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Abstract

Rate type constitutive theories are developed for describing the response of inho-

mogeneous fluids whose material properties can depend upon the shear rate and the

mean normal stress, within a general thermodynamic setting. The classical Navier-

Stokes fluid and the power-law fluid are special subclasses of the rate type fluids that

have been developed. The models that have been obtained are particularly useful

in describing the behavior of biological and geological fluids, and food products in

view of their inherent inhomogeneity.
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1 Introduction

There is incontrovertible evidence, with regard to fluids, for the dependence

of the material moduli (material properties) on the mean normal stress. (We

shall use the term pressure to signify the mean normal stress. In nonlinear flu-

ids the Lagrange multiplier that enforces the constraint of incompressibility is

not in general, the mean normal stress.) Stokes [28] recognized the importance

of the dependence of the viscosity on the pressure within the contexts of flu-

ids like water. As early as 1893, Barus [2] suggested an exponential variation

for the viscosity with the pressure while Saal and Labout [27] experimen-

tally measured the pressure dependence of the material properties of asphalt.

Copious references concerning experimental evidence, obtained prior to 1930,

for the pressure dependence of the material moduli of fluids can be found in

Bridgman [3], while references to more recent experimental literature can be

found in Szeri [29] and Hron et al. [5]. There is also compelling evidence that

in many polymeric liquids, geological and biological fluids and food products

the material moduli depend on the shear rate, see Málek et al. [9] for a list

of the relevant references. It is but natural that in some fluids, and asphalt is

an example, the material moduli depend both on the shear rate and the pres-

sure (see the review article of Murali Krishnan and Rajagopal [11] for details).

The dependence of the material moduli on the pressure is of consequence only

when the pressure range that the material is subject to is sufficciently large,

and when day to day applications are concerned it is usually ignored. One of

the earliest models used to describe asphalt, which continues to enjoy certain

popularity even today, is a model due to Burgers [4]. In the model proposed by

Burgers the material moduli were constants, although in more recent general-

izations the shear-rate dependence of the model has been taken into account.

Burgers’ model is a rate-type model for viscoelastic fluids and includes as spe-
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cial subcases the classical Navier-Stokes fluid and models due to Maxwell [10]

and Oldroyd [13], the latter two being rate type models.

We are also interested in developing models wherein the stress depends on

the density. This feature warrants some comments as we are interested in

models for incompressible fluids. We have in mind applications of rate type

viscoelastic fluids of geophysics wherein one encounters fluids that are inher-

ently inhomogeneous. Thus, while the density at any material point is fixed

in time, the density from one material point to another can vary. Of course,

the constant density homogeneous fluid is a special case of the models that

are considered.

In this paper, we are interested in developing models for rate-type fluids whose

material moduli depend on both the pressure and the shear rate, and the den-

sity, within a thermodynamic framework that has been used to develop models

to describe a large disparate class of responses of materials quite satisfacto-

rily: viscoelasticity [21], [22], [6], plasticity [18], [19], twinning [16], [17], shape

memory [20], crystallization [25], [26], superplasticity [15], blood flow [1], sin-

gle crystal superalloys [14] and inhomogeneous fluids [8]. The classical theories

of elasticity and fluid mechanics (the Navier-Stokes theory) also fit within the

purview of this approach that is exceedingly versatile and robust. The frame-

work is particularly well-suited to describe the response of bodies that are

capable of instantaneous elastic response. This elastic response is described

by a class of specific Helmholtz potentials from an evolving set of natural con-

figurations. This evolution of the natural configuration reflects the change in

the material’s microstructure that is usually accompanied by the production

of entropy. The precise manner in which the natural configuration evolves is

determined by maximizing the rate of entropy production (we refer the reader

to the papers cited above and to [23] for details of the methodology).
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2 Kinematics

2.1 Natural configuration

Consider an abstract body B that is placed via one-to-one mappings κR and

κt, t denoting the current time, in an Euclidean space in the reference and

current configurations κR(B) and κt(B), respectively. The configuration κR(B)

usually represents the body before the deformation of interest starts. The

response of the body depends on how the reference (initial) configuration,

the current configuration, and all the intermediate configurations that the

body occupied are related. In classical theories like elasticity, the reference

configuration is usually an undeformed stress free state though one could as

well use a stressed configuration as the reference configuration. In fact in

certain problems in biomechanics it is necessary to use an initially stressed

(pre-stressed) configuration as the reference configuration. However, the role

of a reference configuration should not be overestimated: once microstructural

(irreversible) changes take place inside the material, the body usually does

not come back to its reference state on the removal of the external stimuli. In

this sense, the reference configuration merely plays the role from which it is

convenient to measure kinematical quantities such as the strain, etc.

For bodies that are capable of instantaneous elastic response, we can asso-

ciate with the current configuration κt(B) a configuration κp(t)(B) that the

body attains by virtue of an instanteneous elastic response due to removal of

the external stimuli. This notion can be easily understood by considering the

simple mechanical analog comprising of a dashpot (the fluid being incompress-

ible) and an elastic (rubber-like) spring in series being initially undeformed

(i.e., the system’s reference configuration). Let this system be in an extended

state, at any time instant t, its current deformed configuration. If unloaded, it

immediately (very rapidly) goes to the state when the position of the dashpot

is unchanged and the spring shrinks to its natural length. This state is the con-

figuration κp(t)(B). We call the configuration κp(t)(B) the natural configuration
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associated with the current configuration κt(B).

2.2 Deformation measures and their rates

Since κt are one-to-one mappings for t ≥ 0, where we set κ0 := κR, one can

introduce a one to one mapping χ := χκR
: κR(B) × R

+
0 → κt(B) such that

x = χ(X, t) = χκR
(X, t) for X ∈ κR(B) , x ∈ κt(B) . (1)

Then we define the deformation gradient F through

F(X, t) =
∂χ

∂X
(X, t) , (2)

and set

B = FFT and C = FTF . (3)

We also define the velocity field through

v(X, t) =
∂χ

∂t
(X, t) =⇒ v(x, t) = v(χ−1(x, t), t) . (4)

Any (scalar) property ϕ associated with an abstract point P ∈ B can be

expressed as (analogous definitions apply to vectors or tensors)

ϕ = ϕ(P, t) = ϕ̂(X, t) = ϕ̂(χ−1(x, t), t) = ϕ̃(x, t) = ϕ̃(χ(X, t), t) . (5)

Thus, (4)a defines v̂ while (4)b defines ṽ. We shall however merely use the

notation v and whether v̂ or ṽ is intended should be obvious from the context.

We introduce the derivatives

ϕ̇ :=
∂ϕ̂

∂t
, ϕ,t :=

∂ϕ̃

∂t
, ∇Xϕ =

∂ϕ̂

∂X
, ∇xϕ :=

∂ϕ̃

∂x
. (6)

On the other hand, we do not introduce the derivatives of quantities defined

on κp(t)(B) as we always define them through the quantities defined on κR(B)

and κt(B).
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We use the notation L for the velocity gradient and D for its symmetric part:

L := ∇xv and D :=
1

2
(L + LT ) . (7)

It immediately follows from the definitions above that

Ḟ = LF =⇒ L = ḞF−1 . (8)

Analogously, we introduce the deformation gradient Fκp(t)
as the measure of

the deformation between κp(t)(B) and κt(B), and we set

Bκp(t)
= Fκp(t)

FT
κp(t)

and Cκp(t)
= FT

κp(t)
Fκp(t)

. (9)

Finally, we use G to denote the measure of deformation between κR(B) and

κp(t)(B). It is obvious that

F = Fκp(t)
G or G = F−1

κp(t)
F or Fκp(t)

= FG−1 . (10)

Motivated by (8)b, we define

Lκp(t)
:= ĠG−1 =⇒ Ġ = Lκp(t)

G , (11)

and we also set

Dκp(t)
=

1

2
(Lκp(t)

+ LT
κp(t)

) .

As a consequence of the definition of Bκp(t)
, (8), (10)c, (11) and the elementary

identity

G−1G = I =⇒
˙

[G−1] = −G−1ĠG−1 ,

one obtains

Ḃκp(t)
= LBκp(t)

+ Bκp(t)
LT − 2Fκp(t)

Dκp(t)
FT

κp(t)
. (12)

For later use, it is worth of observing that

trḂκp(t)
= 2Bκp(t)

· D − 2Fκp(t)
Dκp(t)

· Fκp(t)
. (13)
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The formula (12) leads naturally to the introduction of the so-called upper

convected Oldroyd tensorial derivative

O

A := Ȧ − LA− ALT . (14)

It then follows, that
O

I = −2D , (15)

and from (12) that
O

Bκp(t)
= −2Fκp(t)

Dκp(t)
Fκp(t)

. (16)

Finally, on defining the traceless part A0 of the tensor A through

A0 = A −
1

3
(trA)I ,

it then follows from (12), (14) and (15) that

O

B0
κpt

=
O

Bκp(t)
−

O

1

3
(trBκp(t)

)I

=
O

Bκp(t)
−

1

3
(trḂκp(t)

) I−
2

3
(trBκp(t)

)D

= −2(Fκp(t)
Dκp(t)

Fκp(t)
−

1

3
Fκp(t)

Dκp(t)
· Fκp(t)

I)

+
2

3
trBκp(t)

D −
2

3
D · Bκp(t)

I .

(17)

The above expression can be rewritten as

Fκp(t)
Dκp(t)

Fκp(t)
−

1

3
Fκp(t)

Dκp(t)
· Fκp(t)

I

= −
1

2

O

B0
κpt

+
1

3
trBκp(t)

D −
1

3
D · Bκp(t)

I .

(18)

2.3 Incompressibility

A body is incompressible if for all VR ⊂ κR(B) with Vt := χ(VR),
∫

VR
dX =

∫

Vt
dx holds. The Substitution Theorem then immediately implies that

detF(X, t) = 1 for all X ∈ κR(B) . (19)
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Differentiating (19) with respect to time leads to the condition

div v = 0 ⇐⇒ trD = trL = 0 . (20)

We will also assume that

det Fκp(t)
= 1 . (21)

It then follows from (10)a, (20) and (21) that

detG = 1 , (22)

and also, after differentiating (22) with respect to time, we can conclude, using

(11), that

trDκp(t)
= trLκp(t)

= 0 . (23)

3 Energy-dissipation equation

3.1 Isothermal processes

We shall assume that (i) the body under consideration is undergoing an

isothermal process, i.e., the temperature of any material point does not change

during this process, and (ii) the temperature in the reference configuration is

uniform. The system of governing equations representing the balance of mass

and the balance of linear momentum takes the form

%̇ = % div v , %v̇ = div T + %b , (24)

where % is the density, T is the Cauchy stress, and b represents the specific

body force. For incompressible materials (24) leads to

%̇ = 0 , div v = 0 , %v̇ = div T + %b , (25)

where and additional equation (25)b is used to determine the mean normal

stress (the pressure)

p := −
1

3
trT . (26)
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If, in addition to the restriction to isothermal processes, no radiation take

place, the balance of energy and the entropy production inequality (the first

and second laws of thermodynamics) lead to the energy-dissipation equation

(see [23] for details)

T · D − %ψ̇ = ξ with ξ ≥ 0 , (27)

where ψ is the specific Helmholtz free energy and ξ is the rate of dissipation.

In our setting, the response between κp(t)(B) and κt(B) is that corresponding to

an incompressible elastic material. Assuming for simplicity that this response

is that of a neo-Hookean material, we have

%ψ =
µ

2
(trBκp(t)

− 3) . (28)

Such a choice for ψ, in virtue of (27) reduces (on using (12) and (25)a) to

(T − µBκp(t)
) · D + µFκp(t)

Dκp(t)
· Fκp(t)

= ξ . (29)

Following the methodology introduced in [24] and further developed and suc-

cessfully applied to model deformation processes of various complex materials

in areas as for example twinning (see [16], [17]), classical plasticity (see [18],

[19]), solid to solid phase transition [20] or crystallization in polymers (see [25],

[26]), viscoelasticity [21], [22], the rheology of blood [1] and asphalt concrete

[12], to name a few, we prefer to prescribe the constitutive relations for the

scalar quantity ξ rather than to give a constitutive equation for T. In prin-

ciple, the forms for ξ and ψ can be identified from experiments in an easier

manner than all components of the Cauchy stress T. In most experiments one

measures responses of materials in special geometries and/or special (simple)

deformations that primarily provide information concerning the structure of

only few components (typically one or two) of the Cauchy stress T (for exam-

ple uniaxial or bi-axial strech experiments). Note that in special geometries

T · D involves just a few nontrivial components of T and D. Thus, inserting

this into (29) we obtain the formula for ξ (in this special geometrical setting).

Undoubtedly, it is easier to generalize the constitutive equation for the scalar
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quantity ξ than to do the same for the Cauchy stress T especially in view of

the paucity of experimental data.

3.2 Constitutive equations for the rate of dissipation

The rate of dissipation for the classical incompressible Navier-Stokes fluid with

the constant viscosity takes the form

ξ = ν0D · D , (30)

while for incompressible fluid with shear, density and pressure dependent vis-

cosity one has

ξ = ν(%, p,D · D)D · D , (31)

see [7] or [8] for details.

In our more general setting involving natural configurations we consider a rate

of dissipation of the form

ξ = Ξ(%, p,D,Dκp(t)
) =ν(%, p, γ)γ

with γ = ε0D · D + ε1Dκp(t)
· Cκp(t)

Dκp(t)
.

(32)

It clearly follows from the definition of Cκp(t)
that ξ ≥ 0 provided that ν =

ν(%, p, γ) ≥ 0 and ε0 ≥ 0, ε1 ≥ 0. The meaning to be assigned to the material

constants ε0 and ε1 will become clear in the next section when we shall consider

models that are obtained when ε0 or ε1 vanish. Note that

∂DΞ(%, p,D,Dκp(t)
) = 2ε0{ν(%, p, γ) + ∂γν(%, p, γ)γ}D (33)

and

∂Dκp(t)
Ξ(%, p,D,Dκp(t)

) = 2ε1{ν(%, p, γ) + ∂γν(%, p, γ)γ}Cκp(t)
Dκp(t)

. (34)
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3.3 Constitutive equation for the Cauchy stress

The unique form for the constitutive equation for the Cauchy stress T =

T(x, t), x, t being fixed, is determined by looking for D∗ and D∗

κp(t)
such that

the value of Ξ(%, p,D∗,D∗

κp(t)
) is maximal with respect to all D and Dκp(t)

satisfying (29), (20)b and (23). The maximization of Ξ with respect to three

constraints (29), (20)b and (23) then gives the necessary conditions (λ1, λ2

and λ3 being the Lagrange multipliers associated with these constraints):

(1 + λ1)∂DΞ − λ1(T − µBκp(t)
) − λ2I = 0 , (35)

(1 + λ1)∂Dκp(t)
Ξ − λ1µCκp(t)

− λ3I = 0 , (36)

that can be rewritten as

1 + λ1

λ1
∂DΞ −

λ2

λ1
I = T − µBκp(t)

, (37)

1 + λ1

λ1

∂Dκp(t)
Ξ −

λ3

λ1

I = µCκp(t)
. (38)

To eliminate λ1 we form the scalar product of (37) with D and of (38) with

Dκp(t)
and sum these products. On using the energy-dissipation equation (29),

and using (33) and (34), we obtain

1 + λ1

λ1
=

Ξ

∂DΞ · D + ∂Dκp(t)
Ξ · Dκp(t)

=
ν(%, p, γ)

2(ν(%, p, γ) + ∂γν(%, p, γ)γ)
, (39)

and

1 + λ1

λ1
∂DΞ = ε0ν(%, p, γ)D , (40)

1 + λ1

λ1

∂Dκp(t)
Ξ = ε1ν(%, p, γ)Cκp(t)

Dκp(t)
. (41)

Next, we eliminate λ2 and λ3 using the incompressibility constraints (20)b and

(23). Taking the trace of (37) and using (33), (20)b and (26), we conclude that

λ2

λ1

= p+
µ

3
trBκp(t)

. (42)

Similarly, taking the trace of (38) we arrive at

λ3

λ1
= −

µ

3
trCκp(t)

+
ε1

3
ν(%, p, γ)Cκp(t)

· Dκp(t)
. (43)
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Inserting (40)–(43) back into (37) and (38) we conclude that the optimality

conditions can be written as (we omit the superindex ∗ for D∗ and D∗

κp(t)
in

which Ξ reaches its maximum)

T = −pI + µB0
κp(t)

+ ε0ν(%, p, γ)D (44)

and

ε1ν(%, p, γ)
(

Cκp(t)
Dκp(t)

−
1

3
(Cκp(t)

·Dκp(t)
) I

)

= µ

(

Cκp(t)
−

1

3
trCκp(t)

I

)

. (45)

In order to rewrite (45) in terms of B0
κp(t)

we proceed in two steps. First, we

multiply (45) by F−T
κp(t)

from the left and by FT
κp(t)

from the right; noting also

that Cκp(t)
· Dκp(t)

= Fκp(t)
Dκp(t)

· Fκp(t)
we conclude that

ε1ν(%, p, γ)
(

Fκp(t)
Dκp(t)

FT
κp(t)

−
1

3
Fκp(t)

Dκp(t)
· Fκp(t)

)

= µB0
κp(t)

. (46)

On using (17) we obtain

ε1

2
ν(%, p, γ)

O

B0
κpt

+ µB0
κp(t)

=
ε1 ν(%, p, γ)

3
(trBκp(t)

D − D · B0
κp(t)

I) . (47)

Next, we form the scalar product of (45) with Dκp(t)
and also using (13) we

obtain

ε1ν(%, p, γ)Dκp(t)
· Cκp(t)

Dκp(t)
= µFκp(t)

Dκp(t)
· Fκp(t)

= µB0
κp(t)

·D −
µ

2
trḂκp(t)

.
(48)

On setting

γ1 := ε1Dκp(t)
· Cκp(t)

Dκp(t)
, (49)

it follows from (48) that

ν(%, p, ε0D · D + γ1)γ1 = µB0
κp(t)

· D −
µ

2
trḂκp(t)

, (50)

which enables us to express γ1 as a function of B0
κp(t)

and trḂκp(t)
. The quanti-

ties trBκp(t)
and trḂκp(t)

can also be expressed by means of B0
κp(t)

by virtue of

12
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the incompressibility constraint (20) leading to a cubic equation 3 for trBκp(t)
:

1 = detBκp(t)
= det(B0

κp(t)
+

1

3
(trBκp(t)

)I) . (51)

3.4 System of governing equations

We summarize the results that have been established. The state of the body

under consideration in the current configuration is completely characterized by

the two scalar quantities % and p, the velocity v = (v1, v2, v3) and by the ten-

sorial quantity B0
κp(t)

= (B0
11, B

0
12, B

0
13, B

0
22, B

0
23). These ten unknowns, defined

on κp(t)(B), can be in principle determined as the solution of the following set

of equations (compare with (24), (44) and (47)–(51))

%̇ = 0 , div v = 0 , (52)

%v̇ = −∇xp+ div
(

µB0
κp(t)

+ ε0ν(%, p, ε0D · D + γ1)D
)

+ %b , (53)

ε1

2
ν(%, p, ε0D · D + γ1)

[

Ḃ
0

κp(t)
− LB0

κp(t)
− B0

κp(t)
LT

]

+ µB0
κp(t)

=
ε1

3
ν(%, p, ε0D ·D + γ1)(trBκp(t)

D − D · B0
κp(t)

I) ,
(54)

where γ1 is defined in (49), trBκp(t)
and trḂκp(t)

are related to the components

of B0
κp(t)

through (50) and (51).

4 Various limits and comparison with earlier results

Note first that when ε1 tends to 0, the equation (54) implies that µ = 0 and

it follows from (53) that we obtain the classical incompressible fluid model

with non-constant viscosity, not being capable of capturing phenomena such

3 Note that (51) implies

1

27
(trBκp(t)

)3 −
1

6
(B0

κp(t)
·B0

κp(t)
)(trBκp(t)

) − detB0
κp(t)

− 1 = 0 .
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as stress relaxation, non-linear creep, etc. It leads to an hierarchy of models

discussed in [7].

When ε0 is positive, the model (52)–(54) generalizes the equations governing

the flow of a fluid of the Oldroyd type, while by letting ε0 → 0 we obtain the

corresponding equations for fluids of the Maxwell type.

If ν = ν0 and the density in the reference configuration is uniform (it means

% = %0 > 0) we obtain

T = −pI + µB0
κp(t)

+ ε0ν0D , (55)

ε1ν0

2

[

Ḃ
0

κp(t)
− LB0

κp(t)
− B0

κp(t)
LT

]

+ µB0
κp(t)

=
ε1ν0

3
(trBκp(t)

D − D · B0
κp(t)

I) ,
(56)

which is a slight modification of the model originally derived in [21].

The advantages of the approach presented above are:

• p stands for the mean normal stress,

• working with the traceless tensors we need to compute only 5 components

of B0
κp(t)

, (This might prove beneficial in the implementation of numerical

schemes.)

• the linearization is straightforward.

The above modeling procedure has led to the generalization of the class of

viscous fluids with pressure dependent viscosity to a class of viscoelastic flu-

ids with pressure dependent material moduli. The class of models developed

here are generalizations of the models developed in [12] when restricted to

the evolution of a single natural configuration, for describing the response of

asphalt.

Interestingly, we find that the model (52)–(54) bears a close relationship to

the model developed by Anand and Rajagopal [1] for describing the flow of

blood.
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It is also worth noting that a very popular model in geomechanics for de-

scribing the behavior of the earth’s mantle is the rate type fluid model due to

Burgers [4]. The title of the paper by Yuen and Peletier [30] makes transparent

the common assumption that the earth’s mantle responds like a viscoelastic

body. As the mantle is also stratified due to effect of gravity, it would be

natural to model it as an inhomogeneous viscoelastic fluid, the type of fluid

considered in this paper.
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