
Aplikace určitého integrálu

1. Obsah oblasti omezené křivkami

• a ≤ x ≤ b, g(x) ≤ y ≤ f(x)

S =
∫ b

a
(f(x) − g(x))dx

• a ≤ x ≤ b, 0 ≤ y ≤ f(x), kde y = f(x) je dáné parametricky
x = ϕ(t), y = ψ(t), ϕ, ψ spojité na [t1, t2], ϕ ryze monotónńı, ϕ′

spojitá, ϕ(t1) = a, ϕ(t2) = b, ψ nezáporná na [t1, t2]

S =
∫ t2

t1

ψ(t)|ϕ′(t)|dt

• Speciálně x = r cos θ, y = r sin θ, θ1 ≤ θ ≤ θ2, 0 ≤ r ≤ f(θ)

S =
1

2

∫ θ2

θ1

f 2(θ)dθ

2. Objemy těles

• Rotačńı těleso vzniklé rotaćı oblasti a ≤ x ≤ b, g(x) ≤ y ≤ f(x),
a ≥ 0

– kolem osy x

V = π

∫ b

a
(f 2(x) − g2(x))dx

– kolem osy y

V = 2π
∫ b

a
(xf(x) − xg(x))dx

• y = f(x) popsáno parametricky viz výše, g(x) = 0

– kolem osy x

V = π

∫ t2

t1

ψ2(t)|ϕ′(t)|dt

– kolem osy y

V = 2π
∫ t2

t1

ψ(t)|ϕ(t)ϕ′(t)|dt
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• 0 ≤ θ1 ≤ θ ≤ θ2 ≤ π, 0 ≤ r ≤ f(θ) kolem osy x

V =
2

3
π

∫ θ2

θ1

f 3(θ) sin θdθ

• Je-li S(x) obsah pr̊uřezu, a ≤ x ≤ b

V =
∫ b

a
S(x)dx

3. Délka křivky

• Parametrický popis x = ϕ(t), y = ψ(t), ϕ′, ψ′ spojité

l =
∫ t2

t1

√

(ϕ′(t))2 + (ψ′(t))2dt

• speciálně ϕ = x, ψ = f(x)

l =
∫ b

a

√

1 + (f ′(x))2dx

• r = f(θ)

l =
∫ θ2

θ1

√

f 2(θ) + (f ′(θ))2dθ

4. Obsah rotačńıch ploch

• Rotace parametricky popsané plochy (viz výše) kolem osy x

S = 2π
∫ t2

t1

|ψ(t)|
√

(ϕ′(t))2 + (ψ′(t))2dt

• Speciálně ϕ = x, ψ = f(x)

S = 2π
∫ b

a
|f(x)|

√

1 + (f ′(x))2dx

• r = f(θ), f ′ spojitá

S = 2π
∫ θ2

θ1

|f(θ)| sin θ
√

f 2(θ) + (f ′(θ))2dθ
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