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Problem 5.1. The diagonal functor A: A — A X A assigns

e to an object a of the category A the pair A(a) = (a,a);

e to a morphism f in the category A the morphism A(f) = (f, f).
Let n = (i,7) : {a,b) = A(c) = (¢, c) be a universal morphism from the object (a,b) to the
diagonal functor A. Prove that {(c | i,7) is a co-product of objects a,b in the category A.

Problem 5.2. Let J and A be categories. Let AY denote the category of all functors
J — A. The diagonal functor A: A — A” assigns
e to an object a of category A the constant functor that maps every object of category
J to a and every morphism of category J to the identity morphism 1,;
e to a morphism f: a — b in A the natural transformation A(f): A(a) — A(b)
given by A(f); = f for each j € obJ.
Let F € A7 be a diagram in the category A indexed by the category J and {(c,n) be a

universal morphism from F to A. Prove that {c | n;, j € obJ) is a colimit of the diagram
F.

Problem 5.3. Let J, A be the categories and A: A — A7 be the functor as in the
previous problem. Let F € A” be a J-indexed diagram in A. Let (d,7) be a universal
morphism from A to F. Prove that (d | 7j, j € obJ) is a limit of the diagram F'.

Problem 5.4. By a representation of a functor F': A — Set we mean the pair {(a, ),
where a € ob A and ¢: A(a,—) — F is a natural isomorphism. Let F,G: A — Set be
functors with representations (a, @), of the functor F, and (b,v), of the functor G. Prove
that for every natural transformation 7: F — G there exists a unique morphism h: b — a
in the category A such that

Top=1voA(h,—): A(a,—) = G.
Problem 5.5. Let A be a complete subcategory of the category B. Let J: A — B denote
the inclusion functor. Prove that for every pair of functors F,G: C — A
Nat(F,G) ~ Nat(JF, JG).

Problem 5.6. Prove that there exists a coproduct of objects a,b of a category A if and

only if the functor
A(a,—) x A(b,—): A — Set

c+— Aa,c) x A(b,c)
[ A, f) x A(b, f)

is representable.



