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kunck6am@natur.cuni.cz
Find the graphs of the following functions:

Exercise 1. f(z) = |z|+ arctan (Jz — 1|)

Instructions: 1. D(f) =R.

2. The function is continuous on R.

3. Function is not even, not odd, not periodic.
4. lim, 1o f(z) = +00 (because of |z|).

5. The 1st derivative

-1 _ 2’243 _ _ (z=1)°42
—l+ o = — e = _(;71)2“ r <0
/ o —1 _ z?2—2z+1 _  (z—1)
f@) =93 1+ maar = Ptz = GonPa 0<z <l

_ 22—92z43 _ (z—1)%42

1
L+ 15512 = 25012 = a=D7F1 x> 1

There is no derivative at the points 0, 1. Limits of derivatives (see Theorem) give:

L) =5, 0= 5, L) =0, fL1) =2
Hence function is decreasing on (—o0,0), increasing on (0,1) a (1,+00). Thus function is
increasing on (0, +00).

Extrema can be only at the points with no derivatives - 0 and 1. Since the function is
decreasing on the left neighbourhood of 0 and increasing on the right neighbourhood of 0, we
have local minimum at 0 and f(0) = arctan (1) = 7.

At the neighbourhood of the point 1 the function is increasing, therefore there is no ex-

tremum.

6. The 2nd derivative

_ e e

2(x—1
(22 —22+2)2

(Since the first derivative is not continuous at the points 0,1, then there can not be the second
derivative defined.)
The function f is concave on (—o0,0), (0,1) and (1, 4+00).

7. Asymptote at —oo:
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ap = lim —= = -1, by = ;T:>y:7z+ﬁ'

r—+—00 I T—r—00 2

Asymptote at +oc:

T T .

8. Range: H(f) = [f(0),+00) = [§,+00). Further, interesting point for graphing is f(1) = 1.
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Exercise 2. f(2) = ————
|zt — 1]
Instructions: 1. D(f) =R\ £1.
2. The function is continuous on D(f).
3. Function is odd, is not even, not periodic.
4. lim, 100 f(z) = o0, lim,—, 11 = +00.
5. The 1st derivative
z2(z*—3) 1 1
flay= ) @ @€ (zeo "D U o)
- z2 (2t —

There is no derivative at the points +1.

Hence the function is increasing on (—oo, —v/3), (—=1,1) and on (v/3,+00). Function is
decreasing on (—+v/3, —1) and (1, 4++/3).

There is no global maximum or minimum. There is local maximum at the point —v/3 (with
the value —v/2 V33 33). There is local minimum at V3 3 (the value is V2 V33 33).

6. The 2nd derivative

6 (z*
vy | CEA mel 1) U (1,400)
f (.’IJ)— 6x(z?41)

Q—21)5/2 z € (-1,1)

Hence f is concave on (—oo,—1), (—

1,0) and convex on (0,1) and (1,400). There is the point
of inflection at the point 0. ( f(0) =0.)

7. Asymptote at —oo

a; = lim f—:l, by = lim (f(x)—azx)=0 = y=u.

T——00 I T——00

Asymptote at +oc:

T (€O . _ _
ag—xgrfoo . =1, bg—xBTw(f(x)—ax)—Ozy—x.

There are vertical asymptotes at +1.

8. Range: H(f) =R
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Exercise 3. f(z) = |(1 — 2%)e™?|

Instructions: 1. D(f) =R.

2. The function is continuous on R.

3. Function is not even, not odd, not periodic.

4. lim, 400 f(x) =0, lim, o f(x) = +00.

5. We need to consider sign of the term (1 — 22?) = (1 — z)(1 + z). Then the 1st derivative is

ooy [ em@=2e—-1) ze(—1,1)
fla)y= { —e *(2® =2z —1) x € (~oo,—1)U(1,+00)

There is no derivative at the points —1, 1 since limits of derivatives give:
fl(=1)==2e, fi(-1)==2e, f (1)=-2¢"", fi(1)=2e"".
because e™* > 0 on R and
x272x71:0¢>x172:1:|:\@,

we have that the function is decreasing on (—oo, —1) and (1 —+/2, 1) and increasing on (—1,1—

V2) and (1,1 ++/2).
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Extrema can be found at the points of zero derivatives or at the points without derivative.
Hence: —1,1 —+/2,1,1+ V2.

Since f(£1) = 0 and the function f is nonnegative, there is global maximum at the points
+1. Because of the sign of derivative at its neighbourhood, we have local maxim at the points

1++2.
6. The 2nd derivative

vy [ e (@ —4x+1)  x€(—o00,—1)U(1,+0)
fw) { —e (x? —4x+1) xe(-1,1)

We have:
() =0 ze{2-+3,2+3}
f"(z) >0 z¢€ (=00, —1)U(2—+3,1)U(2+ V3, +00)
() <0 ze(-1,2—v3)U(1,2+3)

Function is convex on the intervals of f”(x) > 0 . Function is concave on the intervals with
f"(x) < 0. There are points of inflection at 2 + /3.

7. Asymptote at —oo:
ap = lim ——= = —o0, asymptote does not exists.
Asymptote at +oo:

N _
as = xllyrf-loo 7 = 0, b2 = xll)r-t,r-loo(f(x) — am) =0 = Y= 0.

8. Range: H(f) = [0, +00).
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Exercise 4. f(z) = (22 — 3z + 2) exp(|x + 3| — 3)

Instructions: ( 1) (-3 )
, eme_x_ 1;6—,+OO

f(z) = { —e 6722 — 52 +5) z € (—o00,—3)

7 _J el -1z +2) @ € (=3, +00)

f(@) = { —e 67 %(x = 5)(xr —2) z € (—00,—3)

lim M = too

r—+oo
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Exercise 5. f(z) = cos(x) - sin(2z)

Instructions:
f'(x) = 2cosx cos 2x — sin z sin 2z

1" (x) = —4 cos 2z sinx — 5 cos x sin 2z

T
lim M = does not exist.
r—+oo I

Mathematics 1, 2020/21, Kristyna Kuncova



Exercise 6. f(z) =sinz — | cosz]|

Instructions:
) = cosx +sinx cosx >0
cosr —sinx cosx <0

(@) = —sinx +cosx cosz >0
—sinx —cosx cosxz <0

lim —= =0, lim f(z)—0-2z = does not exist.
rz—+oo r—too
1+
05

Mathematics 1, 2020/21, Kristyna Kuncova



Exercise 7. f(z) = (z — 2arctan (x — 5)) - sgn(x)

Instructions: . A
mw2 1)0(:+zg z € (—00,0)
5 2 (0,40)
4(xz—5)
— " (22—-102+26)2 10x+26)2 T € (_0070)
- 4(x—5)
@2 —102+206)% 1090+26)2 z € (0, +00)

lim f(z) +

r—+o0
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Exercise 8. f(z) = ¢/(z +2)2 — {/(z — 2)?

Instructions:

1w =g (%/@c1 o v<x1+2>4> TrE
dm TP =0 i ) -0a=
A
ol
7 2 7 s
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Exercise 9. f(z) = arcsin (1/1 — sin? z)
Instructions: 5 .
fla)= -2 2T i kr ke
V1 —sintz 2
2 4
o) = —— 28 2 x;égwm,kez
(1 —sin® z)3
lim f@) =0, lim f(z)—0-2z = does not exist.
rz—t+oo r—too
4+
2+
A 3 b i
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Exercise 10. f(z) = (22 — 2z + 1)~ 17l

Instructions: ( )
oy ) efx(r+1 <0
f(x)—{ —e ¥z —-2)(x—-1) >0

woon [ €@ +3z+1) x<0
f (z){ e (a* =5z +5) >0

lim M:O, lim f(z)—0-2=0
r—+too I r—+oo
oL
=7 =2 2 i
Exercise 11. f(z) = "% cosx
Instructions: 4
f'(z) = =S (sinx — cos® )

2

f"(x) = e cos x(cos® x — 3sinx — 1)

lim fz) =0, lim f(z) —0-2 = does not exist.
r—+oo I xr—+oo
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Exercise 12. f(x) = exp (— —
sin® z

Instructions:

1 cotg x

f/(;r) = 2 . 6_ sin2 x

sin

1 1 1

£(w) = ge T —

2 sin® x

x # km, f'(km) = 0.

xT

(14 6cos2x +cosdx) x #km

lim f(z)—0-z = does not exist.

rz—+oo I r—+o0

) pro z € R\ {km, k€ Z}, f(kr) =0 pro k € Z.

(L4
012
=7 =2 2 i
Exercise 13. f(z) = Va2e™®
Instructions: 3 )
, L e *x(3x —
f (1‘) - 33}4/3
vy e "(92% — 122 — 2)
7(@) —
lim @ = 400, asymptota v —oo neni
r——00
lim f@) 0, lim f(z)—0-z=0.
r—+oo I r——400
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Exercise 14. f(r) = |3cosz|+ 2cos® x

Instructions:
; 2 g .
Fla) = —3sinx —6cos“xsinx cosx > 0
T ] 3sinz —6cos?xsine  cosxz <0

(@) = —3cosz + 12coszsin®x — 6cos®x  cosz > 0
“ | 3cosz+ 12coszsin® z — 6cos® x cosx <0
f(z)

lim —= =0, lim f(z)—0-2z = does not exist.
r—+oo I rx—Foo

Exercise 15. f(z) = (x — 1)e—|1‘—1|

Instructions: - )
N ) e —2) x>1
f (LL') - { mezfl T < 1
1—
1" € w(fﬂ 3) z>1
! (x){ e+l z<1
o flz) . _
zgrjr:looT_O, lim f(z)—0-2=0.
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Exercise 16. f(r) =2z —tgx

Instructions: 1
/ _— —
Fla) = cos? x
1 sin x
Fi(x) = cos> x
lim —f(z)

r—+oo I

ZZ??ég—Fﬂ'k, kel

x;«ég—i—ﬂk, ke

= does not exist.
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Exercise 17. f(z) = arcsin ‘11:29;

Instructions: Domain:
<1
‘ 1—2x|
1—2z
—-1< <1
—1—-2x —
2 —3x x
>0 A <0
1—2x — 1—2x —
hence
D(f) = (~o0,0 U [, +o0)
Derivative:
. 0< 11:; <1
(20-1)7 /5025 ’
f/(CC) = 1 1—x
——I(awd -1< 192 <0
(22—1)2 2a-1)?
121279x+1 1—z
(2m 1)5 zz(;sw 1)22))3/2 0< 1—2x <1
1222 —9z+1 . 1< <0
(22—1)5 ’”;311)22))5/ i
flx B o
IEELOT =0 lim fl#)=0-o=7%.
12
+1
0 ) T

Exercise 18. f(x) = 2arctan x + arcsin (ﬁ%)

Instructions: Use the substitution « = tg y (it is possible on the whole R), the fact that

2tg y .
W = Sln(?y)
and the fact that
arcsin (sinz) = —T—z z€ (-7 —F)
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Then we obtain
- x € (—o0,—1)
f(z) =< darctanz x € (—o0,—1)
T x € (1,400)
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Exercise 19. f(z) = (z 4 2)e!/*

Instructions: y
flay= @ DR g
T
et (5x + 2)
f/l(;[;) = x4 , T # 0
fla) | )
lim ——= =1, xggloof(m)_l.x_g
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