
Limit of a composition

Theory

Theorem 1 (limit of a composition). Let c, A,B ∈ R∗, limx→c g(x) = A, limy→A f(y) =
B and at least one of the following conditions is satisfied:

(I) ∃η ∈ R, η > 0 ∀x ∈ P (c, η) : g(x) ̸= A,

(C) the function f is continuous at A.

Then
lim
x→c

f
(
g(x)

)
= B.

Facts

lim
y→0

sin y

y
= 1

lim
y→0

1− cos y

y2
=

1

2

lim
y→0

ey − 1

y
= 1

lim
y→0

ln(1 + y)

y
= 1

ab = eb ln a

Exercises

1. (a) lim
x→∞

e
1

3−x (b) lim
x→−∞

e−x2

(c) lim
x→∞

ln
x− 1

x+ 1

2. (a) lim
x→0

sin 5x

5x

(b) lim
x→0

sinx2

x2

(c) lim
x→0

sin 3x2

x2

(d) lim
x→0

tg x

x
tg x = sinx/ cosx

(e) lim
x→0+

tg
√
x√

x

(f) lim
x→0

1− cosx2

x4

(g) lim
x→0

x2

1− cosx4

(h) lim
x→0

x2

1− cos 4x4

(i) lim
x→0

xcotg 3x

cotx = cosx/ sinx

3. (a) lim
x→0

ln(1 + 3x)

3x

(b) lim
x→0

ln(1 + 3x)

x

(c) lim
x→∞

ln
(
1 + 1

x

)
1
x

(d) lim
x→∞

x ln

(
1 +

1

x

)

(e) lim
x→1

ln(1 + (x− 1))

x− 1

(f) lim
x→0

ln(1 + x2)

x2

(g) lim
x→0

−x2

ln(1− x2)

(h) lim
x→0

ln(1 + x2)

ln(1− x2)

(i) lim
x→0

e2x − 1

x

(j) lim
x→0

esinx − 1

sinx

(k) lim
x→0

esinx − 1

x

4. (a) lim
x→0

cosx− 1

x

(b) lim
x→0+

sin
√
x

x

(c) lim
x→0

sin 5x− sin 3x

sinx

(d) lim
x→0

sin(sinx)

tan (tan x)

(e) lim
x→0

ax − 1

x
, a > 0

ab = eb ln a

1


