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VI.1. Basic operations with matrices

Defnidon

A table of numbers
al an ... A
any ann ... Ay
)
aml Am2 ... dmp
wherea; €R,i=1,...,m,j=1,...,n, is called a matrix of type m x n
(shortly, an m-by-n matrix). We also write (aij),-:L,m for short.
j=l..n
An n-by-n matrix is called a square matrix of order n.
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VI.1. Basic operations with matrices

Denion ]

A table of numbers

al an ... A
any ann ... Ay
)
aml AaQy2 ... Qpup
wherea; €R,i=1,...,m,j=1,...,n, is called a matrix of type m x n

(shortly, an m-by-n matrix). We also write (aij),-:L_m for short.
j=l..n

An n-by-n matrix is called a square matrix of order n.
The set of all m-by-n matrices is denoted by M(m X n).

Example

<<3>6> (%3_82) 0 5 1
4
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Exercise

Find the type of the matrix
6 11 -2
23 31 5

A 2x3 B 3x2 C6
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Let
ann aypp ... QAip
any ann 000 Ay
A =
aAml A2 ... Qmup

The n-tuple (a1, an, . .. ,an), wherei € {1,2,...,m}, is called the ith row
of the matrix A.
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Let
a arn coo aip
da; A ... Qp
A =
aml  Am2  --. dmn
aij
azj
The m-tuple | . |, wherej € {1,2,...,n}, is called the jth column of the
u;n]'
matrix A.
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We say that two matrices are equal, if they are of the same type and the
corresponding elements are equal, i.e. ifA = (a;j)i=1..m and B = (buy)u=1..r,
=1 1

J=1..n Vv=l1..

then A = B ifand only if m = r, n = s and
a,]=b,,Vz€ {1,...,m},Vj€ {1,...,11}.

Exercise

Are A and B equal?

|
—
|
)
LN WA R W
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Defmiion )

LetA,B € M(m x n), A = (a;)i=1.m, B = (b,-j)l-zll_m, X € R. The sum of the
j=l..n j=l..n
matrices A and B is the matrix defined by

aiy+byy ap+bi ... ap,+by

a +by  an+byn ... ayu+by
A+B= . . . .

A1 +bmi 2+ by .. Gup + by
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LetA,B € M(m x n), A = (a;j)i=1..m, B = (bj)i=1..m» X € R. The sum of the
j=l..n j=l..n
matrices A and B is the matrix defined by
ajg +by  ap+byp ... ap+by
axi +by  an+by ... ay+by
A+B= . . . .
Amt + b1 A2 +bp1 . Qup by

The product of the real number )\ and the matrix A (or the A-multiple of the
matrix A) is the matrix defined by

)\6111 )\a12 oo /\al,,
)\021 )\(122 000 )\az,,
N1 ANy ... A
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Exercise I

Let
2 5
(4 6 B=<3 7 )
=\20 24
Find A + B
A 71 D
B 26 62
6 9 112 268
7 11
E
C 6 11 <4 6 2 5)
(23 3 ) 20 24 3 7
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Exercise

Let
4 6
A= (20 7)
Find 5A
9 6
20 7
B
9 11
25 12
C
20 6
20 7
D
20 30
100 35
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Exercise I

Let A = G _42>,B: <_32 é),cz (:3 ?) and O = <8 8).
I. Find (A +B)+ Cand A + (B + C).
2. Find A+ Band B 4 A.
3. Find A+ Oand O + A.
4. Find a matrix C,4 such that A + C4, = O.
5. Find 2 - 3A and 2(3A).
6. Find 2 - 3A and 2(3A).
7. Find (1 4 2)A and 1A + 2A.
. Find 2A + 2B and 2(A + B).
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Proposition 1 (basic properties of the sum of matrices and of a multiplication

by a scalar)

The following holds:
o VA B.CeMmxn):A+ (B+C)=(A+B)+C, (associativity)
o VA BeM(mxn):A+B=B+A, (commutativity)
o Jl0eM(mxn)VAeM(mxn):A+0=A, (existence of a zero
element)
o VAeM(mxn)3Cy e M(mxn): A+Cy =0, (existence of an

opposite element)
o VA e M(mx n) VA, pn € R: (Au)A = A(pA),
oVAeM(mxn):1-A=A4,
o VAeMmxn) VA, peR: (A4 p)A = M+ A,
o VA,Be M(mxn)VA€R: A(A+B) =) + \B.
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Remark

o The matrix O from the previous proposition is called a zero matrix and
all its elements are all zeros.
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Remark )

o The matrix O from the previous proposition is called a zero matrix and
all its elements are all zeros.
o The matrix C4 from the previous proposition is called a matrix opposite

to A. It is determined uniquely, it is denoted by —A, and it satisfies
—A = (—aj)i=1.mand —A = —1-A.
j=1l..n

Mathematics II - Matrices 15/81



Definition

LetA € M(m X n), A = (ais)izll"m’ BeM(nxk),B= (bsj)s: - Then the
s=l1..n ]:
product of matrices A and B is defined as a matrix AB € M(m x k),

AB = (c,j), 1..m» where
=1k

n
Cij = E a,-sbsj.
s=1

1]222 A 4
Al >0
CFeY C T |

Figure: https://en.wikipedia.org/wiki/File:
Matrix _multiplication_diagram_2.svg
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Matrix multiplication

apn  dapn

ay an | (bu b bi
as  am by by by
as1  as



Matrix multiplication

ail  anp
ar  axm .<b11 b b13)
az1  asx by bxn by
(%)

anbi + aiby  anbip +apbn  anbiz + anbs
az b + anby  anbiy +anby  axbiz + anb;
az1bi + anby  azbiy +anbn  az bz + anbsz
ag1biy + apby  anbiy +anby  asbiz + apbas



Matrix multiplication

ail  anp
ar  axm .<b11 b b13)
az1  asx by bxn by
(%)

aybiy + anby  anbip +apbyn  anbiz + anbs
az b + anby  anbiy +anby  axbiz + anb;
az1bi + anby  azbiy +anbn  az bz + anbsz
ag1biy + apby  anbiy +anby  asbiz + apbas



Matrix multiplication

apn  anz
ar  axm .</7|| b b13)
az1  asx by bn by
(%)

anbii +anby  anbiy +annbyn  anbiz + anbas
az b + anby  anbiy +anby  axbiz + anb;
az1bi + anby  azbiy +anbn  az bz + anbsz
ag1biy + apby  anbiy +anby  asbiz + apbas



Matrix multiplication

ail  anp
ar  axm .<b11 b b13)
az1  asx by bxn by
(%)

anbi + aiby  anbip +apbn  anbiz + anbs
az b + anby  anbiy +anby  axbiz + anb;
as1by1 + aznbrr  azbiy + anbyn  azbiz + aznbss
ag1biy + apby  anbiy +anby  asbiz + apbas



Matrix multiplication

ai
@
asg
a4l

ap
an | (bu b bz
as by byn by
agn

ay b + annby
az b + axnby
az1bi + aznby
a41b11 + agby

anbiz + anbn
ax b1y + anbn
az1bio 4+ aznby»
as b1 + apby

aybiz + annbys
az1biz + anbys
az1biz + axnbsz
aq1biz + agpbas



Exercise |

Find AB, if

-3 1
3 -1 0 0
(53 (% 3)
0 -2 D something else
. (2 5 ) £ AB is not well defined
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Exercise |

Find AB, if

3 2
5 7
() > (i)
B (10 7) I AB is not well defined
8 4
- (—3 —2>
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Multiplication properties

(Bxercise
Let
a b 1 0
4= (0 3 (o V)
Find
1Al 2 IA )
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Multiplication properties

Bxercise |
Let
() -
Find
1. Al 2. 1A )
Exercise
Let
= 3) =( 5
Find
I. AB 2. BA

4
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Theorem 2 (properties of the matrix multiplication)

Letm,n,k,l € N. Then:
(i) VAeM(mxn)VBeM(nxk)VC e M(k x1): A(BC) = (AB)C,

(associativity of multiplication)

(i) VAeM(m x n)VB,C e M(n x k): A(B+ C) =AB + AC,
(distributivity from the left)

(iii) VA,B € M(m x n) YC € M(n x k): (A+ B)C = AC + BC,
(distributivity from the right)

(iv) 3T € M(n x n) VA € M(n x n): IA = AI = A. (existence and
uniqueness of an identity matrix I)

Remark

Warning! The matrix multiplication is not commutative.
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efmiion )

A transpose of a matrix
app app a3z ... d
ar an ans N )
A =
aml Am2  am3 oo Amp
is the matrix
ail anq ... aAm
ajp da» .. Ap
AT =@z axn ... am |
ayy,  dyy ce. Aun
ie ifA = (a,]),_l m then AT = (buy)u=1..n, where by, = ay, for each
=1.. v=1..m
uedl,... n}v€{12 m}.
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efmiion )

A transpose of a matrix
app a2 a3 ... A
ay A a3 ... Ay
A =
aml Am2 am3  -.. dmp
is the matrix
ai anq ... aAm
ajp ay .. Ap
AT = a3 axn ... am |
day,  dyy ce. Aun
ie ifA = (a,]),_l m then AT = (buy)u=1..n, where by, = ay, for each
=1.. v=1..m
uedl,... n}v€{12 m}.
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efmiion )

A transpose of a matrix
app a4z a3 ... A
ay A a3 ... dy
A =
aml Am2 am3  -.. dmp
is the matrix
ail anq ... aAm
ajp d»n .. Ap
AT =@z axn ... am |
ayy,  dyy ce. Aun
ie ifA = (a,]),_l m then AT = (buy)u=1..n, where by, = ay, for each
=1.. v=1..m
uedl,... n}v€{12 m}.
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efmiion )

A transpose of a matrix
app app a3z ... d
ar an ans N )
A =
aml Am2  am3 oo Amp
is the matrix
ail anq ... aAm
ajp da» .. A
AT =@z axn ... am |
ayy,  dyy R/
ie ifA = (a,]),_l m then AT = (buy)u=1..n, where by, = ay, for each
=1.. v=1..m
uedl,... n}v€{12 m}.
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efmiion )

A transpose of a matrix
app a4z a3 ... A
azy dxp 4 ... dp
A =
aml am2  Am3 ce. App
is the matrix
ail anq .o Am
ajp da» .o App
AT = |3 axn ... aw |
ayy,  dyy cee Aun
ie ifA = (a,]),_l m then AT = (buy)u=1..n, where by, = ay, for each
=1.. v=1..m
uedl,... n}v€{12 m}.
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Example

r_ (1 4

D‘<2—4
1 2 3
F=| 0 -3 1
4 7T 3
1 0 4
FF=|2 -3 «
3 1 3
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Exercise I

2 3 1
A=]10 -1 3
-2 0 4
Find A7?
A C
2 3 1 -2 0 4
AT=|0 -1 3 AT=(0 -1 3
2 0 4 2 3 1
B D
1 3 4
2 0 -2
AaT—[3 -1 o AT=13 -1 0
1 3 4 2 0-2
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Exercise

Let

I. (AB)T 2. ATBT 3. BTAT
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Theorem 3 (properties of the transpose of a matrix)

Plati:
(i) VA € M(m x n): (AT)T =A,
(i) VA,B € M(m xn): (A+B)" =A” + BT,
(i) VA € M(m x n) VB € M(n x k): (AB)T = BTA”.
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Theorem 3 (properties of the transpose of a matrix)

Plati:
() VA eM(mxn): (A7) =4,
(i) VA,B € M(m xn): (A+B)" =A” + BT,
(i) VA € M(m x n) VB € M(n x k): (AB)T = BTA”.

We say that the matrix A € M(n x n) is symmetric ifA = A”.
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Exercise I

Let A and B are matrices of the type 2 x 3. Which of these operations are
NOT well defined?

A A+B D ABT

5 A™B

C BA £ AB
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Exercise I

Let A and B are matrices of the type 2 x 3. Which of these operations are

NOT well defined?
A A+B D AB”
B A’B
C BA I AB

Exercise

We want to multiply matrices A x B. We need:

A A and B needs to have the same number of rows.
B A and B needs to have the same number of columns.

' the number of rows of A needs to be the same as the number of
columns of B

D the number of columns of A needs to be the same as the number of
rows of B
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Exercise

Let A is a matrix of the type 2 x 3 and B is of the type 3 x 6. Find the type

of AB:
A 2x6 C 3x3 E 3x6
B 6x2 D 2x3
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Exercise

Let A is a matrix of the type 2 x 3 and B is of the type 3 x 6. Find the type
of AB:

A 2x6 C 3x3 E 3x6
B 6x2 D 2x3

Exercise (True or False?)

Let A and B be square matrices of the same dimension. Then

(A+B) x (A +B) =A%+ 2AB + B>
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Exercise

Visit: https://web.ma.utexas.edu/users/ysulyma/matrix/
(You can change the picture: https://www2.karlin.mff.cuni.
cz/~kuncova/en/2122LS_FMat2/bilyctverec. jpg.)

Try the following matrices:

0 -1 0 1 0,71 —0,71
Lo (1 0) L (—1 0) = <0,71 o,71>

N
)
RS
o |

—_
=
—_
~_
)
)
A~ N
O =
=
—_
~_
t
(98]
/N
o |
—_
—_ O
~

o (11 (10
o (00) o (9 J
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Exercise
And what about this matrices? What is the result of matrix multiplying?

Lo (0 Dy _(r ooy (o 1
o -2 0/ \0 2 -1 0
(0 2\ _ (0 1y (10
“\=-1 0/ \-1 0 0 2
Cheat sheet for matrix transform:

https://en.wikipedia.org/wiki/File:
2D_affine_transformation_matrix.svg
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VI1.2. Invertible matrices

Defmiion

Let A € M(n x n). We say that A is an invertible matrix if there exist
B € M(n x n) such that

AB=BA =1

We say that the matrix B € M(n x n) is an inverse of a matrix A € M(n x n)
ifAB — BA — 1.

A matrix A € M(n x n) is invertible if and only if it has an inverse.
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Exercise "

Let
A=(2 o)
Find A~!
A C
@ (9 ')
B D
(3 9) (i7s %)
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o IfA € M(n x n) is invertible, then it has exactly one inverse, which is
denoted by A~ .
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o IfA € M(n x n) is invertible, then it has exactly one inverse, which is
denoted by A~ .

o If some matrices A, B € M(n X n) satisfy AB = I, then also BA = I.
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Remark

o IfA € M(n x n) is invertible, then it has exactly one inverse, which is
denoted by A~ .

o If some matrices A, B € M(n X n) satisfy AB = I, then also BA = I.

Theorem 4 (operations with invertible matrices)

Let A,B € M(n X n) be invertible matrices. Then
(1) A~ Vis invertible and (A_l)_1 =A,

(i1) AT is invertible and (AT)_1 = (A_I)T,

(iil) AB is invertible and (AB)~' = B~'A~".
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Defmiion 1 )

The Determinant of the matrix A of type (1, 1) is equal to
det A = ai,l-
The Determinant of the matrix A of type (2,2) is equal to

det A = ap, -dxp —Aapp-a].

/
a], a],Z

/ N,
Figure:

http://umv.science.upjs.sk/madaras/MzIa/MZ2Ia2011_4den.pdf
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Exercise

Find the determinant of
5 4
1 3

A4 C 15
B 11 D 19

Mathematics II - Matrices



Definition 2 (Sarrus) |

The Determinant of the matrix A of type (3, 3) is equal to

det A = ay 1a22a33 + a1 2023031 + a1 302,103 2

— 13025431 — A1202,1033 — 41,142,303 2.

a,| a a,
am\ >< 5:02, a,
aa,/ n>< >\‘a_:_\‘u“

Figure: https://de.wikipedia.org/wiki/Regel_von_Sarrus
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Exercise |

Find the determinant of
5 2 -1
0 3 4
0 0 1
A0 15
B 6 D 22
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Definition 3

Let A be square matrix of the type (4,4). Let A;; denote the matrix of type
(n — 1,n — 1), which is created from A by ommiting the ith row and jth
column. Let r € {1, ... n}. Then the determinant of A is equal to

detA = a, (—1)""" det A, ;4a,2(—2)""? det A, o+ - ~4a, ,(—n)"T" det A, |,.

=n=yENN

b e foh p
) @ 2 g
e f g & ) ; . )
_ _ =al|li k& I|-Bli k& i|+te|i J I|-dli J %k
i ok
n oo p o p i n p m n o
m o oo p

Figure: http://mathcentral.uregina.ca/QQ/database/QQ.09.06/h/suud1.html
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VI1.3. Determinants

Let A € M(n x n). The symbol Ajj denotes the (n — 1)-by-(n — 1) matrix
which is created from A by omitting the ith row and the jth column.
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VI1.3. Determinants

Let A € M(n x n). The symbol Ajj denotes the (n — 1)-by-(n — 1) matrix
which is created from A by omitting the ith row and the jth column.

ap au_l au au+1 aln
ai—11 ... di—1j—-1 Q4i—1; 4di—1j+1 --- GQi—1n

A= a; | ce ajj—1 ai; ajj+1 ce din
1,1 --- Aiglj—1 Qi+l Aiglj+1l --- Qigln

an,1 e a,u'_l anJ aw+1 ce Ap.n

Mathematics II - Matrices 39/81



VI1.3. Determinants

Let A € M(n x n). The symbol Ajj denotes the (n — 1)-by-(n — 1) matrix
which is created from A by omitting the ith row and the jth column.

ap au_l ay au+1 aln
ai—11 ... di—1j—-1 di—1; 4i—1j+1 .- Qi—1n

A= a; | ce ajj—1 aij ajj+1 ce. Adjn
1,1 --- Aiglj—1 ikl Aiglj+1l --- Qigln

an,1 e a,u'_l aw- aw+1 ce Ap.n
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VI1.3. Determinants

Let A € M(n x n). The symbol Ajj denotes the (n — 1)-by-(n — 1) matrix
which is created from A by omitting the ith row and the jth column.

ap au_l au+1 aln
ai—1,1 ... di—1j—1 ai—1j+1 -+ Qi—1n
ait1,1 - il j—1 Ait1,j+1 -+ Qitln

an,1 e a,u'_l aw+1 ce Ap.n
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VI1.3. Determinants

Let A € M(n x n). The symbol Ajj denotes the (n — 1)-by-(n — 1) matrix
which is created from A by omitting the ith row and the jth column.

ay ayj—1 ajj+1 aln
A — ai—11 ... Ai—1j—-1 Gi—1j+1 .- Qi—1n
=
v 1,1 -+ Aiglj—1 Qiplj+1 .-+ Aifln
an,1 . Ap,j—1 Ap,j+1 . Ann
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Defniion )

LetA = (a,-j) ij=1..n- The determinant of the matrix A is defined by

o 1
detA = a“ﬂ . lf” )
Zi:l(_l)lﬂail detA; ifn> 1

For det A we will also use the symbol

ayl dip ... QAip
azy dyp ... Qdyp
anl Ap2 ... dpy
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Theorem 5 (cofactor expansion) I

Let A = (ajj)ij=1.n k € {1,...,n}. Then

detA = Z(— 1) ay det Ay (expansion along kth column),
i=1

n
detA = Z(—l)k+jakj detAy; (expansion along kth row).
j=1
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Lemma 6

Letj,n € N, j < n, and the matrices A,B,C € M(n x n) coincide at each
row except for the jth row. Let the jth row of A be equal to the sum of the jth
rows of B and C. Then det A = det B + det C.

apy din apn ... dlp ary e dlp
G—1,1 - Gj—1,n dj—1,1 -+ dj—1,n Aj—1,1 -+ Gi—1n
u+vy .oupty, | = uy e Up —+ Vi e Wy
AGt1,1 e Gitlin Ajt+1,1 - djtln 4i+1,1 e Gjtlon

apl ... AGm anl ... Qpn L )

Mathematics II - Matrices 42/81



Theorem 7 (determinant and transformations) |
LetA,A' € M(n x n).
(1) If the matrix A’ is created from the matrix A by multiplying one row in
A by a real number i, then detA’ = pdet A.
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Theorem 7 (determinant and transformations)
LetA,A" € M(n x n).

(i) If the matrix A’ is created from the matrix A by multiplying one row in
A by a real number i, then detA’ = pdet A.

(i1) Ifthe matrix A’ is created from A by interchanging two rows in A (i.e.
by applying the elementary row operation of the first type), then
detA’ = — detA.
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Theorem 7 (determinant and transformations)
LetA,A" € M(n x n).

(i) If the matrix A’ is created from the matrix A by multiplying one row in
A by a real number i, then detA’ = pdet A.

(i1) Ifthe matrix A’ is created from A by interchanging two rows in A (i.e.
by applying the elementary row operation of the first type), then
detA’ = — detA.

(i11) If the matrix A’ is created from A by adding a pi-multiple of a row in A
to another row in A (i.e. by applying the elementary row operation of
the third type), then det A’ = det A.
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Theorem 7 (determinant and transformations)
LetA,A" € M(n x n).

(i) If the matrix A" is created from the matrix A by multiplying one row in
A by a real number i, then detA’ = pdet A.

(i1) Ifthe matrix A’ is created from A by interchanging two rows in A (i.e.
by applying the elementary row operation of the first type), then
detA’ = — detA.

(i11) If the matrix A’ is created from A by adding a pi-multiple of a row in A
to another row in A (i.e. by applying the elementary row operation of
the third type), then det A’ = det A.

(iv) IfA is created from A by applying a transformation, then detA # 0 if
and only if det A’ # 0.
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Theorem 7 (determinant and transformations)
LetA,A" € M(n x n).

(i) If the matrix A" is created from the matrix A by multiplying one row in
A by a real number i, then detA’ = pdet A.

(i1) Ifthe matrix A’ is created from A by interchanging two rows in A (i.e.
by applying the elementary row operation of the first type), then
detA’ = — detA.

(i11) If the matrix A’ is created from A by adding a pi-multiple of a row in A
to another row in A (i.e. by applying the elementary row operation of
the third type), then det A’ = det A.

(iv) IfA is created from A by applying a transformation, then detA # 0 if
and only if det A’ # 0.
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Theorem 7 (determinant and transformations) |
LetA,A" € M(n x n).
(i) If the matrix A’ is created from the matrix A by multiplying one row in
A by a real number i, then detA’ = pdet A.

(i1) Ifthe matrix A’ is created from A by interchanging two rows in A (i.e.
by applying the elementary row operation of the first type), then
detA’ = — detA.

(ii1) If the matrix A is created from A by adding a pi-multiple of a row in A
to another row in A (i.e. by applying the elementary row operation of
the third type), then det A’ = det A.

(iv) IfA is created from A by applying a transformation, then detA # 0 if
and only if det A’ # 0.

Remark

The determinant of a matrix with a zero row is equal to zero. The
determinant of a matrix with two identical rows is also equal to zero.

e
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Exercise |

We have
-1 15 16
det | 2 5 4| =-107.
2 3 5
Find
2 5 4
det| 2 3 5|7
-1 15 16
A -107 C something else
B 107
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Exercise "

We have
-2 1 3
det | 2 0 4| =44
1 3 1
Find
-2 1 3
det| O 1 7]7
1 3 1
A 44 C 83
B -44 D something else
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Exercise I

We have
-2 1 3
det | 2 0 4| =44
1 3 1
Find
-2 1 3
det | 2 0 4|7
0 7 5
A 44 D 22
B -44
C 88 E something else
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Exercise

Let A be a matrix of type (2x2). Find det(5A).

A Sdet A C 25detA
B 10detA D something else
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Let A = (ajj)ij=1..n. We say that A is an upper triangular matrix if a; = 0
fori>j i,je{l,...,n}.
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CDefnion

LetA = (a,-j),-‘,-zl,,,,. We say that A is an upper triangular matrix if a; = 0
fori>j i,je{l,...,n}. Wesay that A is a lower triangular matrix if
aj=0fori<ji,je{l,...,n}.

Q (*]
1 2 4 10 0
0 2 —4 0
3 3 3
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LetA = (a,-j),-‘,-zl,,,,. We say that A is an upper triangular matrix if a; = 0
fori>j i,je{l,...,n}. Wesay that A is a lower triangular matrix if
aj=0fori<ji,je{l,...,n}.

Q (*]
1 2 4 10 0
o 3 0 2 —4 0
o o s 3 3 3

Theorem 8 (determinant of a triangular matrix)

Let A = (ajj)ij=1..n be an upper or lower triangular matrix. Then

detA = apg-dzp - App -
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Theorem 9 (determinant and invertibility)

Let A € M(n X n). Then A is invertible if and only if det A # 0.

Theorem 10 (determinant of a product)
LetA,B € M(n x n). Then det AB = det A - det B.

Theorem 11 (determinant of a transpose)

LetA € M(n x n). Then det A” = det A.
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Exercise

Let det A = 3. Find det A~ 1.

A 1/3 co9
B 3 D hard to say.
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Exercise I

We have
-2 1 3
det| 2 0 4| =44.
1 3 1
Find
-2 2 1
det| 1 0 37
3 4 1
A 44 D 22
B 1/44
C 88 E -44
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Exercise

Which of the following matrices do NOT have inverse matrix?

6 %)

i ()
D (v 3)

o)

I All of them have inverse matrix.
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Defniion

Letk,n € Nandv',... vk € R". We say that a vector u € R" is a linear
combination of the vectors v', ... V& with coefficients \y, ..., \x € Rif

u=\v' +-- +
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Definition

Letk,n € Nandv',... vk € R". We say that a vector u € R" is a linear
combination of the vectors v', ... V& with coefficients \y, ..., \x € Rif

u:)\1v1+---+)\kvk.

By a trivial linear combination of vectors v', . .., v* we mean the linear
combination 0 - v! + - .- + 0 - vk, Linear combination which is not trivial is
called non-trivial.

Letu = (1,2,4) and v = (—2,0,5). Then 2u — 3v is
A
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Exercise "

Express z = (—5, 3, 6) as the linear combination of x = (1, —1,4) and
y=(-3,2,6).
A —5x
—2x+y
x+2y
2x+y
impossible

m Y QW
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Exercise I

Express w as the linear combination of « and v.

1.5

1

Figure: https:
//www.chegg.com/homework—help/questions—and-answers/
write-vector-w-linear-combination-u-v-g55559120

Aw=2u+v Dw=u—v
Bw=u+v
Cw=—-u+v E w cannot be written like that.
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Exercise b

Which of the following vector can be written as the linear combination of
vectors (1,0,0), (0,1,0), (0,0,1)?

A (0,2,0)

B (=3,0,1)

C (0.4,3.7,—1.5)
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Exercise |

Which of the following vector can be written as the linear combination of
vectors (1,0,0), (0,1,0), (0,0,1)?

A (0,2,0)

B (=3,0,1)

C (0.4,3.7,—1.5)

Exercise

Describe the set of all linear combinations of vectors (2,4, 6) and
(—1,-2,-3)?

A point B line C vector D plane [ space
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Exercise b

Which of the following vector can be written as the linear combination of
vectors (1,0,0), (0,1,0), (0,0,1)?

A (0,2,0)

B (=3,0,1)

C (0.4,3.7,—1.5)

Exercise

Describe the set of all linear combinations of vectors (2,4, 6) and
(—1,-2,-3)?

A point B line C vector D plane [ space

Exercise

Describe the set of all linear combinations of vectors (1,2,0) and (—1,1,0)?

A point B line C vector D plane [ space
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We say that vectors v', ... vk € R" are linearly dependent if there exists
their non-trivial linear combination which is equal to the zero vector.
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Definition

We say that vectors v', ... vk € R" are linearly dependent if there exists
their non-trivial linear combination which is equal to the zero vector. We say
that vectors v', ... vk € R" are linearly independent if they are not linearly
dependent, i.e. if whenever \y, . .., A\ € R satisfy \iv' 4+ --- 4+ Aok = o,
then \y =y =--- =X\ =0.
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Definition

We say that vectors v', ... vk € R" are linearly dependent if there exists
their non-trivial linear combination which is equal to the zero vector. We say
that vectors v', ... vk € R" are linearly independent if they are not linearly
dependent, i.e. if whenever \y, . .., A\ € R satisfy \iv' 4+ --- 4+ Aok = o,
then \y =y =--- =X\ =0.

Remark

Vectors v!, ..., v are linearly dependent if and only if one of them can be
expressed as a linear combination of the others.
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Definition

We say that vectors v', ... vk € R" are linearly dependent if there exists
their non-trivial linear combination which is equal to the zero vector. We say
that vectors v', ... vk € R" are linearly independent if they are not linearly
dependent, i.e. if whenever \y, . .., A\ € R satisfy \iv' 4+ --- 4+ Aok = o,

then \y =y =--- =X\ =0.
Vectors v!, ..., v are linearly dependent if and only if one of them can be

expressed as a linear combination of the others.

Exercise

The vectors (1,0,0), (0,0,2), (3,0,4) are
A linearly dependent

B linearly independent
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Definition

Let A € M(m X n). The rank of the matrix A is the maximal number of
linearly independent row vectors of A, i.e. the rank is equal to k € N if

(1) there is k linearly independent row vectors of A and
(i1) each I-tuple of row vectors of A, where | > k, is linearly dependent.

The rank of the zero matrix is zero. Rank of A is denoted by rank(A).

Exercise
Find the rank of the matrix

—_—_O O =
N OO
W W o O
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Definition

We say that a matrix A € M(m x n) is in a row echelon form if for each
i € {2,...,m} the ith row of A is either a zero vector or it has more zeros at
the beginning than the (i — 1)th row.

1 4 1
0 5 2

1
0
0

SN B~

1 1
0 0
3 0

S O B~
SN =
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Definition

We say that a matrix A € M(m x n) is in a row echelon form if for each
i € {2,...,m} the ith row of A is either a zero vector or it has more zeros at
the beginning than the (i — 1)th row.

L4 1\ /1 4 1
02 0 ooz(éé.‘é)
003/ \0 o0 o0

Remark

The rank of a row echelon matrix is equal to the number of its non-zero rows.
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The elementary row operations on the matrix A are:
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efmiion

The elementary row operations on the matrix A are:

(1) interchange of two rows,
(i1) multiplication of a row by a non-zero real number,

(111) addition of a multiple of a row to another row.

Definition

A matrix transformation is a finite sequence of elementary row operations. If
a matrix B € M(m X n) results from the matrix A € M(m x n) by applying a

. . . . T
transformation T on the matrix A, then this fact is denoted by A ~~ B.
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Theorem 12 (properties of matrix transformations) I

(1) Let A € M(m X n). Then there exists a transformation transforming A
to a row echelon matrix.
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Theorem 12 (properties of matrix transformations)

(i) Let A € M(m X n). Then there exists a transformation transforming A
to a row echelon matrix.

(i1) Let Ty be a transformation applicable to m-by-n matrices. Then there
exists a transformation T, applicable to m-by-n matrices such that for

any two matrices A, B € M(m x n) we have A LB if and only if
T
B ~5 A.
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Theorem 12 (properties of matrix transformations) I

(i) Let A € M(m X n). Then there exists a transformation transforming A
to a row echelon matrix.

(i1) Let Ty be a transformation applicable to m-by-n matrices. Then there
exists a transformation T, applicable to m-by-n matrices such that for

any two matrices A, B € M(m x n) we have A LB if and only if
B A

(i) LetA,B € M(m x n) and there exist a transformation T such that
A~ B. Then rank(A) = rank(B).
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Exercise

Let
5 4 -8 1
1 3 4 8
A=lo 2 1 3
-1 -2 4 1
After the transformation we get
1 0 0 1
01 0 1
0 0 01
0 0 0O
Find the rank of A:
A0 C2 E 4
B 1 D 3 )
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Remark

Similarly as the elementary row operations one can define also elementary
column operations. It can be shown that the elementary column operations
do not change the rank of the matrix.
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Remark

Similarly as the elementary row operations one can define also elementary
column operations. It can be shown that the elementary column operations
do not change the rank of the matrix.

Remark

It can be shown that rank(A) = rank(A”) for any A € M(m x n).
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Exercise

We made a matrix from the vectors x, y, u, v and w. Find rank of this matrix.
X
\\Q\\\§
\
/ )

http://mathquest.carroll.edu/libraries/FHMW.
student .edition.pdf

Al
B2
C3
D 4
ES
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Theorem 13 (reprezentation of a transformation)

Let T be a transformation on m X n matrices. Then there exists an invertible
matrix Ct € M(m X m) satisfying:

whenever we apply the transformation T to a matrix A € M(m X n), we
obtain the matrix C7A.

1 0 0 1 2 3 1 2 3
01 0 -1 -2 3|=(-1 -2 -3
0 2 1 2 3 4 0o -1 =2
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Theorem 13 (reprezentation of a transformation)

Let T be a transformation on m X n matrices. Then there exists an invertible
matrix Ct € M(m X m) satisfying:

whenever we apply the transformation T to a matrix A € M(m X n), we
obtain the matrix C7A.

1 00 1 2 3 1 2 3
o1 o0f-{-1 -2 3|=|-1 -2 -3
0 2 1 2 3 4 0o -1 -2

Also the converse is true: For every invertible matrix C the mapping
A — CA is a transformation.
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Let A € M(n x n) and rank(A) = n. Then there exists a transformation
transforming A to I.
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Let A € M(n x n) and rank(A) = n. Then there exists a transformation
transforming A to I.

Let A € M(n x n). Then A is invertible if and only if rank(A) = n.

Theorem 15 J
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VI1.4. Systems of linear equations



A system of m equations in n unknowns xj, . . ., X,:

aixi + anxy + -+ + ax, = b,

as1xy + apxs + - -+ + axx, = by,

)

am1X1 + @GmXo + -+ - + AupXn = bm»

wherea; € R,b; € R,i=1,...,m,j=1,...,n



A system of m equations in n unknowns xj, . . ., X,:

aixi + anxy + -+ + ax, = b,

as1xy + apxs + - -+ + axx, = by,

)

am1X1 + @GmXo + -+ - + AupXn = bm»

where g € R,b; € R,i=1,...,m,j=1,...,n. The matrix form is
Ax =b,
ay ... ap
where A = ( Do > € M(m x n), is called the coefficient matrix,
Aml -+ Qmn

by
b= < ) € M(m x 1) is called the vector of the right-hand side and

bm

X
x= < : > € M(n x 1) is the vector of unknowns.

Xn



Defmiion

The matrix

an ... Ap b1
(Alb) =

Aml .. Qpp bm

is called the augmented matrix of the system (S).

6x + 2y = 100 6 2 | 100
4x +y =60 < 1 >
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Proposition 16 (solutions of a transformed system)

LetA € M(m X n), b € M(m x 1) and let T be a transformation of matrices

with m rows. Denote A ~> A', b ~+ b’ Then for anyy € M(n x 1) we have
Ay = b ifand only ifA'y = b', i.e. the systems Ax = b and A'’x = b’ have
the same set of solutions.
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Theorem 17 (Rouché-Fontené)

The system (S) has a solution if and only if its coefficient matrix has the
same rank as its augmented matrix.

12 3 | 4 12 3 | 4 12 3 | 4
01 -2 | 2 01 -2 | 2 01 -2 | 2
00 4 | 1 00 0 | O 00 0 | 1
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Systems of n equations in n variables

Theorem 18 (solvability of an n X n system)

Let A € M(n x n). Then the following statements are equivalent:

(1) the matrix A is invertible,

(i1) foreachb € M(n x 1) the system (S) has a unique solution,
(i11) for eachb € M(n x 1) the system (S) has at least one solution,
(iv) detA # 0.

1 2 -3 | -4
2 3 =2 ] 2
-1 0 1 | 2
x=1,y=2,z=3
detA = —6
11 _5
203 6
Al = : 2
B
2 3 6
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Theorem 19 (Cramer’s rule)
Let A € M(n x n) be an invertible matrix, b € M(n x 1), x € M(n x 1), and

Ax = b. Then
ai ceeapj—1 b1 ajj+1 ... Qin
o ut oo Guj—1 by Gnjy1 ... am
J detA
forj=1,... n

Exercise

1 1 -1 ] 6
3 2 1 | -5
1 3 -2 | 14
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VI1.5. Definiteness of matrices

(e
We say that a symmetric matrix A € M(n X n) is
o positive definite (PD), ifu’Au > 0 for allu € R", u # o,
o negative definite (ND), ifuTAu < 0 for allu € R", u # o,
o positive semidefinite (PSD), if uTAu > 0 for allu € R",
o negative semidefinite (NSD), if uTAu < 0 for allu € R",

o indefinite (ID), if there exist u, v € R" such that u’Au > 0 and
vTAv < 0.

e

7 1
(x y)-(l 2) . (;) = T2 Fdxy+y? = 3% +4n® Hday+y? = 3%+ (y+2x)>
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Proposition 20 (definiteness of diagonal matrices) I

Let A € M(n x n) be diagonal (i.e. a; = 0 whenever i # j). Then
o Ais PDifand only ifa; > Oforalli=1,2,...,n,
o Ais NDifand only ifa;; <0 foralli=1,2,... n,
o Ais PSD ifand only ifa; > O foralli=1,2,...,n,
o A is NSD ifand only ifa; < Oforalli=1,2,...,n,
o A is ID if and only if there exist i, j € {1,2,...,n} such that a; > 0
and a;; < 0.

Exercise

Decide about definiteness of the following matrices:

2 0 00
-2 0 388 0 -3 00
0 -5 00 8 0 0 4 0
0 0 0 1
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Proposition 21 (necessary conditions for definiteness) I

Let A € M(n x n) be a symmetric matrix. Then
IfA is PD, then a; > O foralli =1,2,...,n,
IfA is ND, then a; < O foralli=1,2,...,n,
IfA is PSD, then a; > Q0 foralli=1,2,...,n,
IfA is NSD, then a;; < Oforalli =1,2,...,n,

If there exist i, j € {1,2,...,n} such that aj > 0 and a;; < 0, then A is
ID.

Exercise

Which of this matrices can NOT be negative semidefinite?

A B C
51 —4 -1 0
3.9 4 -2 1 :;g;
1 2 -5 1 0 -2 01 & -5

Mathematics II - Matrices 76/81



Theorem 22 (Sylvester’s criterion) I

Let A = (a;;) € M(n x n) be a symmetric matrix. Then A is
@ positive definite if and only if

an o Mk
>0 forallk=1,...,n,

(2741 e ik
o negative definite if and only if

ayny ... Ak
(-1 : >0 forallk=1,...,n,

Ay ... Qg
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o positive semidefinite if and only if

aj i cee Qg
>0

Aji cee Qi

for each k-tuple of integers 1 < i} <--- < <nk=1,...

o negative semidefinite if and only if
a,-,,~] e ail,-k
(=D ;|20

Aj i cee Qi

for each k-tuple of integers 1 < i) < --- < <nk=1,...



Defmiiond

Let f € C*(G). Then the matrix

& & i
#10 (x) x| gxz (x) T ox gxn (x)
o*f o ’f
H(@) = | > ¥ a_x%.(X) v e
or o o
3x,,fj;x1 ('x) 3x,,fj;x2 ('x) e Bxﬁﬁz (x)

is called Hessian matrix of f.

Exercise

Find the Hessian matrix of the function x> + y* + 3x? at the point [—2, 0].
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 Definiions

Let f € C*(G). Then the matrix

’f *f o’f

B_xf (X) Ox10x (X) e Ox10x, (X)
o’f o’f o’f

Hf (x) _ Ox0x1 ( ) a_xg (x) e Ox20x, X
82f. 82f. 82f.

Ox,0x1 ()C) 0x,0x ('x) Tt Ox2x; ()C)

is called Hessian matrix of f.

Theorem 23

Let G C R" be convex and f € C*(G). If the Hessian matrix of f is positive
semidefinite for every x € G, then f is convex on G. If the Hessian matrix of f
is positive definite for every x € G, then f is strictly convex on G.
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Remark (Sufficient condition of the existence of local extremum) I

Let G C R" be an open set, a € G and let f € C*(G). Let Vf(a) = 0. Then

| If the Hessian matrix is positive definite, then f has a strict local
minimum at a.

\]

If the Hessian matrix is negative definite, then f has a strict local
maximum at a.

3. If the Hessian matrix is indefinite, then f does not have a local extrema
at a (saddle point).
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Example

flxy) =x"+)?
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