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Abstract

We find an optimal Sobolev-type space on R™ all of whose functions admit a trace on
subspaces of R™ of given dimension. A corresponding trace embedding theorem with sharp
range is established.

1 Introduction and results

One important property enjoyed by functions from the Sobolev space W™P(R™), m € N,
p € [1, 0], is that their restrictions, called traces, to lower dimensional spaces can be properly
defined, provided that the dimension d of the relevant subspaces is not too small, depending
on n, m and p. The trace of a function u € W™P(R™) turns out to be measurable with
respect to the d-dimensional measure on the relevant subspaces, and also integrable to some
power ¢, depending on n, m, p and d. Loosely speaking, increasing the values of m and p
causes u to be more regular, and hence allows smaller values of d and larger values of gq.

To be more specific, let n,d € N, and let n > 2 and 1 < d < n. Since R* = R? x R*~¢,
any point 2 € R™ can be represented as = = (y, z), with y € R and z € R"~%. Moreover,
R? can be identified with the subspace of those points in R” having the form (y, 0) for some
y € R Given any m € N and p € [1, 0], the classical Sobolev space W™P(R") is defined as

WT™P(R™) = {u : u is an m-times weakly differentiable function on R"
and |VFu| € LP(R™), 0 < k < m}.
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Here, V¥u stands for the vector of all partial derivatives of u of order k, and |V*u| denotes
its length. The space W,w"(R™) is defined with obvious modifications.

Various approaches to traces of functions are available in the literature. We shall adopt the
following definition, which extends more customary notions of traces of functions in Sobolev
spaces — see [Bu, Chapt. 5]. A function u € L{ (R™) is said to have a trace Tru € L{ (R?)
on R if there exists a function @, equivalent to u on R™, such that

lim @(-, 2) = Tru(-) in L]

250 loc

(R7) .

A standard trace embedding theorem (see e.g. [Ad, Theorem 5.4] or [Ma2, Corollary
1.4.1]), combined with [Bu, Cor. 1, Chapt. 5], tells us that if 1 < m < n and either

(1.1) d>n—m and p>1,
or

—d
(1.2) d<n-— n—a

then every function u € W "P(R") has a trace on R?. Moreover, the operator Tr, which

associates Tru with wu, is linear, and, if p < -*, then
(1.3) Tr : W™P(R") — L= (RY),
where the arrow “—” stands for bounded operator. In particular,

(1.4)

m
Liifnp (R9) S C”V UHLP(R")
for every u € W™P(R™). Note that the case when m > n is uninteresting, since any function
e WpeP(R™), p > 1, is continuous, and hence Tr u trivially exists on R? for every d €

[1, n—1].

Unlike (1.1), in the limiting case when p = "T_d > 1, functions from the Sobolev space
VVSC (R") need not admit a trace on R

The aim of this note is to fill in this gap and to exhibit an optimal (largest possible)

Sobolev-type space when d < n — m such that all of its functions admit a trace on R%. This
is accomplished on calling into play the finer scale of Lorentz-Sobolev spaces. Indeed we shall
show that existence of traces can be restored when p = %, provided that VVIZIC m (R")

replaced by the Sobolev type space WIOCL%’ (R™) built upon the Lorentz space L™ m ., HR™).
Such a space is slightly smaller than WIOC’ o (R”) if »=4 > 1, but agrees with the standard

space W, Y(R") when 2=4 d = 1. Moreover, Ll(;g ’I(R”) is optimal among all rearrangement-
invariant spaces.

We recall that a rearrangement-invariant (r.i. for short) space X (R™) is a Banach function
space (in the sense of Luxemburg) of real-valued measurable functions in R™ endowed with
amnorm || - |[x(rn) satisfying

(15) ||u||X(Rn) = ||’U||X(]Rn) lf U* = ’U*.
Here, u* : (0,00) — (0,00) denotes the decreasing rearrangement of u, namely
u(s) =sup{t > 0:72L"({z € R" : |u(x)| > t}) > s} for 7s € (0, 00),

where L™ denotes the Lebesgue measure in R™. The representation space X (0,00) of an 1.i.
space X (R") is the r.i. space on (0, 00) equipped with the norm || - |5, ., fulfilling

(1.6) lullx @ny = 14" 1% 0,00)



for every u € X(R").
The m-th order Sobolev space associated with X (R™) is defined as

WmX(R™) = {u: u is an m-times weakly differentiable function on R"
and |[VFu| € X(R"), 0 <k <m},
and is equipped with the norm [|ullym x &) = D peg V¥l x(rn). The spaces Xioc(R"™) and
W X(R™) are defined accordingly.

Given any 1 < p < oo and 1 < ¢ < 0o, the Lorentz space LP*4(R"™) is the r.i. space of all
measurable functions in R™ for which the quantity

11,
(1.7) [ullzr.a@ny = lls7 77" (s)]|La(0,00)

is finite. The functional || - || 1r.a(rn) is always equivalent to an r.i. norm.
Observe that, since LP7(R™) C LP"(R™) if 1 < ¢ < r < 00, and LPP(R™) = LP(R™), actually

n—d n—d

(1.8) WL RY) C W™ (R i = s
whereas
(1.9) wmLBHR™) = WL R™).

Relations (1.8) and (1.9) continue to hold if all the Sobolev spaces are replaced by their local
versions.

Theorem 1.1 Assume thatn > 2, 1 < m < n and 1 < d < n —m. Then any function
n— n—d
from VVIZLCLTd*l(R”) admits a trace on R?. Moreover, L, ’1(]R") is the optimal (largest)
rearrangement-invariant space enjoying this property, in the sense that if X (R™) is another
r.i. space such that any function from W' X (R™) admits a trace on R?, then, necessarily,
n—d j
Xioc(R™) C Lz 7 (R™).

In an analogy with the classical situation described in (1.3)—(1.4), we establish a trace
embedding for Wm L1 (R™). In fact, we find the optimal (smallest) range space in the class

of Lorentz spaces for trace embeddings of Wm L (R™). Interestingly enough, the optimal
range space in this endpoint trace embedding turns out not to be the genuine Lorentz space
L%d’l(Rd) as one would expect in the light of other known optimal Sobolev embeddings
such as those treated in [Onl, Pe, BW, Ha] (see [CP, EKP] for the optimality), and trace

embeddings ([CKP]), but merely the (strictly larger) Lebesgue space L% (RY).

Theorem 1.2 Assume thatn >2,1<m<nand1<d<n-—m. Then

(RY).

d

n

(1.10) Tr : WL L(R") — L™
In particular, a constant C = C(n,m,d) exists such that

(L.11) ITr ul| oa < CV™u| no,
L ) L m " (Rn)

—d
m (Rd

for every u € WanT_dvl(]R"). Moreover, L"=" (R?) is optimal on the left-hand side of (1.11)
among all Lorentz spaces.

Let us mention that a result on a related topic has recently been established in [CM],
where a characterization of Sobolev inequalities involving general measures and Lorentz
norms is given in terms of capacitary inequalities.

Remark 1.3 Embedding (1.10) continues to hold provided that the whole of R™ is replaced
by any extension domain € (see e.g. [Ad, Bu, St1, Zi] for a definition). Of course, R? has to
be replaced by Q NR? in this case.

Another generalization of embedding (1.10) concerns the case when traces on d-dimensional
subspaces are replaced by (suitably defined — see e.g. [Bu]) traces on smooth d-dimensional
Riemannian submanifolds of R”.



2 Proofs

We begin with the proof of Theorem 1.2, to which the first part of the proof of Theorem 1.1
will be reduced. The proof of Theorem 1.2 involves two main ingredients: a sharp endpoint
Sobolev inequality into the space of essentially bounded functions, and a boundedness result
for integral product operators between Lorentz spaces.

The relevant Sobolev inequality is a refinement of a classical result and involves a Lorentz-
Sobolev space. It states that, if 1 < m < n, then a constant C = C(n,m) exists such that

(2.1) l[ul| Lo (mn) < CIV™ul

Lﬁ’l(R”)

for every u € W™ L= (R™). We are not able to trace back to the original proof of inequality
(2.1), although it is certainly related to a result of [St2]. Anyway, inequality (2.1) with m =1
can be found in [Ta] and [CP]. The case when m > 1 can be derived from this one, via a
(sub-limiting) Sobolev inequality in Lorentz spaces, which tells us that
19l s ey < CIV™ 0l 2
for every u € W™ Lw-1(R™) ([Onl, Pe]).
The integral operators coming into play in our approach have the form

h@%=Amf@wM@Ms

for measurable functions f : R? x (0,00) — R and g : (0,00) — R. A special case of [On2,
Theorem C] ensures that if p € (1,00), f € LP}(R? x (0,00)) and g € LP*°(0,00), then
h € LP(R?), and a constant C' = C(p) exists such that

(2.2) 1Pl o ey < ClF Il Ler Rax (0,000 191 L2720 (0,00

Proof of Theorem 1.2 We shall prove that a constant C' exists such that

(2.3) [u(y, 0)]| »= < CIIV™ull | nea

I n=a o0 < Ln
L m (R4) m > (R7)

for every u € WmL%’l(R") N C§°(R™). Since this space is dense in WML%’l(R"), as
shown by a standard convolution argument, it will follow via [Bu, Cor. 1, Chapt. 5] that the

n—

operator Tr is well defined in WmLTdvl(]R”) and that (1.10)—(1.11) hold.
Fix any u as above. Then,

(2.4) V™| € L1 (R™)
Consider the function U : R? x (0,00) — [0, 00) given by
Uly,s) = |V™ul(y,))"(s)  for (y,5) € R? x (0,00).
It is easily seen, as a consequence of Fubini’s theorem, that
LT {(y,8) € R x (0,00) : U(y,s) >t}) = L({x € R" : |[V™u(z)| > t}) for t > 0.
Hence,
(2.5) U™ =|V™u|*.

By (2.4) and (2.5),

n—d

(2.6) UelLw YR x(0,00)).




Inequality (2.1), with n — d in place of n, entails that

27) o qrn-ey < CIV™ 0] ams sy

for some constant C' = C(n, m,d) and for every w € WmL";Ld’l(R"_d). From (2.7), applied
to w(-) =u(y, -) for each y € R% we deduce that,

(28) 0, 0)| < gl g ey < CUVT 0l M ot

e _m__q
! Ry C/o Uly,s)sm2 "ds.

Here, V7'u denotes the vector of all the derivatives of u of order m with respect to the z

< CIIV™uly, )| s

m n—d m__
variables. The function s7-7 ! belongs to L#=a-m"°(0,00), and |[s7=2 Y| . a4 _ =
Ln—d=m’""(0,00)

1. Thus, owing to (2.2) and (2.5), there exists a constant C' = C(n,m,d) such that

/ U(-,s)sn-a 'ds
0

Coupling (2.8) and (2.9) yields (2.3).
In order to demonstrate the sharpness of L%(Rd) as a range space, we begin by ob-
serving that an inequality of the form

< U]

. [[s7= ”II
Lom (R)

n—d d
L™ m " (R¥x(0,00)) S °°(0,00)

29) |

'

T wll oy < CIV™ull oz

can hold for some p and ¢ only if p = "W_d. This follows by a scaling argument, on replacing
u(z) by u(Az) for A > 0.

Thus, it suffices to exhibit a function u € W™ L™= (R™) such that, whenever ¢ € [I, n-d)

we have that Tru ¢ L% ’q(Rd) We shall produce in fact, a compactly supported function

uw e WML (R™) such that Tru ¢ Lo

“(R?) for ¢ € [1, %=4). Pick any number a such

loc
that
1
(2.10) 1+ <a<l+-.
n— q
Let ¢ : (0,1) x (0,1) — [0,00) be the function given by

1
n(m 1)+ dm; dQ(log )a

o(r, ) = for r,0 € (0,1) x (0,1).

Define u : R" — [0,00) as

ly|™
(2.11) u(y, z) = /ll eyl e)(lyl™ ~ o)"Thdt i |z" <yt < 1,

.
and u(y, z) = 0 otherwise. We begin by showing that, given any ¢ € [1, "T_d),
(2.12) Tru¢ Low SRy,
One has that

lyl™ .
@1 Truw) =0 = [ el o - 0" de
0

ly|™

1 2 é 11—«
> o)y Y do=C (lo )
= el 1 (log




for some constant C, if |y| < 1, and Tr u(y) = 0 otherwise. Thus, there exists a constant C
such that

-«

(Tru)*(s) > Cs™-a (log g) for small s,

and (2.12) follows by the second inequality in (2.10).

We conclude by proving that u € WmL"T_d’l(R”). It is easily verified that u is m-times
weakly differentiable. Thus, since u is compactly supported, thanks to a general Poincaré-
type inequality (see e.g. [CP, Lemma 4.2]), it suffices to show that

(2.14) V™| € L' H(R™) .

An induction argument on the order of differentiation yields the following estimate for the
norm of the vector Vi'u of all partial derivatives of u, of order m, with respect to the
y-variables only:

o O\1-«a
(2.15) [Viu| < C|y\_m<logm) ,
for some constant C, if |2["~% < |y|™ < 1, whereas V' u vanishes otherwise. Thus, on defining
¢:(0,1] — [0,00) as
" O\1-«a
((s)=Cs n-a (10g ;) for s € (0,1],

with a suitable choice of C, one has that ¢ is decreasing in (0, 1], and, for every ¢ > 0,

L ({(y,2) € R™ : [Vyhu| > t}) < L7 ({(y,2) € R™: |2]" 7 < [y[* < 1,¢(lyl") > 1})

S/ (/ dz)dy
{lyl<c=1 )/} {|zI<|y|™/ (n=D}

! n 1" —1 %Jrl
—c | yldy = C"(¢ )
{lyl<(C=1(¥)/n}
for some constants C’ and C”. Hence, there exists a constant C' such that

* nm C l1-a
(2.16) |VZ’U} (s) < Cs™ TFDn=a <log Q) for small s.

Next, an induction argument again shows that the norm of the vector Vi u of all m-th order
partial derivatives of u involving also differentiation along the z variables admits the bound:

m —dm C N\
(2.17) Vil < Clyl~ #5812 (log 1)

for some constant C, if [2|"~¢ < |y|® < 1, and vanishes otherwise. Hence, if we define
o:(0,1] — [0,00) as

o(s)=Cs n-a <log %)_a for s € (0,1],



then, for a suitable choice of C, the function o is decreasing in (0, 1], and, for every ¢ > 0,
L' ({(y,2) € R": [V ul > t}) < L"({(y,2) € R" : |2]"~¢ < Jy[* < 1, 0(|y|*|2|""%) > 1})

—L(t)\ 1/ (n—d)
<o ({marerp il < (0) )
= / (/ . dz) dy

{(o=2 @)/ i<lyl<1y Nzl (v n-d)

{lyl<(e=1(£))*/} {IZI<1}
¢ / / dy>
( {("_1(t))1/d<f‘y|<—1} |y|d {|y|<(0‘1(t))1/d}

<" (o7 0108 (=) +o7' ).

for some constants C’ and C”. Hence, there exists a constant C such that

_m___
e\ n—da &

(2.18) |V | ) < Cs7-a (log ;) for small s.

From (2.16) and (2.18) one deduces that

m

|V™u|* (s) < Cs™7-a (log E) " for small s,
s

whence (2.14) follows. O

We conclude with the proof of Theorem 1.1.

Proof of Theorem 1.1 Let u € VVIZLCLn;Ld’l(R”). Then, given any ball B centered on
R9, we have that u € Wanv%Ld’l(B). An extension theorem for Sobolev spaces built upon
arbitrary r.i. spaces (see [CR]) ensures that u admits an extension & on R™ such that
u € WWL%’I(R"). By Theorem 1.2, % admits a trace on R¢, and hence, owing to the
arbitrariness of B, u admits a trace on R? as well.

As far as the optimality of the space VVIZ”CL%J(R") is concerned, assume that X (R"™) is
an r.i. space such that every function from W™ X (R") has a trace on R%. We have to show
that

(2.19) Xioc(R™) C Lk;:; TR,

If 22 =1, then Llo’; ’ ( ") = L} .(R™), and hence (2.19) holds as a consequence of a baisc
property of r.i. spaces

Assume now that 2=¢ > 1. We shall show that, if

(2~20) XIOC(R )\Llc;g 7 (Rn) # 0,

then there exists a function
(2.21) u € Wik X (R™)
such that, for every v € LL _(R?),

(2.22) tim [u(-, 2) = v() 1 (s = 00



Here, B? denotes the unit ball in R? centered at 0. By (2.20), there exists a decreasing
function f : (0,00) — [0, 00) such that

(223) fX(O,wn,d) € Y(Oa OO),
but

n—d
(2.24) FXOwn ) & L7 1(0,00).

Here, w,, 4 denotes the measure of B"~%. Define w : B"~? — [0, 00) as
Wn—d

w(z) = / f(s)s—m(l—ﬁ)(S _ wn—dlzl’”d)m_l ds,

Ww,—d|z|n7d

and u : R™ — [0,00) as

u(y, z) = &(y)n(z)w(z)  for (y,2) € R,

where £ € CP(RY),0< ¢ <1, €(y) =1fory € BL andnp € C(R*4),0<n<1,n(z) =1
for € B"~%. By (2.24),

lim w(z) = oo,
z—0

and hence
lim u(y, z) = o0
z—0

uniformly as y € BY. Thus, (2.22) follows.
We next prove (2.21). One can easily verify that

(2.25) V™ u(y, 2)| < o(y)Y(2)|VIw(z)|  for (y,2) € R,
for some nonnegative functions ¢ € C§°(R?) and o € C§°(R"~4). Define g : (0, 00) — [0, 00)
as

m—1

(2.26) g(s) = Z Pt / X(O’wn_d)(r)f(r)r_“'ﬁ_l dr for s > 0,

i=1

and h : (0,00) — [0,00) as
h=f+g.

An induction argument on the order of differentiation shows that there exists a constant C'
such that

(2.27) |VTw(z)| < Ch(wn_g|z|"™ %)  if z€ B" ¢,
and V7'w(z) = 0 otherwise. Thus, there exist constants C' and C’ such that
(2.28)  L"({z e R™: |[V™u| > t}) < L"({(y,2) € R™ : ¢(y)(2)h(wp—alz]) > t})

< E"({(y, z) € supp ¢ X supp ¢ : Ch(wp_glz|) > t})
<C'L{z e R": Ch(wy—qlz|) > t})

for t > 0. Hence, a constant C' exists such that

(2.29)  [V™ul*(s) < C(hx(0w, ) (5/C)
< C((fX(Own ) (8/(20)) + (9X (0.0, _0))*(s/(2C)))  for s > 0.

Note that in the last inequality we have made use of the fact that, by a property of the
operation of decreasing rearrangement, (f + g)*(s) < f*(s/2) + ¢g*(s/2) for s > 0 (see [BS,



Chapter 2, Proposition 1.7]). By (2.29) and by the boundedness of the dilation operator in
any rearrangement invariant space (see [BS, Chapter 3, Proposition 5.11]),

(2.30)  [IV™ullx@n) = V™ ul" 50,00) < C U XO0n—) % (0,00) T 19X0.00 ) [%(0,00)) »

for some constant C'. On the other hand, it is easy to see that the Hardy-type operators
appearing on the right-hand side of (2.26) are bounded on L'(0,00) and on L*°(0,c0),
and hence, by an interpolation theorem of Calderén ([BS, Chapter 3, Theorem 2.12]), they
are also bounded on any rearrangement invariant space on (0,00). Hence, [|gll%( ) <
CllFX(0.wn—a)Ix(0,00) < 00 for some constant C', and (2.21) follows from (2.30) and (2.23). O
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