NMST 434, Exercise session 1: Asymptotics

February 21, 2020

Example 5: Asymptotic distribution of Pearson’s correlation coefficient
Derivation directly using a single function g: R - Rin the A-method.
a=tIXzb=23V;c=1IXAd=25V2e= 2IXY,

Assumption: WLOG EX; = EY;=0andVarX; =VarY; =1.

Clear[ul;
(e-ab)

((c-) (a-v7))"

g[a_J b_) C_, d_: e_] =

Dg =
D[(g[a, b, ¢, d, e], {{a, b, c,d,e}}] /. {a»0,b>0,c>1,d>1, e->p} //Simplify;
MatrixForm[Dg] (» gradient of g at E(a,b,c,d,e) =)
Z = {{1: o, u[3, 01, ull1, 2], nl2, 11}, {p, 1, ul2, 1], nl0, 31, u[l1, 21},
{u[3, 0], u(2, 1], ul4, 0] -1, uf(2, 2] -1, pu[3, 1] -pu[1, 1]},
{ul1, 2], ufo, 3], ul2, 2] -1, ufo, 4] -1, u[1, 3] -u[1, 1]},
{u12, 11, ul1, 21, ul3, 11 - u[1, 11, u[l, 3] -u[1, 11, u[2, 21 - u[1, 11%}};
(» original variance matrix, u[i,j] is a way of writing the expectation E (X1YJ) «)
MatrixForm[x=]
Dg . = . Dg // Simplify (» asymptotic variance of 5 )
Dg.=.Dg /. p- 0 (x asymptotic variance under independence =x)
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Under normality

ul[i_, j_] = Moment [MultinormalDistribution[{0, 0}, {{1, 0}, {0, 1}}1, {i, j}1;
Dg.=>.Dg/. {a-»0,b>50,c>1,d>1,e->p} //
Simplify (* asymptotic variance of 5 x)

(~1+02)

Example 7 : Asymptotic distribution of 8in MA (1) process
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The direct approach.

* not done at the exercise session - run the script yourself.

$Assumptions = -1 <6 <1;

Solve | =t, 0] // Simplify

1+ 6?2
1-4/(1-4¢%)
2t ’
D[g[t], t] // Simplify
Plot[%, {t, -1, 1}, PlotRange » {0, 5},
PlotLabel - "Derivative of g(t)", AxesLabel - {"t"}]
Bartlett = 1-3p°+4p*/.p> 6/ (1+6%);
(* The variance from the Bartlett formula - which version is correct? =)

(Drglt], t])? «Bartlett /. t »

glt_] =

o // Simplify
+

Plot[% // Evaluate, {6, -1, 1}, PlotRange - {0, 15},
PlotLabel - "Asymptotic variance of hat(e)", AxesLabel » {"e", "n avar(6)"}]
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Asymptotic variance of hat(6)

n avar(6)
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The approach using the inverse function.

mie_1 = 1+62 ’

D[m[e], o]

Bartlett / (%)? // Simplify
$Assumptions = True;
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Example 9 : MoM in multinomial distribution
The “direct” approach.

$Assumptions =@ <p<1/2;

tlp_] =1-p>+4/p; (* E X %)

Plot[z[p], {p, @, 1/2}, PlotLabel -» "Function t(p) = E, X",
AxesLabel » {"p"}, GridLines » {{{47%/?, {Orange, Thick}}}, {}}]
Solve[z[p] ==m, p] (* hat(p) =)

VarX = 1-p? -4/p+44/p- t[p]? // Simplify (» variance of X x)

VarX (D[z[p], p]) 2 // Simplify (» asymptotic variance of p =*)
Plot[%, {p, O, 1/2}, PlotLabel -» "Asymptotic variance of p",
AxesLabel » {"p", "n avar(p)"}]

Solve[D[t[p], p] == O, p] (» avar (p) explodes at this point =x)
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Function t(p) = Ep X
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Asymptotic variance of p
n avar(p)
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A correct approach.
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Clear[k];
ulp_, k_1 = @“p?+1* (1-p*-+/p) +2“/p;
Plot[Table[u[p, kI, {k, 1, 3}] // Evaluate, {p, 0, 1/2},
PlotLabel » "Functions E, X", AxesLabel » {"p"}, PlotLegends -» {"k=1", "k=2", "k=3"}]
Plot[Table[D[u[p, k1, p], {k, 1, 3}] // Evaluate,
{p, @, 1/2}, PlotLabel - "Derivatives of E, X* in p",
AxesLabel - {"p"}, PlotLegends -» {"k=1", "k=2", "k=3"}]

Functions E, X*

st
41 — k=1
[ k=2
3t k=3
2t

o oz o3 o4 s’

Derivatives of E, X in p

0.1 02 03 04 05

k =2;

Solve[u[p, k] =m, p]

varX = u[p, 2+k] - u[p, k12 7/ Simplify

varX / (D[ulp, ki, p])2 // Simplify

Plot[%, {p, O, 1/2}, PlotLabel -» "Asymptotic variance of p",
AxesLabel » {"p", "n avar ()"}, PlotRange - {0, 2} ]

$Assumptions = True;
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