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nivat’s conjecture



nivat’s conjecture

Let A be a finite set.
Coloring of an infinite square grid: a function Z2 → A
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nivat’s conjecture – periodicity

Periodic coloring: ∃ v ∈ Z2 non-zero vector such that

∀u ∈ Z2 : cu = cu+v
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nivat’s conjecture – rectangle complexity

Rectangle complexity P(m,n):

# of distinct patterns in blocks m× n
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nivat’s conjecture

Nivat’s Conjecture [Nivat, 1997]:

non-periodic coloring ⇒ ∀m,n : P(m,n) ≥ mn+ 1
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nivat’s conjecture – previous results

Nivat’s Conjecture [Nivat, 1997]:

non-periodic coloring ⇒ ∀m,n : P(m,n) ≥ mn+ 1

Known results [Van Cyr, Bryna Kra 2013]:

∙ non-periodic coloring ⇒ ∀m,n : P(m,n) > mn/2
∙ non-periodic coloring ⇒ ∀m : P(m, 3) ≥ 3m+ 1
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our result

Nivat’s Conjecture [Nivat, 1997]:

non-periodic coloring ⇒ ∀m,n : P(m,n) ≥ mn+ 1

Theorem [K., S. 2015]:
non-periodic coloring

⇓
for all but finitely many pairs m,n: P(m,n) ≥ mn+ 1
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our method



formal power series

9



formal power series

1

1 1

1

1 1 1

1

1 1

1

1 1 1 1

1 1 1

1 1 1 1

1 1 1 1 1

1 1 1 1 10

0

0

0

0

0

0

0

0

0

0

0

0 0

0

0

0

0 0 0

0

0

0

9



formal power series
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formal power series
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formal power series

Configuration: formal power series over C

c(x, y) =
∑

(i,j)∈Z2

cijxiyj

integral: coefficients from Z

finitary: finitely many distinct coefficients

coloring ←→ finitary integral configuration
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formal power series

Configuration: formal power series c ∈ C[[X±1]]

c(X) =
∑
v∈Zd

cvXv

integral: coefficients from Z

finitary: finitely many distinct coefficients

coloring ←→ finitary integral configuration
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formal power series

Configuration: formal power series c ∈ C[[X±1]]

c(X) =
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cvXv
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coloring ←→ finitary integral configuration
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formal power series

Configuration: formal power series over C

c(x, y) =
∑

(i,j)∈Z2

cijxiyj

Question: What happens if c(x, y) is multiplied by xayb?
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formal power series

Configuration: formal power series over C

c(X) =
∑
v∈Zd

cvXv

Question: What happens if c is multiplied by Xu?

Answer: The coloring translates by the vector u!
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formal power series

Configuration: formal power series over C

c(X) =
∑
v∈Zd

cvXv

Question: What happens if c is multiplied by Xu?

Answer: The coloring translates by the vector u!

Observe: Multiplication by a polynomial ≡ linear combination of
translates ( n∑

i=1

aiXui
)
c =

n∑
i=1

ai (Xuic)
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formal power series

Configuration: formal power series over C

c(X) =
∑
v∈Zd

cvXv

Question: What happens if c is multiplied by Xu?

Answer: The coloring translates by the vector u!

Observe: Configuration is periodic iff ∃u ̸= 0:

Xuc = c
⇔ (Xu − 1)c = 0
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annihilating polynomials

Ann(c) =
{
f(x, y) ∈ C[x, y]

∣∣ f(x, y)c(x, y) = 0
}

∙ Annihilator ideal: Ann(c)
∙ Annihilator polynomial: f ∈ C[X] such that fc = 0
∙ Observe: c is periodic iff for some non-zero v ∈ Zd

Xv − 1 ∈ Ann(c)
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annihilating polynomials

Ann(c) =
{
f ∈ C[X]
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some results

Lemma: If exist m,n such that P(m,n) ≤ mn, then Ann(c) ̸= {0}.

Proof. Linear algebra.

Theorem: Let c be a finitary integral configuration with Ann(c) ̸= {0}.
Then ∃v1, . . . , vn ∈ Zd such that*

(Xv1 − 1) · · · (Xvn − 1) ∈ Ann(c).

Proof. Hilbert’s nullstellensatz.

Theorem: Let c be a two-dimensional finitary integral configuration.
Then Ann(c) is a radical ideal.

Proof. Classification of prime ideals of C[x, y].
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let’s do some math!



lemma 1

Lemma: Let c ∈ Z[[X±1]] be finitary and f ∈ Z[X] annihilates c. Then,
for large enough primes p, also f(Xp) annihilates c.

Definition: Denote f(X) =
∑n

i=1 aiXvi , then

f(Xp) :=
n∑
i=1

aiXpvi

3 -x1 2x2
1

x1x2

3 3-x2
1

x2
1x

2
2

2x4
1

x3
1x

3
2

-x3
1 2x6

1

Plot of f(X), f(X2) and f(X3) for the polynomial

f(X) = f(x1, x2) = 3− x1 + 2x21 + x1x2.
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lemma 1

Lemma: Let c ∈ Z[[X±1]] be finitary and f ∈ Z[X] annihilates c. Then,
for large enough primes p, also f(Xp) annihilates c.

Proof:

∙ fp(X) ≡ f(Xp) (mod p) because (x+ y)p ≡ xp + yp (mod p)

∙ 0 ≡ f(Xp)c(X) (mod p)
∙ coefficients of RHS are bounded by cabsmax

∑
|ai|

∙ choose p larger

Can be generalized to:

Lemma 1: Let c ∈ Z[[X±1]] be finitary and f ∈ Z[X] annihilates c. Then
there exists r ∈ N such that also f(Xkr+1) annihilates c for k ∈ N0.
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lemma 2 (1/3)

Lemma 2. Let c ∈ Z[[X±1]] be finitary and f ∈ Z[X] annihilates c.
Denote f =

∑
avXv and supp(f) = { v ∈ Zd | av ̸= 0 }. Define

g(X) = x1 · · · xd
∏

v∈supp(f)
v̸=v0

(Xrv − Xrv0)

where r is as in Lemma 1 and v0 ∈ supp(f) arbitrary. Then g(Z) = 0
for any common root Z ∈ Cd of Ann(c).

Proof.

∙ Fix Z = (z1, . . . , zd) ∈ Cd a root of Ann(c).
∙ If ∃i : zi = 0 then g(Z) = 0.
∙ Assume ∀i : zi ̸= 0.
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lemma 2 (2/3)

f =
∑

avXv supp(f) = { v ∈ Zd | av ̸= 0 } Z ∈ (C∗)d

g(X) = x1 · · · xd
∏

v∈supp(f)
v̸=v0

(Xrv − Xrv0)

∙ For α ∈ C∗ define
fα(X) =

∑
v∈Sα avXv Sα = { v ∈ supp(f) | Zrv = α }

∙ Plug Z into fα(Xkr+1)

fα(Zkr+1) =
∑

v∈Sα avZ(kr+1)v =
∑

v∈Sα avαkZv = fα(Z)αk

∙ Z is a root of f(Xkr+1)

0 = f(Zkr+1) = fα1(Z)αk
1 + · · ·+ fαn(Z)αk

n

∙ Therefore ∀k ∈ N0

(fα1(Z), . . . , fαn(Z)) ⊥
(
αk
1 , . . . , α

k
n
)
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lemma 2 (3/3)

f =
∑

avXv supp(f) = { v ∈ Zd | av ̸= 0 } Z ∈ (C∗)d

fα(X) =
∑

v∈Sα avXv Sα = { v ∈ supp(f) | Zrv = α }

g(X) = x1 · · · xd
∏

v∈supp(f)
v̸=v0

(Xrv − Xrv0)

∙ ∀k ∈ N0 : (fα1(Z), . . . , fαn(Z)) ⊥
(
αk
1 , . . . , α

k
n
)

∙ Vandermonde: fα(Z) = 0
∙
∑

v∈Sα avZv = 0
∙ each summand non-zero⇒ at least two summands
∙ if v0 ∈ Sα then ∃ v ∈ Sα, v ̸= v0 and

Zrv − Zrv0 = α− α = 0.
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hilbert’s nullstellensatz

Definition. Radical of an ideal A ≤ C[X] is
√
A =

{
f ∈ C[X]

∣∣ ∃m ∈ N : fm ∈ A
}

Hilbert’s Nullstellensatz: f vanishes on all common roots of A if and
only if f ∈

√
A:

IV(A) =
√
A

Lemma 2. Let c ∈ Z[[X±1]] be finitary and f ∈ Z[X] annihilates c.
Choose v0 ∈ supp(f) arbitrary and let r be as in Lemma 1. Then

x1 · · · xd
∏

v∈supp(f)
v̸=v0

(Xrv − Xrv0) ∈
√

Ann(c).

20
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theorem

Theorem: Let c ∈ Z[[X±1]] be finitary and Ann(c) ̸= {0}. Then
∃v1, . . . , vn ∈ Zd such that (Xv1 − 1) · · · (Xvn − 1) annihilates c.

∙ There exists f ∈ Ann(c), f ∈ Z[X]

∙ Lemma 2 + Nullstellensatz:
x1 · · · xd

∏
v̸=v0 (X

rv − Xrv0) ∈
√
Ann(c)

∙ Exists m ∈ N: xm1 · · · xmd
∏

v̸=v0 (X
rv − Xrv0)m ∈ Ann(c)

∙
∏

v̸=v0 (X
rv − Xrv0)m ∈ Ann(c)

∙
∏

v̸=v0
(
Xr(v−v0) − 1

)m annihilates Ann(c)
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decomposition theorem

Theorem

Let c ∈ Z[[X±1]] be finitary such that Ann(c) ̸= 0. Then there exist
periodic c1, . . . , cn ∈ Z[[X±1]] such that

c = c1 + · · ·+ cm.

n
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primes and radicals



radicality in one dimension

Lemma. Let c ∈ C[x] be finitary. Then Ann(c) is radical.

∙ Let fm ∈ Ann(c), fm ̸= 0

∙ fm gives a linear recurring relation on the sequence c
∙ c is finitary⇒ c is periodic
∙ xp − 1 ∈ Ann(c)
∙ g = gcd(xp − 1, fm) ∈ Ann(c)
∙ g has only simple roots!
∙ ⇒ g | f⇒ f ∈ Ann(c)
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prime decomposition of radicals

∙ ⟨x2 + y2 − 1⟩
∙ ⟨x2 + 2xy+ y2⟩
∙ ⟨x− 1, y− 2⟩
∙ ⟨x2 + y2 − 1, x+ y⟩
∙ ⟨(x2 + y2 − 1)(x− 1),

(x2 + y2 − 1)(y− 2)⟩
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∙ ⟨x2 + y2 − 1, x+ y⟩
∙ ⟨(x2 + y2 − 1)(x− 1),

(x2 + y2 − 1)(y− 2)⟩

Theorem. Let A ≤ C[X] be a radical ideal. Then A can be uniquely
written as a finite intersection of prime ideals P1 ∩ · · · ∩ Pk such that
Pi ̸⊂ Pj for i ̸= j.
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prime decomposition of radicals
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∙ ⟨x2 + 2xy+ y2⟩
∙ ⟨x− 1, y− 2⟩
∙ ⟨x2 + y2 − 1, x+ y⟩
∙ ⟨(x2 + y2 − 1)(x− 1),

(x2 + y2 − 1)(y− 2)⟩

Lemma. Non-zero prime ideals of C[x, y] are:

∙ ⟨φ⟩ for an irreducible polynomial ϕ ∈ C[x, y]
∙ maximal ideals ⟨x− α, y− β⟩

25



theorem

Theorem

Let c be a two-dimensional finitary integral configuration. Then
Ann(c) is a radical ideal.

Conjecture

Let c ∈ Z[[X±1]] be finitary. Then Ann(c) is a radical ideal.
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Questions?
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