
NMMO 401 Continuum mechanics Winter 2018/2019 Deadline 1st November 2018

Solve ONE of the following problem sets.

1. Let ϕ, ψ, u, v and A be smooth scalar, vector and tensor fields in R3. Show that1

div(ϕv) = v ● (∇ϕ) + ϕdivv,

div(u × v) = v ● rotu −u ● rotv,

div (u⊗ v) = [∇u]v +udivv,

div (ϕA) = A (∇ϕ) + ϕdiv A.

Further, show that

∇ (ϕψ) = ψ∇ϕ + ϕ∇ψ,
∇ (ϕv) = v ⊗∇ϕ + ϕ∇v,

∇ (u ● v) = (∇u)⊺ v + (∇v)⊺u,
rot(ϕv) = ϕ rotv − v ×∇ϕ.

2. Let U ∈ R3×3 be a symmetric positive definite matrix, and let A ∈ R3×3 be a symmetric matrix. Show that the solution X
of the matrix equation

XU +UX = A,

is given by the formula

X = ∫
+∞

u=0
e−uUAe−uU du.

(The matrix equation XU+UX = A is usually called the Lyapunov equation.) Using the Lypunov equation find a formula
for the derivative of the square root of a symmetric positive definite matrix. Show that
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where H is a symmetric matrix. Moreover, show that if {λi}3i=1 are the eigenvalues of K, and Hij denote the components
of matrix H, then the components of the derivative are given by the formula
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1We use the notation ([∇u]v)i =
∂ui
∂xj

vj .


