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VI.1. Basic operations with matrices

Definition

A table of numbers

ai aip ... dip
az dyp ... Qy
)
Am1 Ao ... Ay
wherea; € R,i=1,...,m,j=1,...,n,is called a matrix of

type m x n (shortly, an m-by-n matrix). We also write (a;)i=1..n
j=1l..n
for short.

An n-by-n matrix is called a square matrix of order n.
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VI.1. Basic operations with matrices

Definition

A table of numbers

ai aip ... dip
az dyp ... Qy
)
Am1 Ao ... Ay
wherea; € R,i=1,...,m,j=1,...,n,is called a matrix of

type m x n (shortly, an m-by-n matrix). We also write (a;)i=1..n
j=1l..n
for short.

An n-by-n matrix is called a square matrix of order n.
The set of all m-by-n matrices is denoted by M(m x n).

Mathematics II - Matrices



Example

OISR

—~
~—
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Exercise

Find the type of the matrix

6 11 -2
23 31 5

A 2x3 B 3x2 C6
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Exercise

Find the type of the matrix

6 11 -2
23 31 5

A 2x3 B 3x2 C6
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Definition
Let
an ayp ... dip
az; dzp ... Ay
A=
Anl Am2 ... Gpp

The n-tuple (a1, ap, - . ., a;,), where i € {1,2,...,m}, is called
the ith row of the matrix A.
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Let
an ap ... dip
asy axy ... dyp
A=
Anl A2 .. Gpp
aij
ar;
The m-tuple :j ,where j € {1,2,... n}, is called the jth
a;71j
column of the matrix A.
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Definition

We say that two matrices are equal, if they are of the same type
and the corresponding elements are equal, i.e. if A = (a;)i=1..m
j=1..n

and B = (b, )u=1.r, then A = B if and only if m = r, n = s and
v=Il..s
a; =b;Vie{l,... m},Vje{l, ... n}

Are A and B equal?
1 2 3
A=|4 0 4
-1 -2 5
4 0 4
B=|1 2 3
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Definition

We say that two matrices are equal, if they are of the same type
and the corresponding elements are equal, i.e. if A = (a;)i=1..m
j=1..n

and B = (b, )u=1.r, then A = B if and only if m = r, n = s and
v=Il..s
a; =b;Vie{l,... m},Vje{l, ... n}

Are A and B equal?
1 2 3
A=|4 0 4
-1 -2 5
4 0 4
B=|1 2 3
-1 -2 5

No
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Definition

LetA,B € M(m x n),A = (a,,-),;zll..m, B = (bij)i;ll..ma AER.
j=l..n j=1l..n

The sum of the matrices A and B is the matrix defined by

an +b11 a12+b12 Clln+b1n

ay +by  ap+by ... ay+ by
A+ B = . } i ;

aml + bml am? + bml N + bmn
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Definition

LetA,B € M(m x n),A = (a,,-),;zll..m, B = (bij)i;ll..ma AER.
j=l..n j=1l..n

The sum of the matrices A and B is the matrix defined by

an +b11 a12+b12 Clln+b1n

a +by  ap+by ... ay+by
A+B= i ; . :

aml + bml am? + bml N + bmn

The product of the real number A and the matrix A (or the
A-multiple of the matrix A) is the matrix defined by

)\6111 /\d]z 000 )\Cl]n

)\6121 Aazz 0o o )\Clzn
M =

)\aml )\amz 500 )\amn
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Exercise

Let
. (4 6 ) B= @ 3 )
20 24
FindA + B
ATl b 26 62
B (112 268

C
6 1l (24 264 .
23 31 0 3

)




Exercise

Let
25
a=(4 0 B:(3 L )
=20 24

FindA + B

A 71 D

B 26 62
6 9 112 268
(7 11 ) E

C
6 1l (24 264 .
23 31 0 3

)




Exercise
Let

Find 5A

A

(= 7)

20 6
20 7

(
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Exercise
Let

Find 5A

A

(= 7)

20 6
20 7

(
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Exercise

1 -2 3 1 —4 0
LetA:<2 4),B:(_2 0),C:< )and

00
0- (0 O).
Find (A+B)+ Cand A + (B + C).
Find A + B and B + A.
Find A + O and O + A.
Find a matrix C, such that A + C, = O.
Find 2 - 3A and 2(3A).
Find 2 - 3A and 2(3A).
Find (1 4+ 2)A and 1A + 2A.
Find 2A + 2B and 2(A + B).

2 =N e s =

Mathematics II - Matrices



Proposition 1 (basic properties of the sum of matrices and of a

multiplication by a scalar)

The following holds:
e VA BCcM(mxn):A+(B+C)=(A+B)+C,
(associativity)
e VA\BeM(mxn):A+B=B+A, (commutativity)

e JOeM(mxn)VAeM(mxn): A+ O =A, (existence
of a zero element)

@ VA e M(mxn)3Cy € M(m X n): A+ Cy = O,(existence
of an opposite element)

e VAeM(mxn)VA\ ueR: (An)A = A(pA),
eVAeM(mxn):1-A=A4,

@ VAeM(mxn)VA\,p€R: (A+p)A =) + 1A,
e VA BeM(mxn)VAeR: \(A+B) =) + \B.
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@ The matrix O from the previous proposition is called a zero
matrix and all its elements are all zeros.
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@ The matrix O from the previous proposition is called a zero
matrix and all its elements are all zeros.

@ The matrix C4 from the previous proposition is called a
matrix opposite to A. It is determined uniquely, it is
denoted by —A, and it satisfies —A = (—a;j)i=1..» and

j=l..n
—-A=-1-A.
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Definition

LetA € M(m X n),A = (als), -1 m,B € M(n x k),

B = (bsj)é Ly Then the product of matrices A and B is defined
=

as a matrlx AB € M(m x k), AB = (c;;)i=1.m, where
=1k

n
= E a,-sbsj.
s=1

4
_ B _
ol
bE.Z b23
el B
a.|a, O
|'-' v
A a_,|a ‘o
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Matrix multiplication

ay dap
d dx .(bll bis b13)
asy as by by by
asr A4
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Matrix multiplication

ay dap
d dx .(bll bis b13>
asy as by by by
asr A4

anby +anby  anbiy + anby  aybiz + apnbxs
anby + anby  aybiy + anbyy  axbiz + axpbi;
az1by + axnby  azbiy + anby  az bz + anbs
asibiy + apby asbis + apby  asbiz + apnby
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Matrix multiplication

ay dap
d dx .(bll bis b13>
asy as by by by
asr A4

anbyy + anby anbiy + anby  aybiz + apbas
anby + anby  aybiy + anbyy  axbiz + axpbi;
az1by + axnby  azbiy + anby  az bz + anbs
asibiy + apby asbis + apby  asbiz + apnby
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Matrix multiplication

ap dap
a1 daxn | by, b3
asz; az by by
as a4
anby +ap anbiy + anby  anbiz + anbs

ax by 4 anby  axbiy + anby  abiz + axbis
azibyy + azby  az by +axby  azbiz + axnbss
asibiy + apby asbis + apby  asbiz + apnby
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Matrix multiplication

ay dap
d dx .(bll bis b13>
asy as by by by
asr A4

anby +anby  anbiy + anby  aybiz + apnbxs
anby + anby  aybiy + anbyy  axbiz + axpbi;
az1by + axnby  az by + anby  az bz + anbs
asibiy + apby asbis + apby  asbiz + apnby
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Matrix multiplication

ay dap

a1 daxn | (bll b13>
as; ds by by
asr A4

anby +anby  anbiy + anby  aybiz + apnbxs
anby + anby  aybiy + anbyy  axbiz + axpbi;
az1by + anby az b +axn az1biz + axnbs
asibiy + apby asbis + apby  asbiz + apnby
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Exercise

Find AB, if
a-(
3 -1

A (—2 2

5 (5 5)

0 —1
B_(z 2

0 O
(% 2)
D something else
E AB is not well defined

2 )

)
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Exercise

Find AB, if
0 —1
A= (2" o (2 2 >
S \-3 1
3 -1 0 O
(57 (% )
0 -2 D something else
= 2 5 E AB is not well defined
B
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Exercise

Find AB, if
4
A= (%] b (—1>
- \3 2

5 7
~ (3) > (1)
B (10 7) E AB is not well defined

g8 4
c (5 5)
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Exercise

Find AB, if
4
A= (%] b (—1>
- \3 2
5 7
~ (3) > (1)
B (10 7) E AB is not well defined
g8 4
c (5 5)
D
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Multiplication properties

Exercise

Let
a b 1 0
A= (¢ 2) It
Find
1. Al 2. IA
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Multiplication properties

Exercise

Let
a b 1 0
A= (¢ 2) It
Find
1. Al 2. IA |
Let
2 —1 0O O
= 7) = (5 %)
Find
1. AB 2. BA

Mathematics II - Matrices



Theorem 2 (properties of the matrix multiplication)

Let m,n,k,l € N. Then:
(i) VA e M(m x n) VB € M(n x k) VC € M(k x I):
A(BC) = (AB)C, (associativity of multiplication)
(ii) VA € M(m x n) VB,C € M(n x k):
A(B+C)=AB+AC, (distributivity from the left)
(iii) VA, B € M(m x n) VC € M(n x k):
(A+B)C =AC + BC, (distributivity from the right)
(iv) 3T € M(n x n) VA € M(n x n): IA = AI = A. (existence
and uniqueness of an identity matrix I)

Warning! The matrix multiplication is not commutative.
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Definition
A transpose of a matrix
ap dp a3 ... 4y
az; dxp dzx ... dy
A =
Am1 A2 A3 ... Agp
1s the matrix
ajpr adjg oo A
app dxy ... Ay
AT = |3 G ... 4w |
Ay, dyp ... Ay
ie ifA = (a,l),_l m then AT = (bw)u L, where b,, = a,, for
=i,
eachu € {1,.. n} ve{l?2,. }
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Definition
A transpose of a matrix
ayp dp aiz ... Ay
az; dxp dzx ... dy
A =
Aml Am2 4wz ... Agp
1s the matrix
ayp  ajg oo A
ajpp dyp ... 4
AT = | Qi3 G ... Gm3 |
ay, dyp ... Opp
ie ifA = (a,l),_l m then AT = (bw)u L, where b,, = a,, for
=i,
eachu € {1,.. n} ve{l2,. }
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Definition
A transpose of a matrix
ap dp a3 ... 4y
dzy dpp dyz ... dyy
Aml Am2 4wz ... Agp
1s the matrix
ajpy djg oo A
ajpp dyp ... 4
AT = | 413 az3 ams | |
Ay, dzyp ... App
ie ifA = (a,l),_l m then AT = (bw)u L, where b,, = a,, for
=i,
eachu € {1,.. n} ve{l?2,. }
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Definition
A transpose of a matrix
ap dp a3 ... 4y
az; dxp dzx ... dy
A =
Am1 A2 A3 ... Agp
1s the matrix
ajpr adjg . Ay
app dxy ...
AT = | %3 G ... Gm3 |
Ay, dyp ... Ay
ie ifA = (a,l),_l m then AT = (bw)u L, where b,, = a,, for
=i,
eachu € {1,.. n} ve{l?2,. }
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A transpose of a matrix
ap dp a3 ... 4y
az; dxp dzx ... dy
A =
am1 Ay A3z ... pgp
1s the matrix
ayy dzr ... A4l
ap dxy ... 4y
AT = | %3 G ... 4m3 |
Ay, dyp ... dpyp
ie ifA = (a,l),_l m then AT = (bw)u L, where b,, = a,, for
=1..
eachu € {1,.. n} ve{l?2,. }
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1 2
D=[ 4 —4
2 3
1 4 2
T _
D (2 4 3)
1 2 3
F = 0 —3 1
4 7T 3
1 0 4
F' = 2 -3 7
3 1 3
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2 3 1
A=[0 -1 3
2 0 4
Find A"?
A C
2 3 1
AT=10 -13 AT =
2 0 4
B D
0 -2 AT
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Exercise

2 3 1
A= 0O -1 3
2 0 4
Find AT?
A C
2 3 1 -2 0 4
AT=10 -1 3 AT=10 -13
-2 0 4 2 3 1
B D
) 1 3 4
AT=(3 -1 0 At=3 =1 0
1 3 4 2 0-2
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Let

1 —1 3 0
=0 %) (3 )
Find
1. (AB)T 2. ATBT 3. BTAT
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Theorem 3 (properties of the transpose of a matrix)

Plati:
(i) VA € M(m x n): (AT)" =A,
(ii) VA,B € M(m xn): (A+B) =A" + BT,
(iii) VA € M(m x n) VB € M(n x k): (AB)" = B"A".
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Theorem 3 (properties of the transpose of a matrix)

Plati:
(i) VA € M(m x n): (AT)" =A,
(ii) VA,B € M(m xn): (A+B) =A" + BT,
(iii) VA € M(m x n) VB € M(n x k): (AB)" = B"A".

We say that the matrix A € M(n x n) is symmetric if A = A”.
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Exercise

Let A and B are matrices of the type 2 x 3. Which of these
operations are NOT well defined?

AA+B D AB’
B A’B
C BA E AB
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Exercise

Let A and B are matrices of the type 2 x 3. Which of these
operations are NOT well defined?

AA+B D AB’
B A’B
C BA E AB

C,E
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Exercise

We want to multiply matrices A x B. We need:

A A and B needs to have the same number of rows.
B A and B needs to have the same number of columns.

C the number of rows of A needs to be the same as the
number of columns of B

D the number of columns of A needs to be the same as the
number of rows of B
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Exercise

We want to multiply matrices A x B. We need:

A A and B needs to have the same number of rows.
B A and B needs to have the same number of columns.

C the number of rows of A needs to be the same as the
number of columns of B

D the number of columns of A needs to be the same as the
number of rows of B
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Let A is a matrix of the type 2 x 3 and B is of the type 3 x 6.
Find the type of AB:

A 2x6 C 3x3 E 3x6

B 6x2 D 2x3
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Let A is a matrix of the type 2 x 3 and B is of the type 3 x 6.
Find the type of AB:

A 2x6 C 3x3 E 3x6

B 6x2 D 2x3
A
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Let A is a matrix of the type 2 x 3 and B is of the type 3 x 6.
Find the type of AB:

A 2x6 C 3x3 E 3x6

B 6x2 D 2x3

Exercise (True or False?)

|>

Let A and B be square matrices of the same dimension. Then

(A+B) x (A+B) =A” +2AB + B>
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Exercise

Let A is a matrix of the type 2 x 3 and B is of the type 3 x 6.
Find the type of AB:

A 2x6 C 3x3 E 3x6
B 6x2 D 2x3

Exercise (True or False?)

|>

Let A and B be square matrices of the same dimension. Then
(A+B) x (A+B) =A” +2AB + B>
False

(A+B) x (A+B) =A%+ AB + BA + B’
+ A> + AB + AB + B”> = A’ + 2AB + B>
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Exercise

Visit: https:
//web.ma.utexas.edu/users/ysulyma/matrix/
(You can change the picture:
https://karlin.mff.cuni.cz/~kuncova/en/
2122LS_FMat2/bilyctverec. jpg.)

Try the following matrices:

0.71 0.71

0 —1 0 1 1.3
L1 <1 o> 12 (—1 0) (0.71 —0.71



https://web.ma.utexas.edu/users/ysulyma/matrix/
https://web.ma.utexas.edu/users/ysulyma/matrix/
https://karlin.mff.cuni.cz/~kuncova/en/2122LS_FMat2/bilyctverec.jpg
https://karlin.mff.cuni.cz/~kuncova/en/2122LS_FMat2/bilyctverec.jpg

Exercise
And what about this matrices? What is the result of matrix

multiplying?
0 1 1 0 0
Lo (5 0)=(o 2) (5 o)
0o 2 0 1 1 0
12 (5 0)= (5 o) 6 2)
Cheat sheet for matrix transform:

https://en.wikipedia.org/wiki/File:
2D_affine_transformation_matrix.svg

O ==
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VI1.2. Invertible matrices

Let A € M(n x n). We say that A is an invertible matrix if there
exists B € M(n x n) such that

AB =BA =1.

Definition

We say that the matrix B € M(n X n) is an inverse of a matrix
A €M(nxn)ifAB =BA =1.

Remark

A matrix A € M(n x n) is invertible if and only if it has an
inverse.
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Exercise

Let
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Exercise

Let
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Exercise

Find inverse for
1 -3
a=(5 %)
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Exercise

Find inverse for

e
I
N
| o
Q| =
[
QN —=1 | —
N—
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e If A € M(n x n) is invertible, then it has exactly one
inverse, which is denoted by A"
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e If A € M(n x n) is invertible, then it has exactly one
inverse, which is denoted by A"

o If some matrices A, B € M(n x n) satisfy AB = I, then
also BA = 1.
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e If A € M(n x n) is invertible, then it has exactly one
inverse, which is denoted by A"

o If some matrices A, B € M(n x n) satisfy AB = I, then
also BA = 1.

Theorem 4 (operations with invertible matrices)

Let A,B € M(n x n) be invertible matrices. Then
(i) A" is invertible and (A_l)_1 =A,

(ii) AT is invertible and (AT) = (A_I)T,

(iii) AB is invertible and (AB)™' = B~'A~".
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The Determinant of the matrix A of type (1, 1) is equal to

det A = ai-
The Determinant of the matrix A of type (2,2) is equal to

det A = ay-dzp —ajp-ax].

hS

af__f af,2
N
N\
a,, a

2,2
\ +

Figure: http://umv.science.upjs.sk/madaras/MzZIa/
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Exercise

Find the determinant of
5 4
1 3

A4 C 15
B 11 D 19
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Exercise

Find the determinant of
5 4
1 3

A4 C 15
B 11 D 19
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Definition 2 (Sarrus)
The Determinant of the matrix A of type (3, 3) is equal to

det A = ay 1ax0a33 + ai12a23031 + a1 302,103

— a13032031 — Ay202 1033 — A1,1042303 7.

XK
S KK\

Figure: https://de.wikipedia.org/wiki/Regel von_Sarrus
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Exercise

Find the determinant of

5 2 -1

0 3 4

0 0 1
A0 C 15
B 6 D 22

Mathematics II - Matrices
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Exercise

Find the determinant of

5 2 -1

0 3 4

0 0 1
A0 C 15
B 6 D 22
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Definition 3

Let A be square matrix of the type (4,4). Let A, ; denote the
matrix of type (n — 1,n — 1), which is created from A by
ommiting the ith row and jth column. Let r € {1,...,n}. Then
the determinant of A is equal to

det A = a, (—1)"" det A, | + a,2(—2)" det A, o+
vt ap,(—n) det A, ;.

l

@ b ¢ d

g A e g k e f A e f g
e f g A __I. ; o )
_ _ =a|i k I|-Bli k {|+te|i J -dli J &
ioj ok

n oo p o p i n p m n o
m o o p




VI1.3. Determinants

LetA € M(n x n). The symbol A;; denotes the
(n — 1)-by-(n — 1) matrix which is created from A by omitting
the ith row and the jth column.
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VI1.3. Determinants

LetA € M(n x n). The symbol A;; denotes the

(n — 1)-by-(n — 1) matrix which is created from A by omitting
the ith row and the jth column.

ai i ayj—1 ay; aj j+1 e ajn
ai—11 ... di—1j-1 4i—1j Qi—1j+1 ... Ai—1n

A= a;q c a;j—1 ai ajj+1 Ce ain
ait11 .- Aig1j—1 Qi1 Qi+l Ait1n

an,1 apj—1 ay Apj+1 cee ann
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VI1.3. Determinants

Definition

LetA € M(n x n). The symbol A;; denotes the
(n — 1)-by-(n — 1) matrix which is created from A by omitting
the ith row and the jth column.

ai i ayj—1 ay ajj+1 ain
ai—11 ... di—1j-1 4di—1j Qi—1j+1 ... GAi—1gn

A= a; . ajj—1 ai ajj+1 e din
ir11 -+ Qip1j-1 ity Qiprj+1 -+ Aitin

an,1 s apj—1 ay,j A j+1 s An,n

Mathematics II - Matrices



VI1.3. Determinants

LetA € M(n x n). The symbol A;; denotes the
(n — 1)-by-(n — 1) matrix which is created from A by omitting
the ith row and the jth column.

ai i ayj—1 ajj+1 ain
ai—11 ... 4i—1j-1 di1j+1 .-+ Qi—1p
ai+11 - Gig1j-1 dit1j+1 --- ditin

an,1 e apj—1 apj+1 e ann
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VI1.3. Determinants

LetA € M(n x n). The symbol A;; denotes the
(n — 1)-by-(n — 1) matrix which is created from A by omitting
the ith row and the jth column.

ai i ajj—1 aj j+1 aln
A — ai—11 .- 4i—1j-1 Qi-1j+1 ... Qi—1p
gy
dir11 .- Qit1j-1 Qiglj+1 --- Qigln
an,1 Ce apj—1 A j+1 c. Ann
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Definition

LetA = (a;);ij=1.- The determinant of the matrix A is defined
by

ail lfl’lzl,

detA = ; ' ‘
Zi:l(_l)l+lail detA;; ifn > 1.

For det A we will also use the symbol

ayp ap ... dip

azy dzxp ... dyy

a1 Ay ... Apy
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Theorem 5 (cofactor expansion)
Let A = (aij)ile_,n, k € {1, 500 ,l’l}. Then

detA = Z(— 1)**ay det Ay (expansion along kth column),
i=1

detA = Z(—l)k+jakj detAy; (expansion along kth row).
j=1

Mathematics II - Matrices



Exercise

Find

|
SN
DR W
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Exercise

Find

|
SN
DR W
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Letj,n € N, j < n, and the matrices A,B,C € M(n X n)
coincide at each row except for the jth row. Let the jth row of A
be equal to the sum of the jth rows of B and C. Then

detA = det B 4 det C.

a ... din aiy ... Qi air ... dai
aj—1,1 - Gji—1.n aj—1,1 -+ Gj—1.n aj—1,1 -+ Gj—1,n
u1+v1 u,1+v,, = up Un + Vi Vi
G+1,1 e Gitln G+1,1 e bitln Gt1,1 e bitln
L N apl ... Onn apl ..o Onn
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Theorem 7 (determinant and transformations)
LetA,A" € M(n x n).
(i) If the matrix A’ is created from the matrix A by multiplying
one row in A by a real number ji, then det A" = ;i det A.
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Theorem 7 (determinant and transformations)
LetA,A" € M(n x n).
(i) If the matrix A’ is created from the matrix A by multiplying
one row in A by a real number ji, then det A" = ;i det A.

(i) If the matrix A’ is created from A by interchanging two
rows in A (i.e. by applying the elementary row operation of
the first type), then det A" = — det A.
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Theorem 7 (determinant and transformations)
LetA,A" € M(n x n).
(i) If the matrix A’ is created from the matrix A by multiplying
one row in A by a real number ji, then det A" = ;i det A.

(i) If the matrix A’ is created from A by interchanging two
rows in A (i.e. by applying the elementary row operation of
the first type), then det A" = — det A.

(iii) If the matrix A’ is created from A by adding a ji-multiple of
a row in A to another row in A (i.e. by applying the

elementary row operation of the third type), then
detA’ = det A.
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Theorem 7 (determinant and transformations)
LetA,A" € M(n x n).
(i) If the matrix A’ is created from the matrix A by multiplying
one row in A by a real number ji, then det A" = ;i det A.

(i) If the matrix A’ is created from A by interchanging two
rows in A (i.e. by applying the elementary row operation of
the first type), then det A" = — det A.

(iii) If the matrix A’ is created from A by adding a ji-multiple of
a row in A to another row in A (i.e. by applying the

elementary row operation of the third type), then
detA’ = det A.

(iv) IfA’ is created from A by applying a transformation, then
detA # 0 if and only if det A" # 0.
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Write a summary of the previous theorem.
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Write a summary of the previous theorem.

The determinant of a matrix with a zero row is equal to zero.
The determinant of a matrix with two identical rows is also
equal to zero.
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Exercise

‘We have

Find

A -107
B 107

C something else
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Exercise

‘We have

Find

A -107
B 107

C something else
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Exercise
We have
-2 1 3
det| 2 0 4| =44.
1 3 1
Find
-2 1 3
det|{ O 1 717
1 3 1
A 44 C 88
B -44 D something else

50/88
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Exercise
We have
-2 1 3
det| 2 0 4| =44.
1 3 1
Find
-2 1 3
det|{ O 1 717
1 3 1
A 44 C 88
B -44 D something else
A

50/88
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Exercise

We have

Find

A 44
B -44
C 88

-2 1 3
det | 2 0 4| =44.
1 31
-2 1 3
det | 2 0 417
0 75
D 22

E something else
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Exercise

We have

Find

A 44
B -44
C 88

-2 1 3
det | 2 0 4| =44.
1 31
-2 1 3
det | 2 0 417
0 75
D 22

E something else
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Exercise

Let A be a matrix of type (2x2). Find det(5A).

A SdetA C 25detA
B 10det A D something else
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Exercise

Let A be a matrix of type (2x2). Find det(5A).

A SdetA C 25detA
B 10det A D something else

C
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Let A = (a;);j—1..- We say that A is an upper triangular matrix
ifa;=0fori>j,i,je{l,... n}
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Let A = (a;);j—1..- We say that A is an upper triangular matrix
ifa; =0fori>j,i,je {l,...,n}. We say that A is a lower
triangular matrix if a; = 0 fori < j,i,j € {1,...,n}.

o o
.
0 -3 0 3_33
0O 0 5
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Let A = (a;);j—1..- We say that A is an upper triangular matrix
ifa; =0fori>j,i,je {l,...,n}. We say that A is a lower

triangular matrix if a; = 0 fori < j,i,j € {1,...,n}.

° °
o o8
0 -3 0 3 _3 3
0O 0 5

Theorem 8 (determinant of a triangular matrix)

Let A = (a;);j=1.. be an upper or lower triangular matrix.
Then

detA:a” Ay vt Ay




Theorem 9 (determinant and invertibility)
Let A € M(n x n). Then A is invertible if and only if det A # 0.
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Exercise

Which of the following matrices do NOT have inverse matrix?

: ()
C ;)

(v 3)
(5 o)

E All of them have inverse matrix.
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Exercise

Which of the following matrices do NOT have inverse matrix?

: ()
C ;)

-1 0
0O 3
0 4
2 0
E All of them have inverse matrix.
B
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Theorem 10 (determinant of a product)

LetA,B € M(n x n). Then det AB = detA - det B.

Let A be invertible. Then det A~! = delt A
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Exercise

Let det A = 3. Find det A=,

A3 (O
B 1/3 D hard to say.
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Exercise

Let det A = 3. Find det A=,

A3 (O

B 1/3 D hard to say.
B
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Theorem 11 (determinant of a transpose)

LetA € M(n x n). Then detA” = det A.
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Exercise

‘We have

Find

A 44
B 1/44
C 88
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Exercise

‘We have

Find

A 44
B 1/44
C 88
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Definition

Letk,n € Nandv',...,v* € R". We say that a vector u € R" is
a linear combination of the vectors v', . . ., v with coefficients
Aty .., A € RIS

u:)\lvl—l—---+>\kvk.
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https://www.geogebra.org/m/z8cZnvAm

Definition

Letk,n € Nandv!,... vk € R". We say that a vector u € R" is

a linear combination of the vectors v', . . ., v with coefficients
Aty .., A € RIS

u:)\lvl—l—---+>\kvk.

By a trivial linear combination of vectors v!, ..., v* we mean
the linear combination O - v! 4 - - - 4 0 - v*. Linear combination
which is not trivial is called non-trivial.

https://www.geogebra.org/m/z8cZnvAm
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Exercise

Letu = (1,2,4) and v = (—2,0,5). Then 2u — 3vis

A (—4,4,23) C (8,4,23)
B (8,4,-7) D (7,6,2)
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Exercise

Letu = (1,2,4) and v = (—2,0,5). Then 2u — 3vis

A (—4,4,23) C (8,4,23)
B (8,4,-7) D (7,6,2)

B
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Express z = (—5, 3, 6) as the linear combination of
x=(1,-1,4)andy = (=3,2,6).

A —5x

B —2x+y

Cx+2

D 2x+y

E hard to say
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Exercise

Express z = (—5, 3, 6) as the linear combination of
x=(1,-1,4)andy = (=3,2,6).

A —5x

B —2x+y

Cx+2

D 2x+y

E hard to say

E, impossible
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Exercise

Express w as the linear combination of # and v.

! Vv /

> Oé P -
— W
-0.5

u

Figure: https://www.chegg.com/homework-help/
questions—and-answers/
write-vector-w—linear-combination-u-v-g55559120

Aw=2u+t+v Dw=u—v
Bw=u+v E w cannot be written like
Cw=—-u-tv that.
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Exercise

Express w as the linear combination of # and v.

> Oé P -
— W
-0.5

u

Figure: https://www.chegg.com/homework-help/
questions—and-answers/
write-vector-w—linear-combination-u-v-g55559120

Aw=2u+t+v Dw=u—v
Bw=u+v E w cannot be written like
Cw=—-u-tv that.
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Exercise

Which of the following vector can be written as the linear
combination of vectors (1,0,0), (0, 1,0), (0,0,1)?

A (0,2,0)

B (-3,0,1)

C (0.4,3.7,—1.5)
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Exercise

Which of the following vector can be written as the linear
combination of vectors (1,0,0), (0, 1,0), (0,0,1)?

A (0,2,0)

B (-3,0,1)

C (0.4,3.7,—1.5)
A,B,C
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Exercise

Which of the following vector can be written as the linear
combination of vectors (1,0,0), (0, 1,0), (0,0,1)?

A (0,2,0)

B (-3,0,1)

C (0.4,3.7,—1.5)
A,B,C

Exercise

Describe the set of all linear combinations of vectors (2,4, 6)
and (—1, -2, -3)?

A point B line C vector D plane E space
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Exercise

Which of the following vector can be written as the linear
combination of vectors (1,0,0), (0, 1,0), (0,0,1)?

A (0,2,0)

B (-3,0,1)

C (0.4,3.7,—1.5)
A,B,C

Exercise

Describe the set of all linear combinations of vectors (2,4, 6)
and (—1, -2, -3)?

A point B line C vector D plane E space

B
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Exercise

Describe the set of all linear combinations of vectors (1,2,0)
and (—1,1,0)?

A point B line C vector D plane E space
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Exercise

Describe the set of all linear combinations of vectors (1,2,0)
and (—1,1,0)?

A point B line C vector D plane E space

|v

Exercise

Describe the set of all linear combinations of vectors (1,2,0),
(—1,1,0) and (2,—2,0)?

A point B line C vector D plane E space
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Exercise

Describe the set of all linear combinations of vectors (1,2,0)
and (—1,1,0)?

A point B line C vector D plane E space

|v

Exercise

Describe the set of all linear combinations of vectors (1,2,0),
(—1,1,0) and (2,—2,0)?

A point B line C vector D plane E space

D
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Definition

We say that vectors v!, ..., v* € R” are linearly dependent if
there exists their non-trivial linear combination which is equal
to the zero vector.
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Definition

We say that vectors v!, ..., v* € R” are linearly dependent if
there exists their non-trivial linear combination which is equal
to the zero vector. We say that vectors v!, ... v € R" are
linearly independent if they are not linearly dependent, i.e. if
whenever ), ..., \ € R satisfy \jp' 4 - - + \ok = 0, then
AMM=X=-=X=0.
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Definition

We say that vectors v!, ..., v* € R” are linearly dependent if
there exists their non-trivial linear combination which is equal
to the zero vector. We say that vectors v!, ... v € R" are
linearly independent if they are not linearly dependent, i.e. if
whenever ), ..., \ € R satisfy \jp' 4 - - + \ok = 0, then
)\l:)\ZZ"':)\k:()-

Vectors v!, ... v* are linearly dependent if and only if one of
them can be expressed as a linear combination of the others.
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Vectors v!, ... v are linearly dependent if and only if one of
them can be expressed as a linear combination of the others.

The vectors (1,0,0), (0,0,2), (3,0,4) are
A linearly dependent

B linearly independent
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Vectors v!, ... v are linearly dependent if and only if one of
them can be expressed as a linear combination of the others.

The vectors (1,0,0), (0,0,2), (3,0,4) are
A linearly dependent

B linearly independent
A
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Definition

LetA € M(m x n). The rank of the matrix A is the maximal
number of linearly independent row vectors of A, i.e. the rank is
equal to k € N if

(i) there is k linearly independent row vectors of A and

(i1) each [-tuple of row vectors of A, where [ > k, is linearly
dependent.

The rank of the zero matrix is zero. Rank of A is denoted by
rank(A).
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Exercise

Find the rank of the matrix

—_0 O =
o O O
W W o O
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Exercise

Find the rank of the matrix

—_0 O =
o O O
W W o O
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Definition

We say that a matrix A € M(m X n) is in a row echelon form if
foreachi € {2,...,m} the ith row of A is either a zero vector
or it has more zeros at the beginning than the (i — 1)th row.
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The rank of a row echelon matrix is equal to the number of its
NON-Zero rows.

I 4 1
05 2

S O =
SN B
W O =

1
0
0

S O B

1
2
0
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Definition

The elementary row operations on the matrix A are:
(i) interchange of two rows,
(i) multiplication of a row by a non-zero real number,

(iii) addition of a multiple of a row to another row.

A matrix transformation is a finite sequence of elementary row
operations. If a matrix B € M(m x n) results from the matrix
A € M(m x n) by applying a transformation 7" on the matrix A,

then this fact is denoted by A % B.
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Theorem 12 (properties of matrix transformations)

(i) Let A € M(m X n). Then there exists a transformation
transforming A to a row echelon matrix.
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Theorem 12 (properties of matrix transformations)

(i) Let A € M(m X n). Then there exists a transformation
transforming A to a row echelon matrix.

(i1) Let Ty be a transformation applicable to m-by-n matrices.
Then there exists a transformation T, applicable to m-by-n
matrices such that for any two matrices A,B € M(m X n)

we have A *5 B if and only if B 3 A.
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Theorem 12 (properties of matrix transformations)

(i) Let A € M(m X n). Then there exists a transformation
transforming A to a row echelon matrix.

(i1) Let Ty be a transformation applicable to m-by-n matrices.
Then there exists a transformation T, applicable to m-by-n
matrices such that for any two matrices A,B € M(m X n)

we have A *5 B if and only if B 3 A.
(iii) Let A,B € M(m X n) and there exist a transformation T
such that A ~ B. Then rank(A) = rank(B).
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Let
5 4 -8 1
1 3 4 8
A= o 2 1 3
-1 -2 4 1
After the transformation we get
1 0 01
0101
0 001
00O0O
Find the rank of A:
A0 B 1 C2 D 3 E 4
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Let
5 4 -8 1
1 3 4 8
A= o 2 1 3
-1 -2 4 1
After the transformation we get
1 0 01
0101
0 001
00O0O
Find the rank of A:
A0 B 1 C2 D 3 E 4
D
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Similarly as the elementary row operations one can define also
elementary column operations. It can be shown that the
elementary column operations do not change the rank of the
matrix.
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Remark

Similarly as the elementary row operations one can define also
elementary column operations. It can be shown that the
elementary column operations do not change the rank of the
matrix.

Remark

It can be shown that rank(A) = rank(A”) for any
A € M(m X n).
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Exercise
We made a matrix from the vectors x, y, u, v and w. Find rank of

this matrix.
/
\
/ N
http://mathquest.carroll.edu/libraries/
FHMW.student.edition.pdf

Al B 2 C3 D 4 ES
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Exercise
We made a matrix from the vectors x, y, u, v and w. Find rank of

this matrix.
/
\
/ N
http://mathquest.carroll.edu/libraries/
FHMW.student.edition.pdf

Al B 2 C3 D 4 ES

B
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Theorem 13 (reprezentation of a transformation)

Let T be a transformation on m X n matrices. Then there exists
an invertible matrix Cy € M(m x m) satisfying:

whenever we apply the transformation T to a matrix

A € M(m X n), we obtain the matrix C7A.
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Theorem 13 (reprezentation of a transformation)

Let T be a transformation on m X n matrices. Then there exists
an invertible matrix Cy € M(m x m) satisfying:

whenever we apply the transformation T to a matrix

A € M(m X n), we obtain the matrix C7A.

1 0 0 1 2 3 1 2 3
o10)-1-1 -2 -3]=1{|-1 -2 -3
0 2 1 2 3 4 0O -1 -2

Remark

Also the converse is true: For every invertible matrix C the
mapping A — CA is a transformation.
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Let A € M(n x n) and rank(A) = n. Then there exists a
transformation transforming A to I.
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Let A € M(n x n) and rank(A) = n. Then there exists a
transformation transforming A to I.

Theorem 15
Let A € M(n x n). Then A is invertible if and only if
rank(A) = n.

Exercise

Find invertible matrices:

=(1) 2= (5 2)




Let A € M(n x n) and rank(A) = n. Then there exists a
transformation transforming A to I.

Theorem 15
Let A € M(n x n). Then A is invertible if and only if
rank(A) = n.

Exercise

Find invertible matrices:

=(1) 2= (5 2)




VI1.4. Systems of linear equations
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A system of m equations in n unknowns xy, . . ., X,:
anxi + apxy + -+ apx, = by,

an1xy + apXy + -+ - + axX, = by,

(S)

AmX1 + QX + -+ AupXy = by,

wherea; e R,b; e R,i=1,... . mj=1,...,n

80/88
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A system of m equations in n unknowns xy, . . ., X,:

anx, + apx; + -+ apx, = by,

an1xy + apXy + -+ - + axX, = by,

(S)
A1 X1 + ApXz + + - + QX = by,
wherea; € R,b; € R,i=1,...,m,j=1,...,n. The matrix
form is
Ax = b,
ay ... aip
where A = ( : : ) € M(m x n), is called the coefficient
alel «eo Qmn
matrix, b = < : ) € M(m x 1) is called the vector of the
b”l

X1
right-hand side and x = ( : ) € M(n x 1) is the vector of
unknowns. o
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The matrix
air ... dip b]
(Alb) =
Anl - Amn bm

is called the augmented matrix of the system (S).

6x + 2y = 100 6 2 | 100
4x +y = 60 4 1 | 60
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Proposition 16 (solutions of a transformed system)

LetA € M(m x n),b € M(m x 1) and let T be a transformation

of matrices with m rows. Denote A %5 A’ b~ b Then for any
y € M(n x 1) we have Ay = b if and only if A'y = b, i.e. the
systems Ax = b and A'x = b’ have the same set of solutions.
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Theorem 17 (Rouché-Fontené)

The system (S) has a solution if and only if its coefficient matrix
has the same rank as its augmented matrix.

12 3 | 4 12 3 | 4 12 3 | 4
01 -2 |2 01 -2 ] 2 01 -2 |2
00 4 |1 00 0 | O 00 0 | 1
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Theorem 18 (Cramer’s rule)
Let A € M(n x n) be an invertible matrix, b € M(n x 1),
x € M(n x 1), and Ax = b. Then

ap ... djj—1 bl aij+1 .- Qi
apl ... dpj—1 bn Apj+1 -+ A
s =
! detA
forj=1,... n.

Exercise

1 1 -1 6
3 -2 1 | =5




Theorem 18 (Cramer’s rule)
Let A € M(n x n) be an invertible matrix, b € M(n x 1),
x € M(n x 1), and Ax = b. Then

ap ... djj—1 bl aij+1 .- Qi
apl ... dpj—1 bn Apj+1 -+ A
s =
! detA
forj=1,... n.

Exercise




VI.5. Definiteness of matrices

We say that a symmetric matrix A € M(n X n) is

@ positive definite (PD), if u’Au > 0 forallu € R", u +# o,
negative definite (ND), if u’Au < 0 for allu € R", u # o,
positive semidefinite (PSD), if uTAu > 0 for all u € R",
negative semidefinite (NSD), if u’Au < 0 for all u € R”,

indefinite (ID), if there exist #, v € R" such that u’Au > 0
and vTAy < 0.

7 1
(X )’)‘<1 2)'(i)—7x2+4xy+y2—3x2+4x2+4xy+y2

=3 +(y+2x)?2>0
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Proposition 19 (definiteness of diagonal matrices)

Let A € M(n x n) be diagonal (i.e. a; = 0 whenever i # j).
Then

@ Ais PDifand only ifa; > Oforalli=1,2,... n,

@ AisNDifandonlyifa; <O foralli=1,2,...,n,

@ Ais PSD ifand only ifa; > O foralli =1,2,... n,

@ Ais NSD ifand only if a; < Oforalli=1,2,...,n,

@ A is ID if and only if there exist i, j € {1,2,...,n} such
that a; > 0 and a; < 0.

Exercise
Decide about definiteness of the following matrices:

2 00
-2 0 (2)88 0 -3 00
0 -5 00 8 0 4 0
0 0 1

0
0

Mathematics II - Matrices



Proposition 20 (necessary conditions for definiteness)

Let A € M(n x n) be a symmetric matrix. Then
@ IfA is PD, thena; > 0 foralli=1,2,...,n,
@ IfAis ND, then a; <O foralli=1,2,...,n,
@ IfA is PSD, thena; > Oforalli=1,2,...,n,
@ IfA is NSD, thena; <O foralli=1,2,...,n,

o [fthere existi,j € {1,2,... n} such that a; > 0 and
a; <0, then A is ID.

Exercise
Which of this matrices can NOT be negative semidefinite?

B C
S5 1 -4 -1 3 8 -1 2 —11
1 9 2 3 -2 1 2 0 6
-4 2 =5 8§ 1 =2 —11 6 -5
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Proposition 20 (necessary conditions for definiteness)

Let A € M(n x n) be a symmetric matrix. Then
@ IfA is PD, thena; > 0 foralli=1,2,...,n,
@ IfAis ND, then a; <O foralli=1,2,...,n,
@ IfA is PSD, thena; > Oforalli=1,2,...,n,
@ IfA is NSD, thena; <O foralli=1,2,...,n,

o [fthere existi,j € {1,2,... n} such that a; > 0 and
a; <0, then A is ID.

Exercise
Which of this matrices can NOT be negative semidefinite?

B C
S5 1 -4 -1 3 8 -1 2 —11
1 9 2 3 -2 1 2 0 6
-4 2 =5 8§ 1 =2 —11 6 -5
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Theorem 21 (Sylvester’s criterion)

Let A = (a;) € M(n x n) be a symmetric matrix. Then A is
@ positive definite if and only if

ayy ... Ak
>0 forallk=1,...,n,

arpr ... Qi
@ negative definite if and only if

ayn ... Ak
(—1)* : 2| >0 forallk=1,...,n,

ayr ... Qi
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