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Theory

Definition 1. Let f be a function and a ∈ R. If the limit

lim
h→0

f(a + h)− f(a)

h
,

exists, then it is called the derivative of the function f at a point a. It is denoted by
f ′(a).

Theorem 2. Suppose that the function f has a finite derivative at a point a ∈ R. Then
f is continuous at a.

Theorem 3. Suppose that a function f is continuous from the right at a ∈ R and the
limit limx→a+ f ′(x) exists. Then the derivative f ′

+(a) exists and

f ′
+(a) = lim

x→a+
f ′(x).

Theorem 4. Suppose that a function f has a finite derivative at a point a ∈ R. Then
the line

y = f(a) + f ′(a)(x− a)

is called the tangent to the graph of f at the point [a, f(a)].

Exercises

Intro: Write a dating ad for a function and its derivation.

Find the derivatives using definition or theorem.

1. (a) x2 − 4x

(b) 3x2 + 2x + 7

(c) x3

(d)
1

x + 3

(e) x3 − x

(f)
√
x

(g)
1− x

2 + x

2. (a)
√
|x| at x = 0

(b) f(x) =

{
−x, x < 0

x2, x ≥ 0.

(c) |x + 3| at x = −3

(d) f(x) =

{
5− 2x, x < 0

x2 − 2x + 5, x ≥ 0.

(e) f(x) =

{
sinx, x < 0

x, x ≥ 0.
at x = 0

(f) f(x) =

{
x + 1, x < 0

x, x ≥ 0.
at x = 0

Mathematics 1, 2020/21, Kristýna Kuncová 1
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3. Find such a, b ∈ R such that the following function is differentiable at every x ∈ R:

f(x) =

{
ax + b, x ≤ −1

ax3 + x + 2b, x > −1.

4. You need to design a track for a toy car which starts as a parabola and continue
as a line with the following parameters:

f(x) =

{
1
10x

2 + bx + c, x < −10

−1
4x + 5

2 , x ≥ −10.

Find b, c ∈ R such that the track is continuous and differentiable.

Source and a picture: https://math.libretexts.org/Bookshelves/Calculus

/Book%3A Calculus (OpenStax)/03%3A Derivatives/3.2%3A The Derivative a

s a Function

5. Help:

Source: https://math.stackexchange.com/questions/1532014/how-to-appl

y-the-definition-of-a-derivative-with-a-piecewise-function

6. Find a tangent at a point a:

(a) x3, a = 1

(b) (x + 2)(2x + 1)2, a = −1
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(c)
√
x, a = 1

(d) x
√
x− 1, a = 2

7. Finde a point of a function y = x2 − 2x − 3, where the tangent is parallel to the
x axis.

8. Finde a point of a function y = lnx2, where the tangent is parallel to the line
y = x.

9. Find a tangent to the function x2 + 2x + 3 crossing the point A = [−1, 1].
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