NMMA406 — Exercises 3

*Ex 3.1. Let u(t) € L*(I; Wol’z), g(t) € L>(I; W—12) and ug € L. Then the following are
equivalent:
(1) %u(t) = g(t) and u(0) = ug (in the sense of representative)

(i) for any v € Wol’Q, p € C°((—00,T)) one has

~ [0 e = [ (0),0) 60t + (0, 0)600)
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Ex 3.2. Recall the notation and assumptions from Chapter 2: let f(z) : R = R, a(§) : R" —
R™ be Lipschitz continuous. Let the operators A : I/Vol’2 S W=b2and F: I x I/Vol’2 — W2
be defined as

(A(u),v) = / a(Vu(z)) - Vo(z) dx

Q
F(t,u) = —A(u) — of (u) + h(t)

where h(t) € L?(I; W~12) is a fixed function.

1. Prove that u ~ f(u) is Lipschitz as operator L? — L2, and also u(t) ~ f(u(t)) is
Lipschitz as operator L?(I; L?) — L?(I;L?)). N.B. Do not forget to verify that f(u)
and f(u(t)) are measurable in the appropriate sense.

2. Deduce that also u(t) — ¢f(u(t)) is Lipschitz as operator L?(I; W01’2) — L2(I;W—12).
3. Prove that u — A(u) is Lipschitz continuous as operator Wol’Q(Q) — W=L2(Q).

4. Show that || F(t,u)||_; o < c(1+||ully o +[[A(t)[|_; 2) With some constant only depending
on the nonlinearities a(-) and f(-).

*Ex 3.3. Let VVOI’2 s L? — W12 be the Gelfand triple, with the embedding ¢ : Wol’2 —
w2,

1. Observe that due to the Poincaré inequality, WO1 2 is a Hilbert space with the scalar
product ((u,v)) = [, Vu(z) - Vo(z) d.
2. By Riesz theorem, any f € W12 can be represented by some uf € I/Vol’2 so that

(f,v) = (up,v)  YoeWy?

3. Show that by a Green formula (u,v)) = (—Awu,v) for any v € VVol’2 and u € C°.

4. Combine that above with the density of C2° in I/Vol’2 to show that for any f € W12
there exist smooth functions u,, such that wu, — f.

5. Finally, show that ¢ : I/Vol’2 — W12 is injective.

These are the reasons why no symbol “/” is normally employed, and (-,-)2 is seen simply as

a generalization of (-,-);;,_1 2 ;1.2 without further notational ado.
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