|F (@, ta) = F(wj, t2) = F(,t1) + Flwy, t1)[ < @ (@)w(l|lz — w;|) (ha(ta) — ha(tr)).
jeJ jeJ

Note that ¢;(x) is nonzero only for those j € J such that 2 € W;; in this case, both & and w; are elements
of Us(y). Thus ||z —w;|| <6, w(||z —w;|) < e, and we obtain the estimate

Y pi(@wlle = w;|)(ha(ta) = ha(tr)) < elhalts) = ha(t1)) D () = e(ha(ta) — ha(tr)).
JjeJ jeJ

Next, note that

IF- (@, t2) = Fe(a, 1) = || 0 (@) (F(wj, t2) = Fwy, 1)) | <D (@) (ha(ta) = ha(tr)) = hat2) = ha(ta).
jeJ jeJ

10



Finally, for every x € B, there exists a neighborhood U (z) that intersects only a finite number of sets from
the open cover {W;; j € J}, say k(z) of them. Without loss of generality, we can assume that U(z) is so
small that all functions ¢; whose support intersects U(x) are Lipschitz-continuous in U(z), i.e., satisfy

0i(y) = @i ()| < Cl@)lly = 2[I, v,z € Ulx)

for a certain constant C'(z) > 0. Then

IF-(y, t2) = Fo(y, t1) = Fo(2,t2) + F- (2, 00) | = | D (05 (v) — 0 (2)) (F(wj, t2) — F(wy, t1))
jeJ

< k(2)C(2)|ly = 2[(hi(t2) = ha(tr)),  y,2 € U(z), [t ta] C [a,b]. a

We are now ready to prove the promised existence-uniqueness theorem for abstract generalized differ-
ential equations. It generalizes Theorem 2.15, which corresponds to the special case when w(r) = r. Even
in that case, our theorem provides more information since it specifies a lower bound for the length of the
interval where the solution is guaranteed to exist.

Theorem 3.2. Assume that B C X is an open set, G = B x [a,b], F : G — X belongs to the class
F(G, hy,ha,w), where hy, hy are left-continuous, and
“odr

li = 3.1
vi>r(r)1+ v w(r) >0 (3.1)

for every u > 0.
If o € B is such that xo + F(xo,a+) — F(xo,a) € B, then the initial-value problem

d
L= DF(z,t), ()=, (3.2)
dr
has a unique local solution defined on a right neighborhood of a.
Moreover, if A > 0 is such that the closed ball
{z € X; ||z — (x0 + F(xg,a+) — F(z9,a))|| < h1(a + A) — hy(a+)} (3.3)
is contained in B, the solution is guaranteed to exist on [a,a + A].

Proof. Let A > 0 be an arbitrary number with the property described in the statement of the theorem
(since B is open, such a A always exists). Clearly, it is enough to find a unique solution of Eq. (3.2) on
the interval [a,a + Ag], where

AO = ll’lf{t S [a,a + A], hl(t) = hl(a + A)}
Indeed, if Ag < A and we have a solution z defined on [a, a + Ag], we can extend it to [a,a+ A] by letting
z(s) = z(a+ Ao) + F(z(a+ Ao), (a+ Ao)+) — Flz(a+ Ao),a+ Ao), s€ (a+Ao,a+Al

)
One can easily check that ||z(s) — z(a+)|| < h1((a+ Ag)+) — h1(a+), ie., z(s) lies in the closed ball (3.3).
Also, for every x € B, the function t — F'(x,t) is constant on (a+ Ay, a+A] (because h; is constant there).
According to Lemma 2.5, we have f;+A0 DF(xz(7),t) = F(z(a+ Ao), (a + Ao)+) — F(z(a+ Ag),a + Ag)
for all s € (a4 Ao, a + A]. It follows that

S

x(s):x(a—i—Ao)—i—/ DF(m(T),t):xo—f—/sDF(at(T),t), s€(atAoat Al

a+Agp

i.e., z is a solution of Eq. (3.2) on [a, a + A]; uniqueness follows from Theorem 2.14.
To show the existence of a unique solution on [a,a + Ag], it is sufficient to prove the existence of
a unique solution on [a,a + A4] for every Ay € (0,Ap). Then we have a unique solution on [a,a + Ag),

11



which can be extended to [a,a + Ag] using Lemma 2.11. The assumption z((a + Ag)—) € B from the
lemma will be satisfied, because ||z(t) — z(a+)|| < h1(t) — h1(a+) for all ¢ € [a,a + Ap), and thus the
values z(t), t € [a,a + Ag) lie in the closed ball (3.3).

Let A; € (0,Ap) and note that h1(a + A) — hi(a + A1) > 0. We claim that for every € > 0 satisfying

g(ha(a+) — ha(a)) < hi(a+ A) — hi(a+ Ay), (3.4)

there exists a unique solution = : [a,a + A;] — X of the initial-value problem

dz = DF.(x,t), z(a)=xo, (3.5)
dr

where F. is the function obtained from Lemma 3.1. To prove this, let C' be the set of all ¢ € [a,a + A4]
such that (3.5) has a unique solution z on [a, c]. Clearly, C' is nonempty (because a € C') and closed (this
is a consequence of Lemma 2.11). Our goal is to show that C' = [a,a + A4], which can be accomplished by
proving that C' is open in [a,a+ A1]. To this end, it is necessary to show that for every ¢ € [a,a+ A1) NC,
the unique solution = of (3.5) defined on [a, ¢] can be always extended to a larger interval. Let

Te = a(c) + Fe(x(c), c+) — Fe(x(c), ).
Using the properties of F; listed in Lemma 3.1 and (3.4), we get
HfEc - ((EO + F(.’Eo, (L+) - F({E(), a))”

< |[Ze = (wo + Fe(zo, at) — Fe(wo, a))|| + [ Fe (w0, a+) — Fe(zo, a) — F(zo, at) + F(xo, a)||
< lz(e) — z(at)|| + |Fe(z(c), c+) = Fe(z(c), o) || + e(ha(at) — ha(a))
< hi(e) = hi(a+) + hi(c+) — hi(e) + hi(a+ A) — hi(a + Ay) < hi(a+ A) — hi(a+),
ie., Z. € B. By Lemma 3.1, there are a neighborhood U(Z.) of the point Z. and a number L(Z.) > 0
such that F, € F(U(Z.) X [a,b], h1, L(z)h1,w1) C F(U(Z.) X [a,b], (1 + L(x))h1,w1). We would like to use
Theorem 2.15 find a unique local solution of % = DF_(z,t) defined on a right neighborhood of ¢, whose

value at ¢ is z(c). If z(c) € U(Z.), all assumptions of the theorem are satisfied. If z(c) ¢ U(Z.), it is
enough to find a local solution of the equation

YDA, ¥ =5

where F.(y,¢) = F.(y,c+) and F.(y,t) = F.(y,t) for all y € U(Z,), t € [, b]; note that F. € F(U(i.) X
[e,b], (1 + L(z))h1,wi). Then, extend the solution z of (3.5) from [a,c] to a larger interval by letting
x(t) = y(t) for t > c¢. This extended function = has the correct jump at ¢, and is a solution of (3.5) on
a right neighborhood of c.

Let ng € N be such that nio(hg(a—i—) —ha(a)) < hi(a+A) —hi(a+ Ay). We have proved that for every
integer n > ng, there exists a function ,, : [a,a + A;] — X satisfying

Tn(8) =20 + /S DFyp(2,(7),t), s € [a,a+ Aq]. (3.6)

For each pair of integers m,n > ng, we obtain

Tn(8)—Tm(s /D (Fijn—F /D (Tn(T),t)— F(xm(T),t)}+/sD[(F—Fl/m)(ccm(r),t)].

Lemma 2.4 implies

fmwﬂw—FuMﬂwﬂs/lw%m—mﬁmmmw,sema+mL
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and Lemma 2.3 gives the estimate

|[ Dt - Pl < 220 e oo A bz
Consequently,
fon(s) (o) < [ llon®-amO]) dha(t)+ Ga(®)=hafa)) (5 + ) s € ot il mn>no

For an arbitrary ug > 0, the function
o) = [ —dn we 0.
u) = ——dr, wu , 00),
uo w(r)

is continuous, increasing, o = lim,_ 04+ Q(u) = —o0, and S = lim, 4 Q(u) < co. Hence, the inverse
function Q! is increasing on its domain (—oo, 3). For m, n sufficiently large, we have

Q ((hg(b) ~ ha(a)) (i + ;)) + ha(b) — hala) < B,

and it follows from Theorem 2.13 that
1 1
foa(s) = ()] < 07 (0 ()~ o) (5 + ) ) +1a0) = ha(@) ) s € faat Al

As m, n increase, the argument of Q! tends to —oo, and therefore the whole right-hand side approaches
zero. Thus {xy, }n>n, is a Cauchy sequence in G([a,a + A4], X), and has a limit 2 : [a,a + Aq] = X.
Observe that lim, e [ DFy (2 (7),t) = [7 DF(z(7),t) for every s € [a,a + A4], because

/:D[Fl/n(asn(f),t) - F(I(T)’t)]H <

/:D[(Fl/n - F>(mn(T>’t)]H n ’

[ piFtan).0 - Far). o

- M +/Sw(||xn(t) —a(t)]) dha(t) <

and the last expression approaches zero as n — oo.
By letting n — oo in Eq. (3.6), we see that z is a solution of S—f = DF(x,t) on [a,a + A1]; uniqueness
follows from Theorem 2.14. O

h2(8) — h2(a’) + w(

[2n = ]|oo) (ha(s) — ha(a)),

Remark 3.3. We have just proved that the condition
{z € X; ||z — (zo + F(zo,a+) — F(xo,a))|| < hi(a+ A) —hi(a+)} C B

guarantees that the local solution exists on [a,a + A]. However, assume that we a priori know that the
solution of ¢ = DF(z,t), z(a) = xo, never leaves a certain set ¥ C X. Then, an inspection of the
previous proof shows that it is enough to verify the following two conditions:

o If z €Y and ||z — (xo + F(x0,a+) — F(x0,a))|| < hi(a+ A) — hi(a+), then z € B.
elfzreY andt€ [a,a+ A), then z + F(z,t+) — F(z,t) €Y.

We will use this observation in the proof of Osgood theorem for measure functional differential equations.
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4 Continuous dependence

Following the usual convention, we state our continuous dependence theorems for sequences of initial-value
problems of the following form:

d{Ek ~

T = DFy(xg,t), tE€]lab], zr(a)=2k, k€N, (4.1)
where Fj, — Fy and ) — Zo for Kk — oo. However, the results may be easily adapted to initial-value
problems where the right-hand side as well as the initial condition depends on a parameter A € A (for
example, A can be a metric space):

% = DF(xx,t,A), te€lab], zxla)=2(A), €A,
where F(z,t,A\) = F(z,t, ) and &(\) = Z(Ag) for A — Ag.
In this paper, we are interested in sequences of problems of the form (4.1), where all the right-hand sides
Fy; are elements of F(G, h,w) for a fixed pair of functions h, w. In particular, our goal is to investigate
infinite-dimensional counterparts of the following two finite-dimensional theorems, which can be found
in [32] (see Theorems 8.2 and 8.6 there).

Theorem 4.1. Let B C R", G = B X [a,b], and consider a sequence of functions Fy, : G — R™, k € Ny,
such that

khm Fk(x,t) = Fo(x,t), (.’lﬁ,t) €q.

— 00

Assume that Fy, € F(G,h,w) for every k € Ny. Finally, suppose there exists a sequence of functions
xg ¢ [a,b] = B, k € Ny, such that
dl‘k

— = DF;
ar k(l‘k,t), te [a,b], keN,

and limg_, o0 2k (8) = x0(8) for every s € [a,b]. Then

d

&o _ DFy(xo,t), tE€ Ja,bl.

dr
Theorem 4.2. Let B C R", G = B X [a,b], and consider a sequence of functions Fy, : G — R™, k € Ny,
such that

khm Fk(x,t) = Fo(&?,t), (.’I},t) €q.
—00

Assume that Fy, € F(G, h,w) for every k € Ny, where h is left-continuous. Suppose that Tg € B and
xo : [a,b] = B is a unique solution of

d

L~ DFy(x,t), (a) = 0.

dr
Finally, assume there exists a p > 0 such that ||y — xzo(s)|| < p implies y € B whenever s € [a,b] (i.e.,
the p-neighborhood of xg is contained in B). Then, given an arbitrary sequence &) € R™, k € N, such that
limg o0 T = Zo, there is a kg € N and a sequence of functions xy, : [a,b] = B, k > ko, which satisfy

% = DFk(xk»t)a te [aab]v xk(a) = Ty. (42)

Moreover, limy_, o0 1 (8) = x0(8) for every s € [a, b].

We start by deriving an infinite-dimensional version of Theorem 4.1. The finite-dimensional proof given
in [32] makes use of Helly’s selection theorem (which is no longer valid in infinite dimension), but only to
conclude that the limit function has bounded variation. Fortunately, this is easy to prove without Helly’s
theorem. Moreover, our proof does not depend on this fact because we have generalized Lemma 2.9 to
regulated functions. Otherwise, the main idea of the proof is similar to the proof from [32].
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Note the remarkable fact that (thanks to Lemma 2.9 and Theorem 2.2) the conclusion of our theorem is
stronger than in the original finite-dimensional version: we prove the uniform convergence of the sequence
{zr}72,. The theorem also generalizes Theorem A.3 from [1], since we do not assume that h is left-
continuous and has only finitely many discontinuities (although these assumptions are not mentioned
explicitly in the statement of Theorem A.3, they can be found at the beginning of Appendix A in [1], and
are needed in the proof of Theorem A.3).

Theorem 4.3. Let B C X, G = B X [a,b], and consider a sequence of functions Fy, : G — X, k € Ny,
such that
lim Fy(x,t) = Fo(z,t), (z,t) € G.

k—o0

Assume that Fy, € F(G,h,w) for every k € No. Finally, suppose there ezists a sequence of functions
i la,b] = B, k € Ny, such that

%:DFk(xkvt)’ te [a’b]’ keN,
T

and limy 00 1 (8) = x0(8) for every s € [a,b]. Then

dl’o

dr = DFo(.To,t)7 te [a,b}.

Moreover, the sequence {xy}52 is uniformly convergent to x.

Proof. We know that
2k (s) = zx(a / DFy(z(7),t), s€la,b], keN,
and our goal is to prove that
zo(s) = zo(a / DFy(xo(1),t), s € Ja,b]. (4.3)

Clearly, it is enough to show that limg_, f DFy(xk(T) f DFy(xo(1),t) uniformly with respect to
s € [a,b]. The assumption Fy € F(G,h,w) together Wlth Lemma 2.3 imply

2k (8) — ze(@)|| < h(B) —h(a), keN, [a,fB]C[a,b].
Passing to the limit k& — oo, we obtain
[z0(8) — zo(a)[| < h(B) — h(a), [o, f] C [a,b].

Since h is regulated, it follows that zq is regulated as well. (In fact, it is clear that xy has bounded
variation.) By Lemma 2.7, the integrals fab DFy(xo(7),t) and f: DFy(zo(7),t) exist. We have

/DFk k(T /DFO xo(T /DF;C g (7),t) — Fy(zo(T /DFk xo(7),t) — Fo(zo(1),1)].

We need to show that both integrals on the right-hand side are convergent to zero for £ — oo, and that
the convergence is uniform with respect to s € [a,b]. For the second integral, this is a consequence of
Lemma 2.9. The first integral can be estimated using Lemma 2.4:

[ Dt - Bt 0] < [ llontr) ~ an(o)l) antr)
a a
Observe that the sequence of functions {z, — x0}72 ; is uniformly bounded, because

[2x(s) = zo(s)l| < llzn(s) — zx(a)l| + [zr(a) = wo(a)[| + [lzo(a) — wo(s)[| < M, k€N, s € a,b],
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where M = 2(h(b) — h(a)) + supgey ||zr(a) — zo(a)||. Since w is continuous, the assumptions of the
dominated convergence theorem for the Kurzweil-Stieltjes integral (see [32, Corollary 1.32]) are satisfied,
and we get

S

lim w(||zk (1) — zo(7)|) dh(r) = / lim w(||zg(7) — 2o(7)]|)dR(T) =0, s € [a,b].
k—oo J, q k—oo

Let oi(s) = [7 w(l|lzk(T) — zo(7)|]) dh(T), s € [a,b], k € N. We know that ¢, — 0 for k — oo, and it
remains to check that the convergence is uniform on [a,b]. To this end, it is enough to verify that every
subsequence of {¢}72, has a subsequence which is uniformly convergent to zero. (Then it follows easily
that {¢r}72, itself is convergent to zero; otherwise, we could find an € > 0 and a subsequence {¢g, }72,
such that ||k, ||cc > €, which is a contradiction.) For every k € N, we have ¢ (a) =0, and

B
lok(B) — er()] = / W[z (1) = zo(7)[) dh(7) < w(M)(A(B) - h(e))

whenever [«, 8] C [a,b]. Therefore, the second condition of Theorem 2.2 is satisfied with n(r) = w(M)r
and K (t) = h(t)+t¢. By this theorem, every subsequence of {¢}}7° | has a subsequence which is uniformly
convergent to zero, and the proof is complete. O

Our next goal is to obtain an infinite-dimensional version of Theorem 4.2. The proof given in [32] is
again based on Helly’s selection theorem. This time, there seems to be no simple way to avoid it, and
we have to follow a different approach. Moreover, one cannot expect to prove an infinite-dimensional
version of Theorem 4.2 under the same assumptions as in the finite-dimensional case. The reason is that
in Theorem 4.2, the assumption Fy, € F(G, h,w) guarantees the local existence of solutions to Eq. (4.2) for
all sufficiently large k € N (see [32, Chapter 4]). Unfortunately, this is no longer true in a general Banach
space. Example 4.5 shows that Theorem 4.2 fails in infinite dimension; the construction is based on an
example from J. Dieudonné’s paper [9], where he demonstrated that Peano’s existence theorem need not
hold in infinite-dimensional spaces.

First, we need the following inequality.

Lemma 4.4. If z,y € R, then [\/|z| — /|y|| < |z — y|

Proof. The function f(z) = \/z is concave and f(0) = 0; hence, f is subadditive on [0, c0).
Given an arbitrary pair z,y € R, we have

Vil = \/lx—y+y| < Ve =yl + 1yl < Viz —yl+ Iy,
and therefore \/|z| —+/|y| < v/|x — y|. A similar reasoning leads to the inequality /|y| —+/|z| < /|y — |,
D

which completes the proof.

Example 4.5. Let ¢y be the space of all real sequences {z,}52, such that lim,, . 2, = 0; this space is
equipped with the supremum norm. For an arbitrary A € R, define the mapping f\ : cg — ¢¢ by

n+1

1 oo
=
=0
Consider the abstract differential equation

2(t) = f(z(t), t>0, z(0)=0. (4.4)

For A = 0, the equation has the unique solution x(¢) = 0 for ¢ > 0. On the other hand, for A > 0, the
equation is not even locally solvable. For contradiction, assume that x = {x,,}22, is a solution defined on
[0,b] for some b > 0. Then

%(t)—A( |xn()|—|—_1|_1> te[0,b), x,(0)=0, neN.
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By the comparison theorem for initial-value problems, we get x,(t) > v, (t), where y,, is any solution of

Yn(t) = M |ya ()], t€[0,0],  y.(0) = 0.

One solution of the last equation is y,(t) = (A\t)?/4, and therefore z,,(t) > (A\t)?/4. For ¢ > 0, this is in
contradiction with the fact that lim,,_ . z,(t) = 0.
For any A > 0 and x,y € ¢y, we have

1
5@l = sup AVl + | < AT+ ) (45)
nENg n + 1
1f2(z) = fa@)ll = Sup AV zn| = Vlynll < Sup MWlen = yal = 2/ [lz = yll. (4.6)
n 0 n 0
These inequalities guarantee that the initial-value problem (4.4) is equivalent to

dx
= DFy\(z,t), t>0, x(0)=0, (4.7)

-

where Fy(z,t) fo falz)ds = tfx(x); see [32, Theorem 5.14] (the proof in infinite dimension is the same
as the finite- dlmenslonal one, the only exception is that one has to rely on our Lemma 2.6 instead of its
finite-dimensional counterpart). Hence, Eq. (4.7) has a unique global solution for A = 0, and no local
solutions for A > 0.

Now, let A\g = 0 and let {)\k}zil be any sequence of positive real numbers such that limy_ ., Ax = 0.
Also, suppose that b > 0 and B C ¢y is an arbitrary bounded set containing the zero element. Clearly,

lim F, (z,t) = F),(z,t), (z,t) € B x[0,b].

k—oc0

Our final goal is to verify that Fy, € F(B x [0,b], h,w) for all k € Ny. It follows from (4.5) and (4.6) that
1P (ot2) = P (o)l = (2 = )3, ] < (62 = 10) (sup Dl ) (sum T +1).
c xe
| Fx, (2, t2) — Fx (2, t1) — Fx, (y, t2) + Fx, (y, t1)|

= (ty — 1) (@) — S, )] < (t2 — 1) (i‘ég m) Tl

whenever x,y € B and [t1,t2] C [0,b]. This proves that Fy, € F(B x [0,b], h,w) with
h(t) =t (sup |)\k|) (sup Vil + 1)
keN zeB

and w(r) = /7, and shows that Theorem 4.2 is no longer true in infinite dimension.
The following lemma will be needed in the proof of our continuous dependence theorem.

Lemma 4.6. Let B C X, G = B x [a,b], and consider a sequence of functions Fy, : G — X, k € Ny, such
that

lim Fy(x,t) = Fo(z,t), (z,t) € G.

k—o0

Assume that Fy, € F(G,h,w) for every k € Ny, where h is left-continuous and lim, o+ f = oo for

every u > 0. Suppose that for every k € Ny, xy, : [a,b] — B satisfies

v W

% = DE(zp,t), telab], wi(a) =y,

where limy_, o0 T, = Zo. Then {x}72, is uniformly convergent to o on [a,b).
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Proof. For every s € [a,b] and k € N, the integral f; DFy(xo(7),t) exists by Lemma 2.7, and we obtain

/ DFO wo / DFk mk )H

Choose an arbltrary € > 0. There exists a ko € N such that ||x0 — Zy|| < e/2 and

[zo(s) — 2z (s)| < 1To — Tnll +

< || — Tx|| +

/DFO (zo(r /DFk wo(T )H<g/2

for every k > ko (the second statement follows from Lemma 2.9). These facts together with Lemma 2.4
imply that

S

IIxo(S)—xk(S)HSSJr/ w(llzo(t) =z ()[) dn(t), K =ko, s € [a,b].

a

By letting ¢r(s) = ||zo(s) — zx(s)||, s € [a, ], the last inequality can be rewritten as

Vn(s) < e+ /Sw(z/)k(t)) dh(t), k> ko, € lab].

For an arbitrary ug > 0, the function

vl
Q(u)/u()w(r)dr’ u € (0, 00),

is continuous, increasing, a = lim, o4 Q(u) = —oo, and S = lim, 400 2(u) < co. Hence, the inverse
function Q7! is increasing on its domain (—oo, 3). Without loss of generality, we can assume that ¢ is so
small that Q(e) + h(b) — h(a) < 8. It follows from Theorem 2.13 that

Yr(s) < Q7HQ(e) + h(s) — h(a)) < Q HQ(e) + h(b) — h(a)), s€a,b], k> ko.

For ¢ — 0+, we have Q(g) +h(b) — h(a) — —oo, and therefore Q=1 (2(e) + h(b) — h(a)) — 0; this completes
the proof. O]

We now proceed to an infinite-dimensional counterpart to Theorem 4.2. In comparison with that
theorem, we restrict ourselves to the case lim, o+ f w(r) = oo for every u > 0; by Theorem 2.14, this
guarantees uniqueness of solutions. The proof is similar to the proof of Theorem 8.6 in [32], but the part
which was originally based on Helly’s selection theorem is now different and uses Lemma 4.6 instead.
Also, the new Theorem 3.2 is needed in the proof. Again, the conclusion is stronger than in the original

finite-dimensional version (we get uniform convergence of solutions instead of pointwise convergence).

Theorem 4.7. Let B C X, G = B X [a,b], and consider a sequence of functions Fy, : G — X, k € Ny,
such that
lim Fy(x,t) = Fo(z,t), (z,t) € G.

k—o0

Assume that Fy, € F(G,h,w) for every k € Ny, where h is left-continuous and

. “odr
vli%lJr[J wr) > (48)

for every uw > 0. Let g : [a,b] — B satisfy

dzx -
diTO = DF()(LBQ,t), .’L‘o(a) = Xg-

Finally, assume there exists a p > 0 such that ||y — xo(s)|| < p implies y € B whenever s € [a, b].

18



Then, given an arbitrary sequence Ty € X, k € N, such that limy_, o T, = To, there is a kg € N and
a sequence of functions xy, : [a,b] — B, k > ko, which satisfy
dl’k ~

. = DFk(l‘k,t), t e [a,b], zk(a) = Ty.

Moreover, the sequence {x}R2,, s uniformly convergent to xo on [a,b].

Proof. It follows from the assumptions that
|1 Fr (T, at) — Fi(Zk, a) — Fi(Zo, at) + Fi(Zo, a)|| < w([|Zx — Zol|)(h(a+) — h(a)) — 0
for k — oco. According to Lemma 2.8, we have Fj(Zg,a+) — Fy(Zo,a+) for k — oo. Therefore, we get
Fi(Zo,a+) — Fy(Zo,a) = Fo(Zo,a+) — Fo(Zo,a),
and consequently

kli_}rn (T + Fi(Zk, a+) — Fi(Zx,a)) = Zo + Fo(Zo, a+) — Fo(Zo,a) = zo(at+) (4.9)
(the last equality follows from Lemma 2.10).
Choose a § > 0 such that h(a + &) — h(a+) < p/2. If y € X satisfies ||y — zo(a+)|| < p/2, then

lly —zo(a+ )| < ly — zo(at)|| + [[zo(a+) — zo(a+ )| < p/2 4+ h(a + &) — h(a+) < p,

and therefore y € B, i.e., the p/2-neighborhood of zy(a+) is contained in B. This observation together
with (4.9) imply the existence of a ko € N such that the values

g + Fip(Zg, a+) — Fr(Zg,a), k> ko,

together with their p/4-neighborhoods, are contained in B. Moreover, we can assume that & € B for all
k > ko. By Theorem 3.2, there exist a A > 0 and a sequence of functions zy, : [a,a + A] = B, k > ko,

such that

d
% = DFy(ar,t), t€la,a+A], xi(a) =ik, k>ko (4.10)
.

(note that Theorem 3.2 requires the set B to be open; if necessary, we can replace our B by the open
p-neighborhood of z¢). According to Lemma 4.6, the sequence {z}}72; is uniformly convergent to zo.

Up to this point, we have verified the statement of the theorem on the interval [a,a + A]. For contra-
diction, assume that the theorem does not hold on the whole interval [a, ], i.e., there exists a ¢ € (a,b)
such that the theorem holds on [a,d] for every d < ¢, but not on [a,d] with d > ¢. For every k > ko, it
follows from Lemma 2.3 that

lex(v) = zp(w)]| < h(v) = h(u),  [u,0] Cla,c), keN.

Now, the existence of lim,_,._ h(s) implies the existence of lims . xx(s) for every k € N. By letting
xi(c) = xzp(c—), we see that for all k& > ko, Eq. (4.10) has a unique solution defined on the closed interval
[a,c]. According to the Moore-Osgood theorem, we also have limy_, oo 1 (¢) = lims_yc— 2o(s) = zo(c). We
can now follow the argumentation from the first part of the present proof with a replaced by ¢ to conclude
that the theorem holds on an interval [a,d] with d > ¢, which is a contradiction. O

We conclude our discussion of continuous dependence theorems for generalized differential equations
with two remarks:

e In this section, we were interested in continuous dependence theorems for sequences of equations
where all the right-hand sides F), : G — X, k € Ny, are elements of the same class (G, h,w). In the
finite-dimensional case, there exist theorems applicable in the situation when F}, € F(G, hi,w) and
the sequence {hy}7° , satisfies some additional conditions; see [32, Theorem 8.5], [32, Theorem 8.8],
[15, Theorem 2.4], and [15, Theorem 2.6]. Therefore, it is natural to ask whether these results
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remain valid in infinite dimension. It is not difficult to check that the answer is affirmative in case
of [32, Theorem 8.5] and [15, Theorem 2.4], which are similar to Theorem 4.1, and their original
proofs are still applicable without any changes. On the other hand, [32, Theorem 8.8] and [15,
Theorem 2.6], which are similar to Theorem 4.2, are not true in infinite dimension; again, the reason
is that the assumption Fj € F(G,hi,w) no longer guarantees local existence of solutions when
w :[0,00) — [0,00) is an arbitrary increasing continuous function (cf. Example 4.5). We leave it as
an open problem to find out whether the infinite-dimensional counterparts of these two theorems are
valid under the additional assumption lim, o4 fvu dr_ — o0,

w(r)

e In his recent book [21], J. Kurzweil considered abstract nonlinear generalized equations of the form
z(s) = z(a) Jr/ DF(x(7),7,t), s€ la,b], (4.11)

where the integral on the right-hand side is the strong Kurzweil integral (see [21, Chapter 14]). On
one hand, his equations are more general because F' can depend explicitly on 7. On the other hand,
strong Kurzweil integrability is a more restrictive property that ordinary Kurzweil integrability.

In [21, Lemma 23.8], we find a continuous dependence theorem for equations of the form (4.11). In
the special case when the right-hand side F' does not depend on 7, J. Kurzweil’s four conditions
(23.2)—(23.5) reduce to the two inequalities

[F(z,t2) — F(z,t1)|| < (14 [[z[)((t2) — (1)), x € B, [t1,t2] C [a,b], (4.12)

[ (2, o) = F (2, t) = F(y, t2) + F(y, 1) || < o —y[[(@(t2) =@ (t1)), 2,y € B, [t t2] C [a, 8], (4.13)

where ® : [a,b] — R is a nondecreasing left-continuous function. Note that the theorem in [21] is
stated for B = X, but remains valid for any B C X. For example, an ordinary differential equation
with a locally Lipschitz-continuous right-hand side is equivalent to a generalized differential equa-
tion whose right-hand side F' satisfies (4.13) only locally. Also, solutions of generalized differential
equations are regulated, and therefore bounded on compact intervals. Thus, the situation when B
is bounded is quite natural. In this case, it is not difficult to check that the conditions (4.12), (4.13)
hold if and only if F € F(B X [a,b], h,w1), where wy(r) = r for all » > 0. Therefore, J. Kurzweil’s
theorem is seemingly similar to our Theorem 4.7 with w = wy, but its precise formulation is different:
The theorem starts with two right-hand sides Fy, Fy : B X [a,b] — X satisfying the inequality

|1 (z,t2) — Fi(w,t1) — Fa(w, t2) + Fa(z, t1) || < (14 [|2])(2*(t2) — ©*(t1)),

for all € B and [t1,t3] C [a,b], where ®* : [a,b] — R is a nondecreasing left-continuous function.
Then, assuming that x1, x5 : [a,b] — X satisfy ’%f;’ = DF;(z;,t) and z1(a) = z2(a), the theorem
provides an estimate of the form ||z — 22]ec < C(®*(b) — ®*(a)).

5 Measure functional differential equations

As an application of our results for abstract differential equations, let us study the well-posedness for
measure functional differential equations of the form

y(t) = y(to) + t f(ys,s)dg(s), t€ [to,to+0l, (5.1)

where y and f take values in R™, and the integral on the right-hand side is the Kurzweil-Stieltjes integral
with respect to a nondecreasing function g : [tg,tg + 0] — R. These equations generalize other types of
functional equations, such as classical functional differential equations, impulsive functional differential
equations, or functional dynamic equations on time scales (see [10, 11]). In [10], it was shown that
there is a one-to-one correspondence between measure functional differential equations with finite delay
and generalized ordinary differential equations whose solutions take values in certain infinite-dimensional
spaces. In [37], this correspondence was extended to equations with infinite delay and axiomatically
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described phase space. For simplicity, we do not discuss general phase spaces as in [27, 37], but restrict
ourselves to the phase space G((—o0, 0], R™).

The correspondence between measure functional differential equations and generalized ordinary differ-
ential equations is constructed as follows: We take B C R", O = G((—o0,to + 0], B), P = G((—0,0], B),
and consider a function f : Px [tg, to+0] — R™ (note that x; € P whenever € O and t € [tg,t9+0]). Now,
under certain assumptions, Eq. (5.1) is equivalent (in a sense described below) to the abstract generalized

ordinary differential equation

jﬁ = DF(xz,t), t¢€ [to,to+ 0], (52)
-

in the Banach space X = G((—o0,ty + o], R™), where the solution z takes values in O C X, and the
function F': O x [tg, tg + o] = X is given by

07 _OO<19§t0,
F(.T,,t)(ﬂ) = f:z f(xm S) dg(s), to < 9 <t< tO + o0, (53)
Ji flas,s)dg(s), t<v9<to+o

for every z € O and t € [to,to + o].
At this moment, we need the following conditions concerning the function f:

(A) The integral ft °+U flye, ) dg(t) exists for every y € O.

(B) There exists a function M : [tg,to + o] — [0, 00), which is Kurzweil-Stieltjes integrable with respect

to g, such that
/ f(ye, ) dg(t)

(C) There exists a function L : [to,to + o] — [0, 00), which is Kurzweil-Stieltjes integrable with respect
to g, and a continuous increasing function w : [0,00) — [0, c0) such that w(0) = 0,

The next lemma is a straightforward generalization of [37, Lemma 3.4], which corresponds to the special
case w(r) = r.

/M )dg(t), ye€O, J[a,b]C[to,to+ o]

b b
/(f(yt,t)—f(zt,t))dg(t) S/ L)w(lly:e = ztlloo) dg(t),  y,2 € O, [a,b] C [to, to + o].

Lemma 5.1. Assume that B C R", O = G((—o0,ty + 0], B), P = G((—0,0],B), g : [to,to + 0] = R is
a nondecreasing function, f : P X [tg,to + o] — R™ satisfies conditions (A), (B), ( ) Then, the function
F:0x [to,to + 0] — G(( 00,t0 + U} R™) gwen by (5 3) is an element of F(O X [to,to + 0], h1, ha,w),
where hy(t ft ) and ha(t fto s) for all s € [to, to + o).

Proof. Condition (A) guarantees that the integrals in the definition of F' exist. When [s1, s2] C [to, o+ 0],
we have
0, —o0 < 7 < 89,

F(y,s2)(7) = Fy,s1)(7) = q [o, f(ys,5)dg(s), s1<7 < s,
‘/’:12 f(y37 5) dg(s), s <7<ty +o

for every y € O. Using condition (B), we get

1F(y, 52) = F(y, 81)lle0 = sup |[[F(y, 52)(7) = F(y,s1)(7)[| =

TE[s1,82]
/fya, )dy(s

= sup
TE[s1,82]

/M ) dg(s) = ha(s2) — ha(s1).
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Similarly, condition (C) implies that for every y, z € O, we have

HF(y’SQ) - F(yvsl) - F(Z’SQ) + F(Zasl)HOO

= sup |[|F(y,s2)(7) = F(y,s1)(7) = F(2,52)(7) + F(z,81)(7)[| = sup

TE[s1,52] TE[s1,52]

< / " L)l — zlloo) dgs) < w(lly — 2lo0) ( / N L(s)dg<s>) = w(lly — o) (ha(s2) — ha(s1)). O

S1 S1

[ ) = 1) agls)

S1

The next two theorems describe the precise relationship between solutions of the measure functional
differential equation (5.1) and solutions of the generalized differential equation (5.2).

The proofs for the special case w(r) = r can be found in [37]. In the general case, the proofs require
some small modifications that are described below.

Theorem 5.2. Assume that B C R"™ is open, O = G((—o0,tg + 0|,B), P = G((—,0],B), ¢ € P,
g : [to,to + 0] = R is a nondecreasing function, f : P X [tg,to + o] — R™ satisfies conditions (A), (B), (C),
and F : O X [tg,to + o] = G((—o0,tg + o], R™) is given by (5.3).

If y € O is a solution of the measure functional differential equation

t
W) = ylto)+ [ Flues)dgls), 1€ finto +o],
to
Yto = ¢7
then the function x : [tg,to + o] — O given by

y(ﬁ)a 19 c (—OO, t]a

y(t), €[t to+ ]

is a solution of the generalized ordinary differential equation (5.2).

Proof. A proof for the special case w(r) = r can be found in [37, Theorem 3.6]. In the general case, it is
enough to modify the proof from [37] as follows:

Given an ¢ > 0, there exists an rg > 0 such that w(r) < ¢ for all » € [0,79]. The function h(t) =
ftto M (s) dg(s) has only finitely many points ¢ € [to, to + o] such that ATh(t) > ro; denote these points by
t1,...,tm. Find a gauge ¢ : [to,to + o] — R such that

tp — ti—
5(7’)<min{k2kl, kz?,...,m}7 T € [to,to + o],

() <min{|r —tg|; k=1,...,m}, 7€ [to,to +o]\{t1,. -, tm},

te+0(tk)
[ s, — sl agts) < ke {l,....m),

ty

e
2m +1’
”y(p) - y(T)” <rgp, TE [thtO + 0}\{7517 s ’tm}a pE [7—77— + 6(7_))

Then proceed as in [37] with obvious modifications. O

Theorem 5.3. Assume that B C R™ is open, O = G((—o0,tg + 0|,B), P = G((—0,0],B), ¢ € P,
g : [to,to + 0] = R is a nondecreasing function, f : P X [tg,to + 0] = R™ satisfies conditions (A), (B), (C),
and F : O X [tg,to + 0] = G((—o0,tg + o], R™) is given by (5.3).

If x : [to,to + 0] — O is a solution of the generalized ordinary differential equation (5.2) with the initial
condition
¢(’l9 — to), ¥ e (—OO7 to],

x(to) (V) = {QS(O), 9 € [to, to + o],
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then the function y € O defined by

_ Jz(o)(?), V€ (o0, ],
y(d) = {m(ﬂ)(ﬁ), 9 € [to, to + 0]

is a solution of the measure functional differential equation

t
y(t) = ylto) + t f(ys; s)dg(s), t € [to,to + o],
Y, = ¢

Proof. A proof for the special case w(r) = r can be found in [37, Theorem 3.7]. In the general case, it is
enough to modify the proof from [37] in the same way as described in the proof of Theorem 5.2, except
that the last condition on the gauge d should be replaced by

|h(p) — h(T)| <719, T € [to,to+o\{t1,-.-,tm}, p€E[r,7+(7)).
Then proceed as in [37] with obvious modifications. O

We now present an Osgood-type existence theorem for measure functional differential equations with
infinite delay based on Theorem 3.2. Our result generalizes [10, Theorem 5.3] and [37, Theorem 3.12],
which corresponds to the special case w(r) = r. Even in that case, our theorem provides more information
since it specifies a lower bound for the length of the interval where the solution is guaranteed to exist.

Theorem 5.4. Assume that B C R™ is open, O = G((—o0,tg+0], B), P = G((—0,0], B), g : [to,to+0] —
R is nondecreasing and left-continuous function, and f : P X [tg,to + o] — R™ satisfies conditions (A),
(B), (C), where the function w : [0,00) — [0,00) is such that

. /" dr
lim =00
v—=0+ /, w(’r)
for every u > 0.

If ¢ € P is such that ¢(0) + f(¢,t0)AVg(to) € B, then the initial-value problem

y(t) = y(tO) + /t f(y87 S) dg(5)7 t e [t07t0 + U]a Yty = ¢7 (54)

has a unique local solution defined on a right neighborhood of tg.
Moreover, if A > 0 is such that the closed ball

to+A

{z € R"; [lz — (#(0) + f(¢,t0) AT g(to))I| < / M(s)dg(s)} (5.5)

to+
is contained in B, the solution is guaranteed to exist on [tg,to + A].

Proof. According to Lemma 5.1, the function F' given by (5.3) is an element of F(O X [to, to+ 0], h1, ha,w),
where hy(t) = f:o M(s)dg(s) and ha(t) = f:ﬂ L(s)dg(s). Since g is left-continuous, hy and hs have the
same property.

By Theorems 5.2 and 5.3, the initial-value problem (5.4) is equivalent to

d
dii = DF(I,t), te [t07t0 + U]a l’(to) = Zo, (56)
where zg equals

. ¢(19 — t0)7 S (—()O,to}7
zo(?) {¢(0), 9 € [to to + o).
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The function F is regulated with respect to the second variable (this follows from the fact that F(O x
[to,to + o], h1, he,w), where h; is regulated). Thus for every t € [tg,to + o), the right-sided limit F(x,t+)
exists and F(x,t+)(9) = lims_o4 F'(z,¢ + 9)(¥). Using Theorem 2.12 and the definition of F' given in
(5.3), we obtain

0, ¥ € (—o0,t],
flxe, )Atg(t), U € (t,to+ o]

By Theorem 3.2, Eq. (5.6) has a unique local solution if z¢ + F(xo,to+) — F(z0,t) € O. Since

(F(z,t+) = F(z,)(0) = {

(;5(19 — t()), Y e (—OO,tQ],

(xo + F(xo,to+) — F(zo,t0))(V) = {¢(0) 4 f(é to)Atglte), 9 € (to,to + o],

the condition is satisfied if and only if ¢(0) + f(¢,t0)ATg(to) € B.
For every x € O and t € [to, to + o], F(x,t) vanishes on (—oo, tg]. Thus, the solution of (5.6) can never
leave the set
Y ={z € G((—o0,to + 0], R"); x(V) = ¢(I — to) for ¥ € (—o0,to]}.

By Remark 3.3, the solution is guaranteed to exist on [a,a + A] if the following statements hold:
o If z €Y and t € [tg,to + A), then z + F(x,t+) — F(z,t) € Y.
e Ifz €Y and ||z — (20 + F(xo,to+) — F(xo,%0))|| < h1(tg + A) — hy(to+), then x € O.

The first condition is clearly satisfied, because F(z,t+) — F(x,t) equals zero on (—oo,tg]. Also, we have
ha(to + A) — b (to+) = [1°F5 M(s) dg(s) and
0, 19 S (*OO, to},

(x — (zo + F(zo, to+) — F(zo,t0)))(9) = {x(ﬁ) — (B(0) + f(b,t0) At g(te)), I € (to, to + 0],

for every x € Y. Hence, the second condition is satisfied if the closed ball (5.5) is contained in B. O

Let us proceed to continuous dependence of solutions to nonlinear measure functional differential equa-
tions. The only theorem available in the literature is [10, Theorem 6.3], which applies to equations with
finite delay and is similar in spirit to Theorem 4.3 (i.e., it states that under certain assumptions, the limit
of solutions is a solution again). The next result for measure functional differential equations with infinite
delay is based on Theorem 4.7. Therefore, it is new even in the special case when the delay is finite and
w(r) =r.

Theorem 5.5. Assume that B C R", O = G((—o0,ty + 0], B), P = G((—00,0], B), g : [to,to + 0] — R is
a nondecreasing left-continuous function, and fi : P X [to,to + 0] = R™, k € Ny, is a sequence of functions
satisfying the following conditions:

1. The integral fttoﬁg Jr(ye, t) dg(t) exists for every k € Ng, y € O.

2. There exists a function M : [tg,to + o] — [0,00), which is Kurzweil-Stieltjes integrable with respect
to g, such that

3. There exists a function L : [ty, to+0] — [0, 00), which is Kurzweil-Stieltjes integrable with respect to g,
and a continuous increasing function w : [0,00) — [0,00) such that w(0) = 0, lim,_04 [, % = 00
for every u > 0, and

b b
/ fk(ytvt) dg(t) < / M(t) dg(t)’ ke N07 Y€ 07 [avb} C [thtO +U}'

b b
/ (fr(ye,t) — frlze, 1)) dg(t) S/ L(t)w(||lyi—2tl|oo) dg(t), k€No, y,z€0, [a,b]C [to,to+0].
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4. For every y € O,
t

t
Jim /t 0 fe(ys,8)dg(s) = [ fo(ys,s)dg(s)

to

uniformly with respect to t € [tg,to + o].

Suppose that ¢g € P and yo : (—o0,to + o] — B satisfies

Yo(t) = yo(to) +/t fo((yo)s,s)dg(s), t € [to,to + o], (Y0)t, = o

Also, assume there exists a p > 0 such that ||y — yo(s)|| < p implies y € B whenever s € (—o0,ty + .
Then, given an arbitrary sequence ¢ € P, k € N, such that limg_, o ||@0r — Pollec = 0, there are a kg € N
and a sequence of functions yy : (—oo,tg + o] = B, k > ko, which satisfy

yk(t) = yr(to) + tt fe((yr)s, ) dg(s), teltoto+ol,  (Ur)to = P (5.7)
0
Moreover, the sequence {yx}32,, is uniformly convergent to yo on (—oo,tg + o].
Proof. For every k € Ny, let the function Fy : O X [to,to + o] = G((—00,tg + o], R™) be given by
0, —oo < ¥ <y,
Fr(z,t)(9) = { [} filzs,s)dg(s), to <9 <t<to+o,
i fr(ws,s)dg(s), t<9<to+o

for every x € O and t € [tg, to + 0]. According to Lemma 5.1, we have Fy, € F(O X [to,to + o], h1, ha,w),
where hq, hy are left-continuous functions. Moreover, it follows from assumption 4 that

klim Fk(l',t):Fo(iL',t)7 (x,t) €0 x [to,t0+0].
—00
For every k € Ny, let € O be defined as

‘%k(ﬁ) _ (bk(’ﬂ - tO)a 9 e (—O(),to]7
¢k(0)7 ¥ e [to,t0+0].

By Theorem 5.2, the function zy : [tg, tg + o] — O given by

9), 9 € (—o0,t],
yo(t), € [t to+ o]
satisfies
d{Eo ~
T = DFy(zo,t), te [to,to-‘rd], ;Co(to) = 2.

Also, note that limy_, o Zr = To. Hence, by Theorem 4.7, there is a kg € N and a sequence of functions
xg ¢ [to,to + o] = O, k > ko, which is uniformly convergent to xo on [to,tg + o], and

d
%ZDFk((Ek,t), te [to,toﬁ-a'}, xk(to):fk, k> k.

For every k € N, let y, € O be given by

k(o) (), ¥ € (—o0,to],
l‘k(ﬁ)(ﬁ), Y e [to,to -I-O'].

By Theorem 5.3, the function yy is a solution of the initial-value problem (5.7). Also, since the sequence
{71 }72y, is uniformly convergent to zo, it follows that {yx}32, is uniformly convergent to yo. O
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6 Functional differential equations with impulses
In this section, we consider the well-posedness for impulsive functional differential equations of the form

y'(t) = f(y,t), almost everywhere in [tg,to + o],

where the impulses take place at preassigned times t1, ..., ty € [to, to+0), and their action is described by
the operators I; : R® — R"™, i € {1,...,m}; the solution is assumed to be left-continuous at every point ¢;,
and absolutely continuous on every interval whose intersection with {¢1,...,¢,,} is empty. The equivalent
integral form of the problem is

t
y(t) = y(to) + t flysis)ds+ > Ly(t:), te [to,to+o]. (6.1)
0 ie{l,...,m},
t; <t

Using the following lemma, it is possible to convert impulsive functional differential equations into
measure functional differential equations. The lemma is a consequence of [11, Lemma 2.4].

Lemma 6.1. LetmeN, a <t <ty <--- <ty <b, and

m

g(s) =s+ Zx(ti,oo)(s), s € [a, b]

i=1

(where x4 denotes the characteristic function of a set A C R). Consider an arbitrary pair of functions
f:la,b] > R and f : [a,b] = R such that f(s) = f(s) for every s € [a,b]\{t1,...,tm}-
Then the integral f; f(s) dg(s) exists if and only if the integral f; f(s)ds exists; in that case, we have

[ it = [ seas+ Y e, te b,

According to the last lemma, the impulsive equation (6.1) is equivalent to the measure functional
differential equation

t
y(t) = y(to) + t f(ys,5)dg(s), t € [to,to + 0], (6.2)
where g(s) = s+ D11 X(t;,00) () and
~ ) f(z,s) for s € [to, to + o]\{t1,.. ., tm},
Ii(x(0)) fors=t;,ie{l,...,m}.

Now, it is a simple task to obtain an Osgood-type existence theorem for impulsive functional differential
equations with infinite delay.

Theorem 6.2. Let B C R" be open, O = G((—o0,t9 + 0], B), P =G((—0,0],B), m € N, t;g < t; <3 <
coo < tm < tg 4+ o. Consider functions f : P X [tg,to + 0] = R™ and I1,...,I, : B — R™ such that the
following conditions are satisfied:

1. The integral fttoo+a [y, t)dt exists for every y € O.

2. There exists an integrable function M : [to,to + o] — [0,00) such that

b b
/f(yt,t)dt g/ M@E)dt, y€eO, [a,b] C [to,to + o],
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3. There exists an integrable function L : [tg,to + o] — [0,00) and a continuous increasing function
w : [0,00) = [0,00) such that w(0) =0, lim,_o [, % = oo for every u > 0, and

4. There exist constants aq, ..., Qn > 0 such that |I;(z)]| < a; forie{l,...,m}, x € B.

b b
/(f(yt,t)*f(Zt,t))dt S/ Lt)w(llye = zelloo) dt,  y,2 € O, [a,b] C [to, to + o].

5. There exists a constant > 0 such that | I;(x) — I;(y)|| < pw(||lz —yl|) forie{l,...,m}, z, y € B.

Let ¢ € P and assume that either to < ti, or tg = t1 and ¢(0) + I,(¢(0)) € B. Then, the initial-value
problem

y(t) = y(to) +/ flysis)ds+ > L(y(t:), teltototol,  y, =0 (6.3)
o ie{1,...,m},
t; <t

has a unique local solution defined on a right neighborhood of tg.
Moreover, if A > 0 is such that either tg < t; and

to+A m
(z €R"; |z — 6(0)] g/ M(s)ds + > ai} C B,
to i=1

ortg =t1 and

to+A m
(o B o= (00) + REONI< [ Me)ds+ Y aibc B,

to
then the solution is guaranteed to exist on [to, to + A].

Proof. Tt is enough to prove that the equivalent measure functional differential equation (6.2) has a unique
local solution satisfying y., = ¢. Let us verify that all assumptions of Theorem 5.5 are satisfied.
Assume that [a,b] C [to,to + o] and y, z € O. From Lemma 6.1, we obtain

b b b
/ fnhdat+ Y L) < / M@+ Y = / NI(1) dg (1),

i€{1,...,m}, i€{1,...,m},

b
/ Flunt) dg(t)

a<t;<b a<t;<b
where
O
Similarly,

b
= /(f(yt,t)—f(Ztvt))der Y Uily(t) = Li=(t))

ie{l,m},
a<t;<b

/ab (f(yut) - ~(ZM)) dg(t)

b
< [ Lwwlly - alder Y Bullyt) - =)
“ i

b b
< / LWy - wlo)di+ S Bl — 20lleo) = / L(t)w(llye — 2tlloe) dg(),

ie{l,...,m},
a<t;<b
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where

B fort=t;,ie{1,...,m}.

We have either to < t; and ¢(0) + f(é,t0)Atg(te) = ¢(0) € B, or to = t; and ¢(0) + f(¢,to)ATg(ty) =
#(0) + I;(¢(0)) € B. Hence, all assumptions of Theorem 5.5 are satisfied.
Finally, the two conditions on the length A follow from the identity

£t = {L(t) for t € [to,to + o]\ {t1s- -t}

to+A to+A
/ M(s)dg(s) = / M(s)ds + Z Q. O
to+ to i€{l,...,m},
to<t;<to+o

Our last result is a continuous dependence theorem for impulsive functional differential equations with
infinite delay.

Theorem 6.3. Let B C R™ be open, O = G((—o0,tg + 0], B), P = G((—0,0],B), m € N, t; < t; <
to < ... < ty < to+ 0. Consider sequences of functions fr : P X [to,to + 0] = R", k € Ny, and
IF, ..., IF : B — R", k € Ny, which satisfy the following conditions:

1. The integral fttoo+a Ji(ys, t) dt exists for every k € Ng, y € O.

2. There exists an integrable function M : [to,to + o] — RT such that

b b
/fk(yt,t)dt g/ M@E)dt, keNo, yeO, [abC ltoto+ol.

3. There exist a continuous increasing function w : [0,00) — [0,00) and an integrable function L :
[to, to + o] = RT such that

and lim, o4 f: % = 0o for every u > 0.

b b
/ ey t) — fulens 1)) dt]| < / Ltw(lye — =) dt, keNo, yoz€0, [a.b] < [toto + 0]

w(Tr

4. For every y € O,
¢ ¢
i [ iy s)ds = [ foloacs)ds
k— o0 to to
uniformly with respect to t € [to,to + o).
5. There exists a constant o > 0 such that |[IF(x)|| < a for everyi € {1,...,m}, k € Ny and x € B.

6. There exists a constant B > 0 such that || IF(z) — IF(y)|| < Bw(||z — yl|) for every i € {1,...,m},
keNg and z, y € B.

7. For everyxz € B and k € {1,...,m}, limy_, IF(x) = I?(2).
Suppose that ¢pg € P and yo : (—o0,to + o] — B satisfies

yo(t)Zyo(to)+/t folgo)sss)ds+ Y I(yo(t:), teltoto+ol,  (4o) = do-

i€{1,...,m},
ti<t

Also, assume there exists a p > 0 such that ||y — yo(s)|| < p implies y € B whenever s € (—oo,ty + 0.
Then, given an arbitrary sequence ¢ € P, k € N, such that limg_, o ||¢0r — Pollco = 0, there are a kg € N
and a sequence of functions yy : (—oo,tg + o] = B, k > ko, which satisfy

)=o)+ [ Ales)ds+ Y B, telatora @ = o

i€{1,...,m},
t; <t

Moreover, the sequence {yk}iozko is uniformly convergent to yo on (—oo,ty + oJ.
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Proof. Let g(s) = s+ Y11 X(t:,00) () and

Folw, ) = fr(x,s), s €lto,to+o\{t1,. . tm},
MO @), s =t ie {L,....m)

for every k € Ny. Then

we() = yrlto) + | Sellyw)sis)ds+ D IF(u(t)), ¢ € [to,to + o]

i€{1,...,m},
t; <t

holds if and only if

t

yr(t) = yr(to) + ) Fi((yr)s, 8) dg(s), t € [to, to + ol.

Hence, the statement of our theorem follows from Theorem 5.5 once we verify that all its assumptions are
satisfied. The validity of assumptions 1 and 4 is a straightforward consequence of Lemma 6.1.
As in the proof of Theorem 6.2, one can verify that

b B b B
/ Felwnt) dg(n)| < / NE(H)dg(t), [a,b] € [tor to + o,

[ (0~ o) a0 < [ EOln ) o)

a

which means that assumptions 2 and 3 are satisfied, too. O

7

Conclusion

The results obtained in this paper are also applicable to abstract dynamic equations on time scales, as
well as (impulsive) functional dynamic equations on time scales. As shown in [10, 11, 36], these types of
equations can be transformed to measure (functional) differential equations. Thus, one can easily obtain
Osgood-type theorems and continuous dependence theorems for these equations.
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