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PRACTICE EXAM 2 SOLUTIONS

1. Use the limit definition of the derivative to find f �(x) for the following functions f(x)
(Sec. 2.2):

f(x) = 3x2 + 2x+ 7

f �(x) = lim
h→0

3(x+ h)2 + 2(x+ h) + 7− (3x2 + 2x+ 7)

h

f �(x) = lim
h→0

3h2 + 6xh+ 2h

h
= 6x+ 2

f(x) = x3

f �(x) = lim
h→0

(x+ h)3 − x3

h

f �(x) = lim
h→0

3x2h+ 3xh2 + h3

h
= 3x2

f(x) = 1
x+3

f �(x) = lim
h→0

1/(x+ h+ 3)− 1/(x+ 3)

h

f �(x) = lim
h→0

−h/(x+ 3)(x+ h+ 3)

h
=

−1

(x+ 3)2

1



M

EXAMPLE 2
(a) If , find a formula for .
(b) Illustrate by comparing the graphs of and .

SOLUTION
(a) When using Equation 2 to compute a derivative, we must remember that the variable
is and that is temporarily regarded as a constant during the calculation of the limit.

! lim
h l 0

 !3x 2 % 3xh % h 2 $ 1" ! 3x 2 $ 1 ! lim
h l 0

 
3x 2h % 3xh 2 % h 3 $ h

h

 ! lim
hl 0

 
x 3 % 3x 2h % 3xh 2 % h 3 $ x $ h $ x 3 % x

h

 f !!x" ! lim
hl 0

 
 f !x % h" $ f !x"

h
! lim

hl 0
 
 *!x % h"3 $ !x % h"+ $ *x 3 $ x+

h

xh

f !f
f !!x"f !x" ! x 3 $ x

V

FIGURE 2  
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Visual 2.8 shows an animation of
Figure 2 for several functions.
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(b) We use a graphing device to graph and in Figure 3. Notice that when
has horizontal tangents and is positive when the tangents have positive slope. So

these graphs serve as a check on our work in part (a).

M

EXAMPLE 3 If , find the derivative of . State the domain of .

SOLUTION

We see that exists if , so the domain of is . This is smaller than the
domain of , which is . M

Let’s check to see that the result of Example 3 is reasonable by looking at the graphs of
and in Figure 4. When is close to 0, is also close to , so is

very large and this corresponds to the steep tangent lines near in Figure 4(a) and the
large values of just to the right of 0 in Figure 4(b). When is large, is very small
and this corresponds to the flatter tangent lines at the far right of the graph of and the
horizontal asymptote of the graph of .

EXAMPLE 4 Find if .

SOLUTION

M! lim 
hl 0

 
$3

!2 % x % h"!2 % x"
! $

3

!2 % x"2! lim 
hl 0

 
$3h

h!2 % x % h"!2 % x"

! lim 
hl 0

 
!2 $ x $ 2h $ x 2 $ xh" $ !2 $ x % h $ x 2 $ xh"

h!2 % x % h"!2 % x"

! lim 
hl 0

 
!1 $ x $ h"!2 % x" $ !1 $ x"!2 % x % h"

h!2 % x % h"!2 % x"

! lim 
hl 0

 

1 $ !x % h"
2 % !x % h"

$
1 $ x

2 % x

h
 f !!x" ! lim

hl 0
 
 f !x % h" $ f !x"

h

f !x" !
1 $ x

2 % x
f !

f !
f

f !!x"xf !!x"
!0, 0"

f !!x" ! 1,(2sx )0sx xf !f

*0, &"f
!0, &"f !x ' 0f !!x"

 !
1

sx % sx !
1

2sx 

! lim
h l

 

0
 

1

sx % h % sx  ! lim
h l

 

0
 

!x % h" $ x

h(sx % h % sx )

 ! lim
h l

 

0
 #sx % h $ sx 

h
!
sx % h % sx 

sx % h % sx $
! lim

h l
 

0
 
sx % h $ sx 

h
 f !!x" ! lim

h l
 

0
 
 f !x % h" $ f !x"

h

f !ff !x" ! sx 

FIGURE 3
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Here we rationalize the numerator.
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To see this try to compute the derivative at 0,

f �(0) = lim
x→0

|x|− |0|
x− 0

= lim
x→0

|x|
x

= lim
x→0

sign(x).

We know this limit does not exist (see §7.2)
If you look at the graph of f(x) = |x| then you see what is wrong: the graph has a corner at the origin

and it is not clear which line, if any, deserves to be called the tangent to the graph at the origin.

tangent?

tangent?

tangent?

tangent?

y = |x|

Figure 1. The graph of y = |x| has no tangent at the origin.

4.2. A graph with a cusp. Another example of a function without a derivative at x = 0 is

f(x) =
�
|x|.

When you try to compute the derivative you get this limit

f �(0) = lim
x→0

�
|x|
x

= ?

The limit from the right is

lim
x�0

�
|x|
x

= lim
x�0

1√
x
,

which does not exist (it is “+∞”). Likewise, the limit from the left also does not exist (’tis “−∞). Nonetheless,
a drawing for the graph of f suggests an obvious tangent to the graph at x = 0, namely, the y-axis. That
observation does not give us a derivative, because the y-axis is vertical and hence has no slope.

4.3. A graph with absolutely no tangents, anywhere. The previous two examples were about
functions which did not have a derivative at x = 0. In both examples the point x = 0 was the only point where
the function failed to have a derivative. It is easy to give examples of functions which are not differentiable
at more than one value of x, but here I would like to show you a function f which doesn’t have a derivative
anywhere in its domain.

To keep things short I won’t write a formula for the function, and merely show you a graph. In this
graph you see a typical path of a Brownian motion, i.e. t is time, and x(t) is the position of a particle which
undergoes a Brownian motion – come to lecture for further explanation (see also the article on wikipedia).
To see a similar graph check the Dow Jones or Nasdaq in the upper left hand corner of the web page at
http://finance.yahoo.com in the afternoon on any weekday.
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Example 2

Solution

Step 1 - Find the left hand derivative

The formula for computation of the left hand derivative is:

Since  and , hence we will put the values in the formula:

Step 2 - Find the right hand derivative

The formula for �nding out the right hand derivative is given below:

Since the second part of the function is  and , hence we will put

the values in the formula:

Step 3 - Compare the left and right hand derivatives

The left hand derivative is . Similarly, the right hand derivative is

https://www.superprof.co.uk/resources/academic/maths/calculus/derivatives/one-sided-derivative.html



. Since , therefore we can say that the function is not

di�erentiable at .

The function looks like this in the xy coordinate plane.

Example 2 - Graph of the piecewise function

Example 3

Check whether the function  di�erentiable at .

Solution

This function is an absolute-value function. We will follow the following steps to

determine if the function  is di�erentiable at  or not.

Step 1 - Find the left hand derivative

To compute the left hand derivative, we use the following formula:

As this is a left hand derivative, so 

https://www.superprof.co.uk/resources/academic/maths/calculus/derivatives/one-sided-derivative.html



Step 2 - Find the right hand derivative

The formula for �nding out the right hand derivative is given below:

As this is a right hand derivative, so 

Step 3 - Compare the left and right hand derivatives

The left hand derivative is  and the right hand derivative is 

. Since , therefore we can say that the function is not di�erentiable

at .

https://www.superprof.co.uk/resources/academic/maths/calculus/derivatives/one-sided-derivative.html



MATH 1010E University Mathematics
Lecture Notes (week 4)

Martin Li

1 Derivatives of Piecewise Defined Functions

For piecewise defined functions, we often have to be very careful in com-
puting the derivatives. The di↵erentiation rules (product, quotient, chain
rules) can only be applied if the function is defined by ONE formula in a
neighborhood of the point where we evaluate the derivative. If we want
to calculate the derivative at a point where two di↵erent formulas “meet”,
then we must use the definition of derivative as limit of di↵erence quotient
to correctly evaluate the derivative. Let us illustrate this by the following
example.

Example 1.1 Find the derivative f 0(x) at every x 2 R for the piecewise
defined function

f(x) =

⇢

5 2x when x < 0,
x2  2x+ 5 when x  0.

Solution: We separate into 3 cases: x < 0, x > 0 and x = 0. For the first
two cases, the function f(x) is defined by a single formula, so we could just
apply di↵erentiation rules to di↵erentiate the function.

f 0(x) = (5 2x)0 = 2 for x < 0,

f 0(x) = (x2  2x+ 5)0 = 2x 2 for x > 0.

At x = 0, we have to use the definition of derivative as limit of di↵erence
quotient. First of all,

f(0) = 02  2(0) + 5 = 5.

Then we calculate the left-hand and right-hand limits:

lim
h!0

f(h) f(0)

h
= lim

h!0

(5 2h) 5

h
= lim

h!0
2 = 2,

lim
h!0+

f(h) f(0)

h
= lim

h!0+

(h2  2h+ 5) 5

h
= lim

h!0+
(h 2) = 2.

1



Since both of them exists and are equal, we have

f 0(0) = lim
h!0

f(h) f(0)

h
= 2.

Therefore, putting all of these together, we see that f is di↵erentiable for
every x 2 R and

f 0(x) =

⇢

2 when x  0,
2x 2 when x > 0.

Remark 1.2 From the example above, we see that the derivative f 0(x) is
still a continuous function (check this!). This is not always true for any
function! (Have you seen a counterexample? See Homework 2)

Example 1.3 Consider the function defined by

f(x) =

⇢

ax+ b when x  1,
ax3 + x+ 2b when x > 1,

for what value(s) of a, b 2 R is the function f di↵erentiable at every x 2 R?

Solution: First, it is easy to see that for ANY a, b 2 R, the function f

is di↵erentiable at every x 6= 1 since f is defined by a polynomial on
(1,+1) and (1,1). The only catch is at the point x = 1.

If f is di↵erentiable at x = 1, it must also be continuous at x = 1.
Therefore, we need

lim
x!1

f(x) = f(1).

Now, f(1) = a+ b and the left-hand and right-hand limits are

lim
x!1

f(x) = a(1)3 + (1) + 2b = a+ 2b 1,

lim
x!1+

f(x) = a(1) + b = a+ b.

If f is continuous, then both of these limits must be the same and equal to
f(1). Hence, we have

a+ b = a+ 2b 1 ) b = 1.

Now, we take b = 1. To find the value of a which make f di↵erentiable
at x = 1, we require the limit

lim
h!0

f(1 + h) f(1)

h

2
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Since both of them exists and are equal, we have

f 0(0) = lim
h!0

f(h) f(0)

h
= 2.

Therefore, putting all of these together, we see that f is di↵erentiable for
every x 2 R and

f 0(x) =

⇢

2 when x  0,
2x 2 when x > 0.

Remark 1.2 From the example above, we see that the derivative f 0(x) is
still a continuous function (check this!). This is not always true for any
function! (Have you seen a counterexample? See Homework 2)

Example 1.3 Consider the function defined by

f(x) =

⇢

ax+ b when x  1,
ax3 + x+ 2b when x > 1,

for what value(s) of a, b 2 R is the function f di↵erentiable at every x 2 R?

Solution: First, it is easy to see that for ANY a, b 2 R, the function f
is di↵erentiable at every x 6= 1 since f is defined by a polynomial on
(1,+1) and (1,1). The only catch is at the point x = 1.

If f is di↵erentiable at x = 1, it must also be continuous at x = 1.
Therefore, we need

lim
x!1

f(x) = f(1).

Now, f(1) = a+ b and the left-hand and right-hand limits are

lim
x!1

f(x) = a(1)3 + (1) + 2b = a+ 2b 1,

lim
x!1+

f(x) = a(1) + b = a+ b.

If f is continuous, then both of these limits must be the same and equal to
f(1). Hence, we have

a+ b = a+ 2b 1 ) b = 1.

Now, we take b = 1. To find the value of a which make f di↵erentiable
at x = 1, we require the limit

lim
h!0

f(1 + h) f(1)

h

2



to exists, which is equivalent to the statement that the left-hand and right-
hand limits exist and are equal. The left hand limit is

lim
h!0

f(1 + h) f(1)

h
= lim

h!0

[a(1 + h) + 1] (a+ 1)

h
= lim

h!0

ah

h
= a.

The right hand limit is

lim
h!0+

f(1 + h) f(1)

h
= lim

h!0+

[a(1 + h)3 + (1 + h) + 2] (a+ 1)

h

= lim
h!0+

a[(1 + h)3 + 1] + h

h

= lim
h!0+

ah[(1 + h)2  (1 + h) + 1] + h

h
= 3a+ 1.

Therefore, if we set them equal to each other, we obtain the condition

a = 3a+ 1 ) a =
1

2
.

In summary, we have a = 1/2 and b = 1 if f is di↵erentiable at every
x 2 R.

2 Di↵erentiation Rules II: Product and Quotient

Rules

Theorem 2.1 If f and g are di↵erentiable functions, then both their prod-
uct fg and quotient f/g are di↵erentiable and we have

(1) Product Rule:

[f(x)g(x)]0 = f 0(x)g(x) + f(x)g0(x),

(2) Quotient Rule:

✓

f(x)

g(x)

◆

0

=
g(x)f 0(x) f(x)g0(x)

(g(x))2
,

provided that g(x) 6= 0.

Remark 2.2 Observe that the di↵erentiation rule [kf(x)]0 = kf 0(x) where
k is a constant is just a special case of product rule by taking g(x) ⌘ k,
which has g0(x) = 0.

3
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A toy company wants to design a track for a toy car that starts out along a parabolic curve and then converts to a straight

line (Figure ). The function that describes the track is to have the form 

where  and  are in inches. For the car to move smoothly along the track, the function  must be both continuous
and differentiable at . Find values of  and  that make  both continuous and differentiable.

Figure : For the car to move smoothly along the track, the function must be both continuous and differentiable.

Solution

For the function to be continuous at , . Thus, since

and , we must have . Equivalently, we have .

For the function to be differentiable at ,

must exist. Since  is defined using different rules on the right and the left, we must evaluate this limit from the right
and the left and then set them equal to each other:

.

We also have

.

This gives us . Thus  and .

3.2.7 f(x) ={ +bx+c,1

10
x2

− x+ ,1

4

5

2

 if x < −10

 if x ≥ −10

x f(x) f(x)

−10 b c f(x)

3.2.7

x = −10 f(x) = f(−10)lim
x→10

−

f(x) = (−10 −10b+c = 10 −10b+clim
x→−10

−

1

10
)2

f(−10) = 5 10 −10b+c = 5 c = 10b−5

−10

(10) =f ′ lim
x→−10

f(x) −f(−10)

x+10

f(x)

lim
x→−10−

f(x) −f(−10)

x+10
= lim

x→−10−

+bx+c−51

10
x2

x+10

= lim
x→−10

−

+bx+(10b−5) −51

10
x2

x+10

= lim
x→−10−

−100 +10bx+100bx2

10(x+10)

= lim
x→−10−

(x+10)(x−10 +10b)

10(x+10)

= b−2

Substitute c = 10b−5.

Factor by grouping

lim
x→−10

+

f(x) −f(−10)

x+10
= lim

x→−10
+

− x+ −51

4

5

2

x+10

= lim
x→−10

+

−(x+10)

4(x+10)

= −
1

4

b−2 = − 1

4
b = 7

4
c = 10( ) −5 =7

4

25
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4

Any function which is differentiable at a point  must also be continuous at . Since the left and

right hand limits of  do not agree, your function is not continuous at . Therefore the derivative

does not exist at  even though the derivative seems to be approaching the same value from both

directions.

x0 x0

f 0
0

In more detail,

= = h = 0.lim
h→0+

f(0 + h) − f(0)
h

lim
h→0+

+ 1 − 1h2

h
lim

h→0+

But

= = = ∞.lim
h→0−

f(0 + h) − f(0)
h

lim
h→0−

− 1 − 1h2

h
lim

h→0−

− 2h2

h

https://math.stackexchange.com/questions/1532014/how-to-apply-the-definition-of-a-derivative-with-a-piecewise-f...
















