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Mathematics I1

@ Antiderivative and the Riemann Integral
@ Matrix calculus

@ Functions of several variables
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VII. Antiderivatives and Riemann integral
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VII.1. Antiderivatives

Definition

Let f be a function defined on an open interval /. We say that a
function F': I — R is an antiderivative of f on / if for each x € 1
the derivative F’(x) exists and F’(x) = f(x).

4

Exercise

Connect the functions in the left column with their
antiderivatives on the right.

1. 0 A —cosx
2.1 B sinx
3. x C x

4. cosx D1

5. sinx E £
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VII.1. Antiderivatives

Definition

Let f be a function defined on an open interval /. We say that a
function F': I — R is an antiderivative of f on / if for each x € 1
the derivative F’(x) exists and F’(x) = f(x).

4

Exercise

Connect the functions in the left column with their
antiderivatives on the right.

1. 0 A —cosx
2.1 B sinx
3. x C x

4. cosx D1

5. sinx E £

1D, 2C, 3E, 4B, 5A
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Definition

Let f be a function defined on an open interval I. We say that a
function F': I — R is an antiderivative of f on [ if for each x € 1
the derivative F’(x) exists and F'(x) = f(x).

v

Remark

@ An antiderivative of f is sometimes called a function
primitive to f or indefinite integral of f.

o If F is an antiderivative of f on /, then F is continuous on / g

Mathematics II - Integrals



Definition

Let f be a function defined on an open interval I. We say that a
function F': I — R is an antiderivative of f on [ if for each x € 1
the derivative F’(x) exists and F'(x) = f(x).

.

Remark

@ An antiderivative of f is sometimes called a function
primitive to f or indefinite integral of f.

o If F is an antiderivative of f on /, then F is continuous on / g

Find [ " dx:
A ¢€* Ce+3 E 2¢°+2

B —¢* D e+ e™
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Definition

Let f be a function defined on an open interval I. We say that a
function F': I — R is an antiderivative of f on [ if for each x € 1
the derivative F’(x) exists and F'(x) = f(x).

.

Remark

@ An antiderivative of f is sometimes called a function
primitive to f or indefinite integral of f.

o If F is an antiderivative of f on /, then F is continuous on / g

Find [ " dx:

A e* Ce+3 E 2+ 2
B —¢* D e+ e™
A, C,D
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Theorem 1 (Uniqueness of an antiderivative)

Let F and G be antiderivatives of f on an open interval I. Then
there exists ¢ € R such that F(x) = G(x) + ¢ for each x € I.
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Remark

The set of all antiderivatives of f on an open interval / is

denoted by
[ e

The fact that F is an antiderivative of f on [ is expressed by

/f(x)dxéF(x), xel

A\

Exercise
Find [ xsinx.

A F =sinx + xcosx

B F =sinx — xcosx

C F =xsinx + cosx
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Remark

The set of all antiderivatives of f on an open interval / is

denoted by
[ e

The fact that F is an antiderivative of f on [ is expressed by

/f(x)dxéF(x), xel

A\

Exercise
Find [ xsinx.

A F =sinx + xcosx

B F =sinx — xcosx
C F =xsinx + cosx
B
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Find F. You know that F = [ 3x* + 2xdx and F(0) = 1.
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 https://www.geogebra.org/calculator/mxkdt9vr
 https://www.geogebra.org/calculator/mxkdt9vr
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf

Find F. You know that F = [ 3x* + 2xdx and F(0) = 1.
F=x+x*+1.
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 https://www.geogebra.org/calculator/mxkdt9vr
 https://www.geogebra.org/calculator/mxkdt9vr
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf

Find F. You know that F = [ 3x* + 2xdx and F(0) = 1.
F=x+x*+1.

Exercise (True or false?)

Let F = [ S dxand F(1) = 1. Then F(—1) = 3.

.

.
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 https://www.geogebra.org/calculator/mxkdt9vr
 https://www.geogebra.org/calculator/mxkdt9vr
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf

Find F. You know that F = [ 3x* + 2xdx and F(0) = 1.
F=x+x*+1.

.

Exercise (True or false?)

Let F = [ S dxand F(1) = 1. Then F(—1) = 3.
False. https:
//www.geogebra.org/calculator/mxkdt9vr
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 https://www.geogebra.org/calculator/mxkdt9vr
 https://www.geogebra.org/calculator/mxkdt9vr
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf

Exercise

Find F. You know that F = [ 3x* + 2xdx and F(0) = 1.
F=x+x*+1.

.

|

Exercise (True or false?)

Let F = [ S dxand F(1) = 1. Then F(—1) = 3.
False. https:
//www.geogebra.org/calculator/mxkdt9vr

Exercise (True or false?)

A Iff'(x) = g'(x), then f(x) = g(x) (for all x).
B If [f(x) = [ g(x), then f(x) = g(x) (for all x).

http://www.math.cornell.edu/*Goonuestions/

GQbysection_pdfversion.pdf

.
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 https://www.geogebra.org/calculator/mxkdt9vr
 https://www.geogebra.org/calculator/mxkdt9vr
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf

Exercise

Find F. You know that F = [ 3x* + 2xdx and F(0) = 1.
F=x+x*+1.

.

|

Exercise (True or false?)

Let F = [ S dxand F(1) = 1. Then F(—1) = 3.
False. https:
//www.geogebra.org/calculator/mxkdt9vr

Exercise (True or false?)

A Iff'(x) = g'(x), then f(x) = g(x) (for all x).
B If [f(x) = [ g(x), then f(x) = g(x) (for all x).

http://www.math.cornell.edu/*Goonuestions/

GQbysection_pdfversion.pdf
False, True

.
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 https://www.geogebra.org/calculator/mxkdt9vr
 https://www.geogebra.org/calculator/mxkdt9vr
http://www.math.cornell.edu/~GoodQuestions/GQbysection_pdfversion.pdf
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Table of basic antiderivatives
n+1
! on R forn € NU {0}; on (—00,0) and

on (0,00) forn € Z,n < —1,

° /x”dxi

a+1
° /xadxé ;C+ 7 on (0,400) fora € R\ {—1},
|
° /—dx:10g|x| on (0, +0o0) and on (—o0,0),
x
° /e"dxéexon]R,
° /sinxcbcé —cosxon R,

C .
° /cosxdx = sinx on R,
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1 c :
° / 5— dx = tgx on each of the intervals
cos® x
(=5 +km, 5 +km), k € Z,

sin’ x

(km,m+km), k € Z,

1 c
° / 1+xzdx: arctgx on R,

1 c .
° / dx = — cotg x on each of the intervals

= arcsinxon (—1,1),

° /\/ll—xzdx
|
°/‘mdx

< arccosxon (—1,1).
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Matching game:
https://www.flippity.net/mg.php?k=
1F513udTbsLHBaMpm3DcWBM3sc9757rctP-S9gM8E jgc
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https://www.flippity.net/mg.php?k=1F5i3udTbsLHBaMpm3DcWBM3sc9757rctP-S9gM8Ejgc
https://www.flippity.net/mg.php?k=1F5i3udTbsLHBaMpm3DcWBM3sc9757rctP-S9gM8Ejgc

Theorem 2 (Existence of an antiderivative)

Let f be a continuous function on an open interval I. Then f has
an antiderivative on I.

.

Exercise

|

Which of the following functions definitely have primitive
function?

A%,xE]R D xeR
B arctanx®, x € R

C logx, x € (0,00) E cotx,x € (0,m)

x3+1’

.
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Theorem 2 (Existence of an antiderivative)

Let f be a continuous function on an open interval I. Then f has
an antiderivative on I.

.

|

Exercise

Which of the following functions definitely have primitive
function?

A%,xE]R Dx3+1,x€R
B arctanx®, x € R
C logx, x € (0,00) E cotx,x € (0,7)

B,C,E

.
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Theorem 3 (Existence of an antiderivative)

Let f be a continuous function on an open interval I. Then f has
an antiderivative on I.

.

Remark

The following functions have antiderivatives, but it can not be
easily expressed.

o [edx o [sinx?dx o [V1—xtdx
o [log(logx)dx e [®Xdx

N
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Exercise

Find antiderivatives of the following functions:
A [2-1dx
B [z +cosxdx

1
C [ 5er =3l dx
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Exercise

Find antiderivatives of the following functions:
A [2-1dx
B [z +cosxdx
1
C [5¢ -3 Tie dx

2 log x, arctan x + sin x, 5¢* — 3 arcsinx

Theorem 4 (Linearity of antiderivatives)

Suppose that f has an antiderivative F on an open interval I, g
has an antiderivative G on I, and let o, 5 € R. Then the
function oF + (G is an antiderivative of of + g on I.
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(sin(x* + 3))
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(sin(x? —i— 3))
[ sin(x? - 2xdx
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(sin(x* + 3))’
[ sin(x* + 3) - 2xdx

A

Example
Find the following integrals
1. [ e cosxdx
2. [(x* = 3x*)"(4x® — 6x) dx
3. [ oy s Ix
4. [ - (3x* +7)dx
] et dx

|9
—
I
L)
N
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Theorem 5 (substitution)

(i) Let F be an antiderivative of f on (a,b). Let
¢: (o, B) — (a, b) have a finite derivative at each point of
(cv, B). Then

/ Fo() ¢ (x)dx £ F(o(x))  on (o, B).
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Theorem 6 (substitution)

(i) Let F be an antiderivative of f on (a,b). Let

©: (a, B) — (a, b) have a finite derivative at each point of
(c, B). Then

[1e@)e ) &x £ F(p) on(a,p)

(i1) Let ¢ be a function with a finite derivative in each point of
(e, B) such that the derivative is either everywhere positive
or everywhere negative, and such that o((, 8)) = (a,b).
Let f be a function defined on (a,b) and suppose that

/ﬂmmwmméaoommm

Then

/f(x) dx = G(gp‘l(x)) on (a,b).
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Theorem 7 (integration by parts)

Let I be an open interval and let the functions f and g be
continuous on I. Let F be an antiderivative of f on I and G an
antiderivative of g on I. Then

/f(x)G(x) dx = F(x)G(x) — /F(x)g(x) dx onl.

.

Remark
We can write also as [ f'g =fg — [fg' or [uv=uv— [w/.
4
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https://cs.khanacademy.org/math/
integralni-pocet/xbf904d9711003flc:
integracni-metody/xbf904d9711003flc:
integrace-per—-partes/v/integral-of-1n-x

/xcosxdx /xarctanxdx /1ogxdx
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https://cs.khanacademy.org/math/integralni-pocet/xbf9b4d9711003f1c:integracni-metody/xbf9b4d9711003f1c:integrace-per-partes/v/integral-of-ln-x
https://cs.khanacademy.org/math/integralni-pocet/xbf9b4d9711003f1c:integracni-metody/xbf9b4d9711003f1c:integrace-per-partes/v/integral-of-ln-x
https://cs.khanacademy.org/math/integralni-pocet/xbf9b4d9711003f1c:integracni-metody/xbf9b4d9711003f1c:integrace-per-partes/v/integral-of-ln-x
https://cs.khanacademy.org/math/integralni-pocet/xbf9b4d9711003f1c:integracni-metody/xbf9b4d9711003f1c:integrace-per-partes/v/integral-of-ln-x

Exercise

Find integrals, which should be solved by integration by parts

A /xexzdx D /(x2—|—4)logxdx
B /xsinxdx E /sinxcosxdx

C /1 - arctan x dx
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Exercise

Find integrals, which should be solved by integration by parts

A /xexzdx D /(x2—|—4)logxdx
B /xsinxdx E /sinxcosxdx

C /1 - arctan x dx

B, C, D, E (E also by substitution)
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Exercise

By parts or by substitution?

1
A /arcsinxdx D/ dx
xlog x

X
b /l—l—xzdx E! /XZCOSZxdx

C /(x2 — 3) log x dx

Mathematics II - Integrals


https://learningapps.org/34149679

Exercise

By parts or by substitution?

1
A /arcsinxdx D/ dx
xlog x

X
5 /l—l—xzdx E /XZCOSZxdx

C /(x2 — 3) log x dx

By parts: A, C, E
Substitution: B, D

https://learningapps.orqg/34149679
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https://learningapps.org/34149679

True or false?

A [kf=k[f

B [f+g=[f+][zs
Clr-g=Jr-J¢
D [f-s=[fJs
E [flg=[f/[s
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True or false?
A [kf=k[f
B [f+g=[f+][zs
Clr-g=Jr-J¢
D [f-s=[fJs
E [flg=[f/[s
True: A, B, C
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Exercise

Find a mistake.
1.

dx

/3x2+1 x3+x+
= @
2x x2

2. Va e R

xa—i—l
/x“dx: +c
a+1

Calculus: Single and Multivariable, 6th Edition, Deborah Hughes-Hallett
and col.
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Exercise

Find a mistake.
1.

dx
2x x2

/3x2+1 X+ x

2. Va e R

xa—i—l
/x“dx: +c
a+1

Calculus: Single and Multivariable, 6th Edition, Deborah Hughes-Hallett
and col.

Integral of fraction is not a fraction of integral.

True only for a # —1.
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Polynomials
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Polynomials

@ roots; conjugate roots;
@ factorization;

@ polynomial division;
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Theorem (“fundamental theorem of algebra™)
Letn € N, ay,...,a, € C, a, # 0. Then the equation

a4 a2+ aiz+ag =0

has at least one solution z € C.

e’ t+tx—2xi=1x=-2

A\

0o XX+ 1,x,=1ix =—i
3

@ 2 —ix?+2x,x=0,x =20, x3 = —i

.
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Polynomial division

Exercise

Consider P = x> +3x + 1 and Q = x + 1. Find
(P +3x+1): (x+1).
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Polynomial division

Exercise

Consider P = x> +3x + 1 and Q = x + 1. Find
(P +3x+1): (x+1).

Then we can write

P+3x+1=(x+2)(x+1)—1.

In other words
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Theorem 8 (factorisation into monomials)

Let P(x) = a,x" + - - - + aix + ag be a polynomial of degree
n € N. Then there are numbers x1, . . . ,x, € C such that

P(x) =a,(x —x1)---(x—x,), xeC.

¥ —x—6=(x+2)(x—3)

X+ x=x(x—i)(x+1i)
20 + 10x* + 4x° — 40x* — 48x = 2x(x + 2)*(x — 2)(x + 3)
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Definition

Let P be a polynomial that is not zero, A € C, and k € N. We
say that A is a root of multiplicity k of the polynomial P if there
is a polynomial S satisfying S(\) # 0 and P(x) = (x — \)*S(x)
for all x € C.

A

Exercise
Find the multiplicity of A = —2 of the polynomial
P(x)=(x*+x—2)(x+2)%.

A -2 B 1 C2 D 3 E 4

A,
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Definition

Let P be a polynomial that is not zero, A € C, and k € N. We
say that A is a root of multiplicity k of the polynomial P if there
is a polynomial S satisfying S(\) # 0 and P(x) = (x — \)*S(x)
for all x € C.

A

Exercise
Find the multiplicity of A = —2 of the polynomial
P(x)=(x*+x—2)(x+2)%.

A -2 B 1 C2 D 3 E 4

E, (@ +x—2)(x+2)P°=(x—1)(x+2)*

A,
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4 x=x(x —i)(x +i)

P+ 4 = (x+ 2i)(x — 2i)

Theorem 9 (roots of a polynomial with real coefficients)

Let P be a polynomial with real coefficients and X € C a root of
P of multiplicity k € N. Then the also the conjugate number X is
a root of P of multiplicity k.
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Theorem 10 (factorisation of a polynomial with real

coefficients)

Let P(x) = a,x" + - - - + a1x + ag be a polynomial of degree n

with real coefficients. Then there exist real numbers xy, . . . , X,
ar, ... qp By, ..., B and natural numbers py, ..., Py q1,---,q
such that
@ P(x) = a,(x — x1)P' -+ (x — x )P (% + g + B4
oo (i 4 @ A B
@ no two polynomials from x — x,x — X, ..., X — X,
x>+ ax + By, ..., x>+ aux + B have a common root,
@ the polynomials x* + c;x + By, ..., x> + aux + B have no
real root.

20t + 6x — 8x% — 24x = 2x(x + 2)*(x — 2)(x + 3)
O +ax+4=x+ 1) +4) = (x+2i)(x—2i)(x+1) )
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A rational function is a ratio of two polynomials, where the
polynomial in the denominator is not a zero polynomial.
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A rational function is a ratio of two polynomials, where the
polynomial in the denominator is not a zero polynomial.

.

Exercise
Find rational functions.

A 3;—421:;;‘1‘ D V245
x°—=2x+ /53—

B x°+5 Vs

C ©—8x+2 E (3x—4)(2x+5)

3 (x—1)(x242)

.
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A rational function is a ratio of two polynomials, where the
polynomial in the denominator is not a zero polynomial.

.

Exercise

Find rational functions.

3x—44x* V245
A X2—2X+1 D 1+ 3 x3_8
B x°+5

©—8x+2 (3x—4)(2x+5)
cC—— E e

A,B,CE

.
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Decomposition to partial fractions

3x 3 3
x(x+2)(x—3) 5(x+2) 5(x—3)
X’ +4 . 8 +—3x—6
x—2)(x2+1) 5(x—-2) 50@+1)
—i 1 2 3
3 - + 7 T 3
(x4+1)7 (2+x+1) x+1 (x+1)° (x+1)
x—2
x2+x+1 )
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Theorem 11 (decomposition to partial fractions)

Let P, Q be polynomials with real coefficients such that
deg P < deg Q and let

O(x) = an(x—x)"" - - - (x—x)* (P +arx+61) 7 - - - (F+oux+5,)*

be a factorisation of from Theorem 10. Then there exist unique

real numbers AL, ... Al ... AK . AF
1 ol DI N b S
By, Cy,...,B,,C,,....,B,Cy,...,B,, C,, such that
P _ Al Ay, A A
00 ~ G T e T ey T T G T
Mg L, Bt
- (P +aix+p1) ™ T (2o x4y )1 T -
BlliFC{ Bf”x—i—Ci[l
T @rant) T T PrastA) TR\ G,
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https:
//www.geogebra.org/calculator/aw2yjsjx
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https://www.geogebra.org/calculator/aw2yjsjx
https://www.geogebra.org/calculator/aw2yjsjx

VIIL.2. Riemann integral
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Definition

A finite sequence {x;}/_, is called a partition of the interval
la, b] if
a=xy<x <---<x,=b.

The points xy, . . ., x, are called the partition points.

Figure: https://en.wikipedia.org/wiki/Integral
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https://en.wikipedia.org/wiki/Integral

Definition

A finite sequence {x;}/_, is called a partition of the interval
la, b] if
a=xg<x3 <---<x,=b.

The points xy, . . ., x, are called the partition points.

Figure: https://en.wikipedia.org/wiki/Integral

We say that a partition D’ of an interval [a, b] is a refinement of
the partition D of [a, b] if each partition point of D is also a
partition point of D'.
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Figure: https://en.wikipedia.org/wiki/Integral
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Definition

Suppose that a, b € R, a < b, the function f is bounded on
[a,b], and D = {x;}/_, is a partition of [a, b]. Denote

ZM — xj_1), where M; = sup{f(x); x € [x;_;, x/]

—
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Definition

Suppose that a, b € R, a < b, the function f is bounded on
[a,b], and D = {x;}/_, is a partition of [a, b]. Denote

ZM — xj_1), where M; = sup{f(x); x € [x;_;, x/]

S(f,D) = Zm] — xj_1), where m; = inf{f(x); x € [xi_1,x]]}

—
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Definition

Suppose that a, b € R, a < b, the function f is bounded on
[a,b], and D = {x;}/_, is a partition of [a, b]. Denote

ZM — xj_1), where M; = sup{f(x); x € [x;_;, x/]

S(f,D) = Zm] — xj_1), where m; = inf{f(x); x € [xi_1,x]]}

" b
/f = inf{S(f, D); D is a partition of [a, b] },

b
/f = sup{S(f,D); D is a partition of [a, b] }.

==
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We say that a function f has the Riemann integral over the
interval [a, b] if [7f = [f.
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Definition

We say that a function f has the Riemann integral over the
interval [a, b] if fabf =/ "f. The value of the integral of f over

[a, b] is then equal to the common value of fabf — fabf . We

b
denote it by / f-
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https://en.wikipedia.org/wiki/Integral

Definition

We say that a function f has the Riemann integral over the
interval [a, b] if fabf =/ "f. The value of the integral of f over

[a, b] is then equal to the common value of fabf — fabf . We
; Jas
denote it by / f-

b a
If a > b, then we define / = —/ f,and in case thata = b
a b

b
weput/ f=0.

See: https://en.wikipedia.org/wiki/Integral
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Exercise

Use the Riemann sums and estimate the integral

/O]Sf(x) dx.

Check the table for some values of f:
x |0|3]6]9]12]15
f(x) 5048 |44 [36]24| 8

Table: Applied Calculus, 6th Edition, Deborah Hughes-Hallett and
col.
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Exercise

Use the Riemann sums and estimate the integral

/O]Sf(x) dx.

Check the table for some values of f:
x |0|3]6]9]12]15
f(x) 5048 |44 [36]24| 8

Table: Applied Calculus, 6th Edition, Deborah Hughes-Hallett and
col.

Upper sum: 606
Lower sum: 480
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Theorem 12 (Newton-Leibniz formula)

Let f be a function continuous on an interval (a — €,b + ¢),
a,b € R, a < b, ec>0andlet F be an antiderivative of f on
(a—¢e,b+¢). Then

[ 1eex=Fb) - Fla). M)
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Theorem 12 (Newton-Leibniz formula)

Let f be a function continuous on an interval (a — e,b + ¢),
a,b € R, a < b, ec>0andlet F be an antiderivative of f on
(a—¢e,b+¢). Then

[ 1eex=Fb) - Fla). M)

.

Remark

The Newton-Leibniz formula (1) holds evenif b < a if F' = f
on (b —e,a+ ¢€)). Let us denote

A
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/ sinxdx = [—cosx|y = —cosm — (—cos0) =1+1=2
0
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Figure: https://en.wikipedia.org/wiki/Integral
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/ sinxdx = [—cosx]" = —cosm—(—cos—m)=1—-1=0

—T




Theorem 13 (integration by parts)

Suppose that the functions f, g, f' a g are continuous on an
interval [a, D). Then

/abf/g = [felo — /abfg’-

/xcosxdx
0
2
/l-logxdx
1

A\

Exercise

-
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Theorem 14 (substitution)

Let the function f be continuous on an interval [a, b]. Suppose
that the function  has a continuous derivative on [a, B and ¢
maps |«, B] into the interval |a, b]. Then

A »(B)
/ fp()¢'(x) dx = / f(r)dr.
* ¢(a)

https:
//www.geogebra.org/calculator/frvx4dmtr
https:
//www.geogebra.org/calculator/cjuvxazd

> arct e
/ aretanx . / Cox dy
o 1+x 0
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Theorem 15

(i) Suppose that f has the Riemann integral over |a, b] and let
[c,d] C [a,b]. Then f has the Riemann integral also over
[c,d].

(i1) Suppose that ¢ € (a,b) and f has the Riemann integral
over the intervals |a, c| and [c, b|. Then f has the Riemann
integral over [a, b] and

/abf=LCf+/cbf- @

y
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Theorem 16 (linearity of the Riemann integral)

Let f and g be functions with Riemann integral over |a, b| and
let « € R. Then

(i) the function of has the Riemann integral over [a, b] and

/abafza/abf,

(i) the function f + g has the Riemann integral over [a, b] and

/abf+g=/abf+/abg-
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Theorem 17

Leta,b € R, a < b, and let f and g be functions with Riemann
integral over |a, b]. Then:

(i) Iff(x) < g(x) for each x € |a, D], then

/abfé/abg.

(ii) The function |f| has the Riemann integral over |a, b] and

[ 1< [
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Theorem 18

Let f be a function continuous on an interval |a, b, a,b € R.
Then f has the Riemann integral on |a, D).
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Theorem 18

Let f be a function continuous on an interval [a, b, a,b € R.
Then f has the Riemann integral on |a, D).

Compare with sgn x:

.

.
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Theorem 19
Let f be a function continuous on an interval (a,b) and let

€ (a,b). If we denote F(x) = /xf(t) dt for x € (a,b), then

F'(x) = f(x) for each x € (a,b). In other words, F is an
antiderivative of f on (a,b).
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Exercise (True — False)

2 3
A Letf be a function. Then / flx)dx < / f(x)dx

6
B If [ g(x)dx< [ f(x)dx, then g(x) < f(x) for all
2</x<6 /
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Exercise (True — False)

2 3
A Letf be a function. Then / flx)dx < / f(x)dx

6
Blf/ g(x) dx</f ) dx, then g(x) < f(x) for all

2<x<6.

False - consider negative f.
False - consider oscillating f and g.
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Exercise

Let f be an odd function such that | 32 f(x) dx = 4. Find
L Jof ) da
2. [2,f(x)dx

Figure: Applied Calculus, 6th Edition, Deborah Hughes-Hallett and
col.
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Exercise

Let f be an odd function such that | 32 f(x) dx = 4. Find
L Jof ) da
2. [2,f(x)dx

Figure: Applied Calculus, 6th Edition, Deborah Hughes-Hallett and
col.

-4,0
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Exercise

Decide, if the integrals are

0 1. positive
A / sin x dx - P
il 2.0
B / cos x dx 3. negative
0
C sin x dx
iy
D / cosx dx
—7/2

27
E / e “sinxdx
0
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Exercise

Decide, if the integrals are

0 1. positive
A / sinx dx - P
— 2.0
B / cos x dx 3. negative
0

C / sin x dx

—T

w/2
D / cosx dx
—7/2

27
E / e “sinxdx
0

https:

//www.geogebra.org/calculator/ups4zish
positive - D, E 0-B,C

negative - A

. v
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Exercise

The half-life of phosphorous 3P, which is used for biological
experiments, is 14,3 days.

Suppose, that you have a sample, which emits 300 mREM/day.
(1 REM=0,01 Sv)

How long can a laboratory assistant work with this sample, if
according to the safety regulations she can receive only 5 000
mREM/year.

G
33 OH
B\

HO \O

Figure:

https://www.guidechem.com/cas/680178408.html
From:https://jmahaffy.sdsu.edu/courses/fl4/mathl24/

beamer_lectures/def_int.pdf

——— —


https://www.guidechem.com/cas/680178408.html
https://jmahaffy.sdsu.edu/courses/f14/math124/beamer_lectures/def_int.pdf
https://jmahaffy.sdsu.edu/courses/f14/math124/beamer_lectures/def_int.pdf
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