15th lesson
https://www2.karlin.mff.cuni.cz/~kuncova/en/teachMat1.php

kunck6am@natur.cuni.cz
Theory
Definition 1. Let f be a function and a € R. If the limit

i 100~ J@)
h—0 h

exists, then it is called the derivative of the function f at a point a. It is denoted by

f'(a).

Theorem 2 (Arithmetics of derivatives). Let a € R and f a g be functions defined on
some neighourhood of a point a. Let us suppose that f'(a) € R* and ¢'(a) € R* exist.

(a) Then
(f £9)'(a) = f'(a) £ 4 '(a),

(b) If f or g is continuous at a, then
(f9)'(a) = f'(a)g(a) + f(a)d(a),
(c) If g is continuous at a and g(a) # 0, then

(f)’ (a) = f'(a)g(a) = f(a)g'(a)

9

if the right sides are well defined.

Theorem 3 (Derivative of a compound function). Let us suppose that the function f
has a derivative at yg € R, the function g has derivative at zy € R, y9 = g(x¢) and g is
continuous at zg. Then

(fo9) (o) = f'(y0)g (z0) = 1 (g(x0)) ¢ (w0),

if the right side is well defined.

Hints

ab — eblna

Mathematics 1, 2020/21, Kristyna Kuncova 1



Exercises

Find the derivatives (find also the domains of f and f'):

1. (a)
(b)

()

6z

Solution: (62)' =6-1,z € R

23+ 2z —sinz + 2

Solution: (23 + 2z —sinz +2) =322 +2 —cosz +0, x € R

1
—2cosx + 4e” + §x7

1 1
Solution: (—2cosx +4e® 4+ —z') = —2- (—sinz) +4e® + = - 725 z € R

3 3

Vit —

x —_—
Vi

Solution: (\/5+l)’ = (/2 42271/%) = lx—1/2f21$—3/2 _ 1

' Nz 2 2 ’

x>0

V-

Solution: (¥/z — VaT)' = (2'/% — 27/*) = 1/327%/% — 7/42%/* = S

g@ x>0

1 2 3

x

x2 3
Solution:

1 2 3
< + =+ 3) = (:B_1 +227% + 3:B_3)/ = 172 4273 — 9271
r ozt x

[

x#0

Ccos T
Inx +

" 1
Solution: (Inz + cosx), =— — —sinx
T r w
x>0
cotx + tan x
1 1

Solution: (cotz + tan z) = —
r# k5, kel

arcsin x — 3arccot x

sinfx  cos?z

Soluti . : 3 t I 1 3
olution: (arcsin z — 3arccot x)" = N + 22
ze(-1,1)
2arctan x + arccos x
2 -1
Solution: (2arctan x + arccos x)" = + reR

1+22  /1-—22
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2. (a) ze®
Solution:
(ze®) = 2'e” + z(e¥) = e + ze”
reR
1+x— 22

1—x+ 22
Solution:

<1+x—:1:2>/: l+zx—2?)1-2+2%) - (1+z—2H)(1 -2 +22)

1—ax+a? (1 -+ 22)?
(1 -2z)(1—z+42?) - (1+z—a?)(—1+2x)
B (1 -+ 22)?

zeR
(c) z2e"sinz

Solution:
(z%e®sinz) = (22)e” sinz+a?(e” sinz) = 2ze” sin x+22((e”) sin z4-¢*(sinx)’)

= 2ze®sinz + x2(e® sinz + €% cos )

zelR
3r — 2
d) 22— <
(d) 22 +1
Solution: ,
3z -2\ 3(1+2?) — (3z—2)2
2+1) (1+ 22)2
zeR

(e) e®(x? — 2z +2)
Solution: Let us use the arithmetics of derivatives:

(e®(x? — 2z +2)) AD e’ (2% — 224+ 2) + e (2* — 22+ 2) =
(2% — 2 +2) +e"(22 —2) = ¥ - 2?

Conditions: e* is continuous on R.

1
£ —
(£) Inzx
Solution:
1) 0—-1 -1
Inz) (nz)2 zlnz
x>0,z#1
3. (a) arcctg 2z
Solution: (arcctg 2z) = ﬁ 22z €eR
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(b)

()

(322 — 22+ 10)1°
Solution: (322 — 2z + 10)'° = 10(32% — 22 4 10)%(6z — 2), z € R

Vr — arctan /x

Solution: ) ) )
— t = —
(vx — arctan /) N A AW
x>0
In® 2% Solution:
1
(In® 22)" = 3(In” z?) - o 2x
x>0
V4 — x?
Solution: ) ]
VAd—a? =~ (-2
2v/4 — a:Q( )
x € (-2,2)
In(sin z) Solution:
1
In(si "=
(In(sinx)) oo €%
sinxz > 0, hence z € (0,7) + km, k € Z
Inln(z — 3) + arcsin T
Solution:
z-5) 1 1 1 1
Inln(z — 3 i = s
<n n(x — 3) + arcsin 5 > 1n(m—3)x—3+ (@)22
2

x >3,z —3 > 1, hence x > 4. Further 3 < x < 7. Together we have
4<x<T

:L,.Z’

Solution: At first we use the hint:

2t = emlnx‘

At first we decompose the function: f(y) = €Y, f(y) = ¢ a g(x) = zlnx
and ¢'(z) = 1-Inz + x - 1 (derivative of a product, condition: x continuous
onR). Finally we have:

(ezlnw)/ = ewlnx(1n$ + 1) = xx(lnx + 1)

Because of the logarithm domain, we have x > 0. Conditions: z and Inx are
continusou, their product is continuous too.

Mathematics 1, 2020/21, Kristyna Kuncova 4



(i)

m(sin x)

Solution:

. . . 1

(g5nT) = (esinelney — gsinelne (ooq 0 n g 4 sinz - —)
x
x>0
sin(sin(sinz))
Solution:
(sin(sin(sinz)))’ 2 cos(sin(sinz)) - (sin(sinz))’ 2

1 SD

cos(sin(sinz)) - cos(sinx) - (sinz)’ = cos(sin(sinx)) - cos(sinx) - (cos x)

Conditions: all functions are continuous on R.

In(In?(In® z))

Solution: We need to apply the derivative of compounded function serveral
times. At first: f(y) =Iny, f(y) = %, g(z) = ln2(ln3 x):

SD 1

(In(In(In® z))) = m

- (In?(In3 2))’
Now we need to derive (In?(In®x)): outer function f(y) = v%, f'(y) = 2y
inner function g(x) = In(In® z). Together:

(In2(In32)) 2 2In(n® 2) - (In(In® 2))".

Further, outer function f(y) =1Iny, f'(y) = % inner function g(x) = In® z:

S 1
(In(In® z))" = e (In® z)’

Finally, outer function f(y) = v3, f'(y) = 3y? inner function g(z) = Inz,

g (z) =1, together

1
In®z)’ =3I’z - —
(In® ) "z
Result:
2/1.-3 SD 1 21,3 SD 1 3 3 SD
(In(In*(In” z)))" = m -(In*(In’ z))" "= m~2ln(ln z) - (In(ln® z))" =
1 SD 1 1 SD
- 2In(ln®*z2) —— (%) E ———— . 2In(In’2) - 3ln?z - (Inz) =
In?(In3 z) n(ln” ) In3 2 (n”z) In?(In3 z) n(ln”) e o (ln)
1 1 6
———— 2In(In? 3z - = ——7——
In?(In® ) n(ln”z) et e zIn(Inz)Inx
Domain:
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|Ind 2| > 1
Inz>1
x> e.

Conditions: all polynomials and logarithm are continuous on (e, 00), their

composition and product is also continuous.
2

sin® x
) P
) sin 2
Solution: We have the derivative of a fraction and also compounded func-
tion: )
sin?z\" ap (sin®z)’ sinz? — sin? z(sin 22)’
sinz?) (sin z2)?
Compounded functions: at first — sin®x, outer f(y) = y2, f'(y) = 2y and

inner g(z) = sinz, ¢’(z) = cosz, sin is a continuous function (sin?x)’ L

2sinz - cosz.
at second — sin 22, outer f(y) = siny, f'(y) = cosy, inner g(z) = 22, ¢'(z) =
2z. (Conditions: polynomials are continuous.) Together: (sin z?2)’ L cosa?-

2x
Finally we obtain:

sinz)’ AD (sin?z) sinz? — sin® z(sin2?)’ sp
sin 22 (sin 22)?

2sin z cos x sin 2 — sin?  cos 22z
(sin z2)?
Conditions: z? # kn.
1
(m) 2tan P
Solution: At first we rewrite:
2tan % — etan %1112

Let us note that In 2 is just a constant.

Now we derive a composed function. Outer function: f(y) = e¥, f'(y) = €,
inner g(z) = In2tan :

/
1 / L, 1

(etan ;'1n2> = etan zIn2. (ln 2tan )
x

Again composed function, outer: f(y) = tan y, f'(y) = 7(:0:2;/ inner g(z) = 1,
g'(x) = =%, 1 is continuouso on R\ {0}, together (tan %), = Cosgl : ;721
Hence we have ’
/
<6tan %-1n2)/ — ptan L2 (tan 1) _ otan L n?2 1 = ;21
T cos? = T
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Conditions: % # 0 and (tan function gives) % # 5 +km, k € Z. The function
tan % is continuous on these intervals.

(n) tg

n) ——arccotg —

V2 &2
Solution: Composed function, outer: f(y) = arcctg y, f'(y) = ﬁ and
inner: g(x) = g, g'(z) = V23, g is continuous on (—oc0,0)U(0, 00). Further

1 V2 ' 1 1 1 1
SD - -

—=arcctg — = V2=

<\/§ & :c) V214+ 2% 22 2422

Conditions: x # 0.
P (1 — x)?
1+
Solution: Derivative of fraction, product and of composed function:

(0)

; p,q>0

<xp(1 - a:)q>/ AD [pzP~1(1 — 2)? + 2Pq(1 — 2) Y (=1)](1 + 2) — 2P(1 —2)7 - 1
1+ (14 )2

Conditions: All functions are continuous and defined on R\ {—1}.
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