
D�ule�zit�e substituce: p�revod na racion�aln�� funkce
Jsou-li P , Q polynomy R ! C, pak R := PQ nazveme racion�aln�� funkce jedn�e

re�aln�e prom�enn�e, plat�� R(x) = P (x)Q(x) .Obecn�eji, jsou-li P , Q polynomy dvou re�aln�ych prom�enn�ych, tj. P , Q : R�R!
C, kde P (x; y) = P

0�i+j�naijxiyj a Q(x; y) = P
0�i+j�mbijxiyj , pak R := PQ nazveme

racion�aln�� funkce dvou re�aln�ych prom�enn�ych, plat�� R(x; y) = P (x;y)Q(x;y) .
(I) Z

R(e�x)dx
Substituce: y = e�x, x 2 R Tvar derivace: dx = 1�ydy

V�ysledek:
R R(y) 1�ydy

(II) Z
R(lnx)

x
dx

Substituce: y = lnx, x > 0 Tvar derivace: dxx = dy
V�ysledek:

R R(y)dy
(III) Z

R

�
x;�ax+ b

cx+ d

� 1
s
�
dx

Substituce: t = �ax+bcx+d� 1
s

Podm��nky: ad�bc 6= 0 ; s = 2k =) ax+bcx+d > 0 ; s = 2k�1 =) x 6= �dc
Inverze: x = �dts+bcts�a Tvar derivace: dx = (ad� bc)s ts�1(cts�a)2 dt

V�ysledek: (ad� bc)s R R̂(ts;t)ts�1(cts�a)2 dt
(IV) Z

R
�
x;pax2 + bx+ c

�
dx Eulerovy substituce

�Cty�ri netrivi�aln�� p�r��pady (n�ekdy i dva najednou).
(1) ax2 + bx+ c = a(x� x1)(x� x2); x1 < x2; x1; x2 2 R

Substituce: t = �x�x1x�x2 � 12 vede k (III)
(2) a > 0

Substituce:
pax2 + bx+ c = pax� t =) x = (t2 � c)=(b� 2pat)

(3) c > 0
Substituce:

pax2 + bx+ c = pc� tx =) x = (b� 2pct)=(t2 � a)
(4) a � 0 a ax2 + bx + c nem�a v R ko�ren ( =) c � 0): odmocnina nen�� v R

pro �z�adn�e x de�nov�ana. 1
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(V) Z

R(cosx; sinx)dx Goniometrick�e substituce

Substituce: y = tg x2 x 6= � + 2k� ; k 2 Z
Inverze: x = 2 arctg y Tvar derivace: dx = 21+y2 dy

cosinus: cosx = cos2 x2 � sin2 x2cos2 x2 + sin2 x2 = 1� tg2 x21 + tg2 x2 = 1� y21 + y2
sinus: sinx = 2 sin x2 cos x2cos2 x2 + sin2 x2 = 2 tg x21 + tg2 x2 = 2y1 + y2

Zjednodu�sen��:
(1) R(� cosx; sinx) = �R(cosx; sinx) =) Substituce: y = sinx
(2) R(cosx;� sinx) = �R(cosx; sinx) =) Substituce: y = cosx
(3) R(� cosx;� sinx) = R(cosx; sinx) =) Substituce: y = tg x, x 6= �2 + k�

cos2 x = cos2 xcos2 x+ sin2 x = 11 + tg2 x = 11 + y2
sin2 x = sin2 xcos2 x+ sin2 x = tg2 x1 + tg2 x = y21 + y2

sinx cosx = tg x1 + tg2 x = y1 + y2
(VI) Z

xm(a+ bxn)pdx ; m;n;p 2 Q �Ceby�sevovy substituce

Um��me �re�sit pomoc�� element�arn��ch funkc�� pouze v n�asleduj��c��ch t�rech p�r��padech:
(1) p 2 Z. Pak polo�zme m = m0=`, n = n0=`, kde m0, n0 a ` 2 Z, ` > 0.

Substituce: t = x 1
`

(2) (m+ 1)=n 2 Z; p = k=s; k; s 2 Z
Substituce: t = (a+ bxn) 1s
Inverze: x = (ts�a)1=nb1=n Tvar derivace: dx = 1nb1=n (ts�a) 1n�1sts�1dt.
V�ysledek:

R xm(a+ bxn)pdx = R 1bmn (ts � a)mn tk 1nb 1n (ts � a) 1n�1sts�1dt
= snbm+1

n

R ts+k�1(ts � a)m+1
n �1dt

(3) m+1n + p 2 Z; p = k=s; k; s 2 Z
Substituce: t = (ax�n + b) 1s
Inverze: x = � ats�b� 1n Tvar derivace: dx = �a1=nn (ts�b)� 1

n�1sts�1dt
V�ysledek:

R xm(a+ bxn)pdx = R xmxnp(ax�n + b) ks dx
= R � ats�b�mn tk� ats�b�p a 1n�n (ts�b)� 1

n�1sts�1dt
= �am+1

n +psn R tk+s�1(ts � b)�(m+1
n +p�1)dt


