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NIVAT'S CONJECTURE



NIVAT'S CONJECTURE

Let A be a finite set.
Coloring of an infinite square grid: a function Z? — A

%{} %




NIVAT'S CONJECTURE — PERIODICITY

Periodic coloring: 3v € Z? non-zero vector such that

YueZ?: cy=Cupy

e




NIVAT'S CONJECTURE — RECTANGLE COMPLEXITY

Rectangle complexity P(m, n):

# of distinct patterns in blocks m x n




NIVAT'S CONJECTURE




NIVAT'S CONJECTURE

Nivat’s Conjecture [Nivat, 1997]:

non-periodic coloring = Vm,n: P(m,n) > mn +1



NIVAT'S CONJECTURE — PREVIOUS RESULTS

Nivat's Conjecture [Nivat, 1997]:

non-periodic coloring = Vm,n: P(m,n) > mn +1

Known results [Van Cyr, Bryna Kra 2013]:

- non-periodic coloring = Vm,n: P(m,n) > mn/2

- non-periodic coloring = Vm: P(m,3) >3m +1



OUR RESULT

Nivat's Conjecture [Nivat, 1997]:

non-periodic coloring = Vm,n: P(m,n) > mn+1

Theorem [K.,, S. 2015]:

non-periodic coloring

4

for all but finitely many pairs m,n: P(m,n) > mn +1



OUR METHOD
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FORMAL POWER SERIES




FORMAL POWER SERIES
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At position (i,j) :  ¢xly/



FORMAL POWER SERIES

a:_5y2+17'4y2 +0 +17_2y2 +0 + y2 + 0+ x2y2+1:3y2 + 0+ x5y2
Y+ 0+ a3y +0+aly +0 + 2 +2%y+ 0 +aty+ 0

0 +2%4+ 0 +22+ 0+ 1 +2 + 0 + 23+ 0 + 2°
x—sy—1+ 0 +.’L'_3y_1+ 0 +$—1y—1 +y—1 + 0 +x2y'1 +0 +:L‘4y'1+x5y'1

0 +a ™y 2+ 0 +a 2y 2y 2+ 0 + 2y + 0 + 23y 242y 2+ 0

> Xy

(i.)ez?



FORMAL POWER SERIES

Configuration: formal power series over C

c6y)= Y Xy

(i,j)ez?

integral: coefficients from Z

finitary: finitely many distinct coefficients



FORMAL POWER SERIES

Configuration: formal power series ¢ € C[[X*]]

c(X) =) X’ NOTATION
vezd

integral: coefficients from Z

finitary: finitely many distinct coefficients



FORMAL POWER SERIES

Configuration: formal power series ¢ € C[[X*]]

) =3 X’

vezd

integral: coefficients from Z

finitary: finitely many distinct coefficients

coloring +— finitary integral configuration



FORMAL POWER SERIES

Configuration: formal power series over C

Zcxy

(i,))ez?

Question: What happens if ¢(x,y) is multiplied by x?y®?



FORMAL POWER SERIES

Configuration: formal power series over C &Roy,
N—u‘P
c(X) = Z cwXY No
vezd TAT'ON

Question: What happens if c is multiplied by X4?

Answer: The coloring translates by the vector u!



FORMAL POWER SERIES

Configuration: formal power series over C

c(X) = Z cwXY

veZzd

Question: What happens if c is multiplied by X4?
Answer: The coloring translates by the vector u!

Observe: Multiplication by a polynomial = linear combination of
translates

(2 aiX“‘)c = ; a;j (X4ic)



FORMAL POWER SERIES

Configuration: formal power series over C

c(X) = Z cwXY

veZzd

Question: What happens if c is multiplied by X4?

Answer: The coloring translates by the vector u!

Observe: Configuration is periodic iff Ju # 0:
Xc=c

& (XM=17)c=0



ANNIHILATING POLYNOMIALS

Ann(c) = {f(x,y) € Clx,y] | f(x,y)c(x,y) = 0}



ANNIHILATING POLYNOMIALS

Ann(c) ={feC[X |fc=0} ~°TAT(ON

- Annihilator ideal: Ann(c)
- Annihilator polynomial: f € C[X] such thatfc =0
- Observe: c is periodic iff for some non-zero v € Z4

XY —1 € Ann(c)



SOME RESULTS

Lemma: If exist m,n such that P(m,n) < mn, then Ann(c) # {0}.

Proof. Linear algebra.

Theorem: Let c be a finitary integral configuration with Ann(c) # {0}.
Then 3v;, ..., v, € Z9 such that*

(X" =1)--- (X" — 1) € Ann(c).

Proof. Hilbert's nullstellensatz.

Theorem: Let c be a two-dimensional finitary integral configuration.
Then Ann(c) is a radical ideal.

Proof. Classification of prime ideals of C[x,y].



LET'S DO SOME MATH!



LEMMA 1

Lemma: Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c. Then,
for large enough primes p, also f(XP) annihilates c.



LEMMA 1

Lemma: Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c. Then,
for large enough primes p, also f(XP) annihilates c.

Definition: Denote f(X) = 37, aiX¥, then

n
f(XP) := > axPV
i=1

T1T
.12

3 -r 21‘% 3 —;L‘% 2;:‘11 3 —:I::f ZL‘{

Plot of f(X), f(X?) and f(X®) for the polynomial

f(X) = f(X1,%) = 3 — X1 + 2X} + X1X.



LEMMA 1

Lemma: Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c. Then,
for large enough primes p, also f(XP) annihilates c.

Proof:

- fP(X) = f(XP) (mod p) because (x +y)P = x? +yP (mod p)



LEMMA 1

Lemma: Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c. Then,
for large enough primes p, also f(XP) annihilates c.

Proof:

—h
o
—~
>
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(X?) (mod p)
- 0 =f(XP)c(X) (mod p)



LEMMA 1

Lemma: Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c. Then,
for large enough primes p, also f(XP) annihilates c.

Proof:
- fP(X) = f(XP) (mod p)
- 0 =f(XP)c(X) (mod p)
- coefficients of RHS are bounded by Capsmax _|3i



LEMMA 1

Lemma: Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c. Then,
for large enough primes p, also f(XP) annihilates c.
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- coefficients of RHS are bounded by Capsmax »_|ai

- choose p larger
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LEMMA 1

Lemma: Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c. Then,
for large enough primes p, also f(XP) annihilates c.

Proof:
- fP(X) = f(XP) (mod p)
- 0 =f(XP)c(X) (mod p)
- coefficients of RHS are bounded by Capsmax »_|ai
- choose p larger
Can be generalized to:

Lemma 1: Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c. Then
there exists r € N such that also f(X**1) annihilates c for k € Ny.



LEMMA 2 (1/3)

Lemma 2. Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c.
Denote f = " a,X" and supp(f) = {v € Z9 | a, # 0}. Define

gX)=x---xq J[ XV=x")
vesupp(f)
V#Vo
where ris as in Lemma 1 and vy € supp(f) arbitrary. Then g(Z) =0
for any common root Z € CY of Ann(c).



LEMMA 2 (1/3)

Lemma 2. Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c.
Denote f = " a,X" and supp(f) = {v € Z9 | a, # 0}. Define

gX)=x---xq J[ XV=x")
vesupp(f)
V#Vo

where ris as in Lemma 1 and vy € supp(f) arbitrary. Then g(Z) =0
for any common root Z € CY of Ann(c).

Proof.

- FixZ=(z1,..., z4) € C% a root of Ann(c).



LEMMA 2 (1/3)

Lemma 2. Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c.
Denote f = " a,X" and supp(f) = {v € Z9 | a, # 0}. Define

gX)=x---xq J[ XV=x")
vesupp(f)
V#Vo

where ris as in Lemma 1 and vy € supp(f) arbitrary. Then g(Z) =0
for any common root Z € CY of Ann(c).
Proof.

- FiXZ = (z1,...,24) € C4a root of Ann(c).

- If 3i: z; = 0 then g(Z) = 0.



LEMMA 2 (1/3)

Lemma 2. Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c.
Denote f = " a,X" and supp(f) = {v € Z9 | a, # 0}. Define

gX)=x---xq J[ XV=x")
vesupp(f)
V#Vo

where ris as in Lemma 1 and vy € supp(f) arbitrary. Then g(Z) =0
for any common root Z € CY of Ann(c).

Proof.
- FiXZ = (z1,...,24) € C4a root of Ann(c).
- IfJi: z;=0then g(2) = 0.

- Assume Vi: z; # 0.



LEMMA 2 (2/3)

f=>ax" supp(f)={vez|a, #0} Z e (C*)d

g(X):x1...Xd H (XI'V_erO)
vesupp(f)
V#£Vp

- For a € C* define
foa(X) => e

LINES,

ayX So ={vesupp(f) | ZV =a}



LEMMA 2 (2/3)

f=>ax" supp(f)={vez|a, #0} Z e (C*)d

g(X) = Xq---Xg H (er_XrVO)
vesupp(f)
V#£Vp

- For a € C* define

fo(X) = Dves, X So ={vesupp(f) |Z¥=a}
- Plug Z into f, (Xk+7)

fo(ZHT) = Yyes, aZE™Y = 305 avaZ! =fo(Z)ak



LEMMA 2 (2/3)

f=>ax" supp(f)={vez|a, #0} Z e (C*)d

g(X) = Xq---Xg H (er_XrVO)
vesupp(f)
V#£Vp

- For a € C* define
fa(X) = 2es, avX’ Sa ={vesupp(f) | ZV=a}
- Plug Z into f, (X¥*7)
fo (21 = > ves., a,Zkr v = > ves., aya*Z¥ = o (2)ak
- Zis a root of f(Xk+1)
0 = f(ZK*) = fa,(Z)a + - + o, ()



LEMMA 2 (2/3)

f=>ax" supp(f)={vez|a, #0} Z e (C*)d

gX)=x--xq [ XV-x¥)
vesupp(f)
V#£Vp

- For a € C* define
fa(X) = 2es, avX’ Sa ={vesupp(f) | ZV=a}
- Plug Z into f, (X¥*7)
f‘x(zkrﬁ) - Zvesa aVZ(er)V = Zvesa avakzv = fa(Z)ozk
- Zis a root of f(xk+1)
0 = f(Z*) = fo, (2)ak + - + fa, (D)

- Therefore Vk € Ny



LEMMA 2 (3/3)

f=>ax" supp(f)={vezi|a, A0} Ze(Cr)d

fa(X) = X ves, avX Se ={vesupp(f)|ZV=a}

g(X) = X1 -+ Xq H (XY — X¥o)
vesupp(f)
V#Vo




LEMMA 2 (3/3)

f=>ax" supp(f)={vezi|a, A0} Ze(Cr)d

fa(X) = X ves, avX Se ={vesupp(f)|ZV=a}

gX)=x---xg [ XV—x")
vesupp(f)
V#Vo

- Vk € No: (fa,(2), ..., fa,(2)) L (k... k)
- Vandermonde: f,(2) =0



LEMMA 2 (3/3)

f=>ax" supp(f)={vezi|a, A0} Ze(Cr)d

fa(X) = X ves, avX Se ={vesupp(f)|ZV=a}

gX)=x---xg [ XV—x")
vesupp(f)
V#Vo

n

- Vandermonde: f,(2) =0

“ Y ves, 2! =0

- Vk € No: (fa,(2), ..., fa,(2)) L (k... k)



LEMMA 2 (3/3)

f=YaX  supp(f)={vez’|a,#0} Ze(C)
fa(X) = X ves, avX So ={vesupp() | ZV=a}

g(X) = X1 -+ Xq H (XY — X¥o)
vesupp(f)
V#Vo

- VkeNg: (fa,(2)y ..., Ta,(2)) L (a%‘,...,aﬁ)

- Vandermonde: f,(2) =0

’ Zvesa ayZ' =0

- each summand non-zero = at least two summands



LEMMA 2 (3/3)

f=YaX  supp(f)={vez’|a,#0} Ze(C)
fa(X) = X ves, avX So ={vesupp() | ZV=a}

gX)=x---xg [ XV—x")
vesupp(f)
V#Vo

n

- Vandermonde: f,(2) =0
’ ZveSa vz’ =0
- each summand non-zero = at least two summands

- Vk € No: (fa,(2), ..., fa,(2)) L (k... k)

- ifvg €S, then 3v e S,, Vv # vy and

IV -7V =g —a=0.



HILBERT'S NULLSTELLENSATZ

Definition. Radical of an ideal A < C[X] is

VA={feCX]|ImeN:f"cA}

Hilbert's Nullstellensatz: f vanishes on all common roots of A if and
only if f e VA:
IV(A) = VA



HILBERT'S NULLSTELLENSATZ

Definition. Radical of an ideal A < C[X] is

VA={feCX]|ImeN:f"cA}

Hilbert's Nullstellensatz: f vanishes on all common roots of A if and
only if f e VA:
IV(A) = VA

Lemma 2. Let ¢ € Z[[X*"]] be finitary and f € Z[X] annihilates c.
Choose vq € supp(f) arbitrary and let r be as in Lemma 1. Then

xi---xg [ (XV—=X") e /Ann(o).
vesupp(f)
V#Vg



THEOREM

Theorem: Let c € Z[[X*"]] be finitary and Ann(c) # {0}. Then
Vi, ..., Vy € Z9 such that (X' — 1) --- (X" — 1) annihilates c.

- There exists f € Ann(c), f € Z[X]



THEOREM

Theorem: Let c € Z[[X*"]] be finitary and Ann(c) # {0}. Then
Vi, ..., Vy € Z9 such that (X' — 1) --- (X" — 1) annihilates c.

- There exists f € Ann(c), f € Z[X]
- Lemma 2 + Nullstellensatz:
X1+ Xd [ [yoy, (XY = XY) € y/Ann(c)
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THEOREM

Theorem: Let c € Z[[X*"]] be finitary and Ann(c) # {0}. Then
Vi, ..., Vy € Z9 such that (X' — 1) --- (X" — 1) annihilates c.

- There exists f € Ann(c), f € Z[X]
- Lemma 2 + Nullstellensatz:

X1+ Xd [Lyopy, (XY = X0) € \/Ann(c)
+ Exists m € N: X" - - X' [0, (X = X™)™ € Ann(c)
 TTysy, XV = XV0)™ € Ann(c)



THEOREM

Theorem: Let c € Z[[X*"]] be finitary and Ann(c) # {0}. Then
Vi, ..., Vy € Z9 such that (X' — 1) --- (X" — 1) annihilates c.

- There exists f € Ann(c), f € Z[X]

- Lemma 2 + Nullstellensatz:

1+ Xa Ty gy (K7 = X) € \/ANN(O)

+ Exists m € N: X" - - X' [0, (X = X™)™ € Ann(c)

* Ty, (XY = X™)™ € Ann(c)

Ty, (X0 —1)™ annihilates Ann(c)



DECOMPOSITION THEOREM

Theorem

Let ¢ € Z[[X*"]] be finitary such that Ann(c) # 0. Then there exist
periodic c1, ..., Cy € Z[[X*']] such that

C=Ci+-+Cn.

22



DECOMPOSITION THEOREM

Theorem

Let ¢ € Z[[X*"]] be finitary such that Ann(c) # 0. Then there exist
periodic ¢, ..., ¢y € Z[[X*"]] such that

C=C+-+Cn-

22



DECOMPOSITION THEOREM

Theorem

Let ¢ € Z[[X*"]] be finitary such that Ann(c) # 0. Then there exist
periodic ¢1, ..., Cy € Z[[X*"]] such that

C=Ci+- -+ Cn-
%“ ® %“ [ _

R
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PRIMES AND RADICALS



RADICALITY IN ONE DIMENSION

Lemma. Let c € C[x] be finitary. Then Ann(c) is radical.

- Let f™ € Ann(c),f™ # 0

24



RADICALITY IN ONE DIMENSION

Lemma. Let c € C[x] be finitary. Then Ann(c) is radical.

- Let f™ € Ann(c),f™ #0

- f™ gives a linear recurring relation on the sequence ¢
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RADICALITY IN ONE DIMENSION

Lemma. Let c € C[x] be finitary. Then Ann(c) is radical.

- Let f™ € Ann(c),f™ #0
- f™ gives a linear recurring relation on the sequence ¢

- cis finitary = c is periodic

24



RADICALITY IN ONE DIMENSION

Lemma. Let c € C[x] be finitary. Then Ann(c) is radical.

- Let f™ € Ann(c),f™ #0

- f™ gives a linear recurring relation on the sequence ¢
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- xP—1 € Ann(c)
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RADICALITY IN ONE DIMENSION

Lemma. Let c € C[x] be finitary. Then Ann(c) is radical.

- Let f™ € Ann(c),f™ #0

- f™ gives a linear recurring relation on the sequence ¢
- cis finitary = cis periodic

- xP—1 € Ann(c)

- g=gcd(xP —1,fM) € Ann(c)

- g has only simple roots!
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RADICALITY IN ONE DIMENSION

Lemma. Let c € C[x] be finitary. Then Ann(c) is radical.

- Let f™ € Ann(c),f™ #0

- f™ gives a linear recurring relation on the sequence ¢
- cis finitary = cis periodic

- xP—1 € Ann(c)

- g=gcd(xP —1,fM) € Ann(c)

- g has only simple roots!

- =g|f="feAnn(c)

24



PRIME DECOMPOSITION OF RADICALS

X +y*=1)

- (2 4 2xy +y?)

S X=1y=2)

(X 4y —1,X+Y)

<(><2+y = N(x=1),
(O +y? =1y —-2))



PRIME DECOMPOSITION OF RADICALS

Theorem. Let A < C[X] be a radical ideal. Then A can be uniquely
written as a finite intersection of prime ideals Py N --- NPy such that

P|¢PJ1COFI7£J



PRIME DECOMPOSITION OF RADICALS

Lemma. Non-zero prime ideals of C[x,y] are:

- () for an irreducible polynomial ¢ € C[x, V]
- maximal ideals (x — a,y — f8)



THEOREM

Theorem

Let ¢ be a two-dimensional finitary integral configuration. Then
Ann(c) is a radical ideal.

Conjecture

Let ¢ € Z[[X*"]] be finitary. Then Ann(c) is a radical ideal.

26
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