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Exercises
1. (a)
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Reseni: Let us factor out the greatest term:
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Reseni: We can factor out 5,0001™ or just split into five fractions and apply
the Arithemics limit theorem:
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Reseni: The greatest term is factorial, hence:
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Reseni: We factor out 5"
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. (n+2) 4+ (n+ 1)
lim
n—oo (n 4 2)! — (n+ 1)!
Reseni: Let us factor out (n + 1)!:
m+2!+ @+ . (n+ D! (n+2)+1 m n+3
noo (n+2) —(n+1)! nocc(n+1)! n+2-1 nocon+1
n 1+3/n voar
im — - =1
nsoon 141/n

2. Find infimum, minimum, maximum and supremum in R:

(a) (f)

N {arctan z;x € R}
(b) () 1
(0;2] {1—E;NEN}
(c) (h) .
0;1)NQ {H(;D;neN}
(d) (i)
{z €Z;x>—V6} {cosT;—Tr;nEN}
(e) ()
{(-1)"/n;n € N} {(=1)"n;n € N}
inf | min | max | sup
a |l 1 i 00
b |0 3 2 2
c |0 ? A 1
d[-2 [-2 |3 00
e | —oo | P i 00
f1-2 172 7 13
g |0 0 7 1
h|oO 0 1 1
i|-1 -1 1 1
j|—ool? ? 00

3. Find limsup and liminf of the following sequences. Can we find also limits?

(a)
1
Tp=1——
n
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Solution: Since the sequence is convergent, we have.

limsup z,, = liminf x,, = limx,, = 1.

2y = (1)1 (2 + i)

Solution: Let us consider even and odd subsequence: x3, = (2 + %) a
Tont1 = —(2+ %) Hence
lim sup x,, = 2, liminf x,, = —2.

(1", 14+

€T =

" n 2
Solution: Let us consider even and odd subsequence: xs, = %—1— laxg,y =
%. Hence

limsup x, =1, liminf z, = 0.
(d)
nmw
xnzl—l—n_i_lcos?

Solution: The sequence cos " attains only values 0, —1,0,1. All odd terms
are zero, even terms are:

1 2n — 0 1+ n — 2
Top =1— T
2n m T 1 ) 4n 4 T 1
Hence

lim sup z,, = 2, liminf x, = 0.

n(n—1)
2

Tp=1+2(=1)"" £3.(-1)

Solution: The term n(n — 1)/2 is even for n = 4k and n = 4k + 1, for
n =4k + 2 and n = 4k + 3 it is odd. Hence we can find four subsequences:

Tan = 14243 =06, xynt1 =1-243 =2, x4p420=14+2-3=0, z4p43=1-2-3=—-4.

Hence lim sup x,, = supx,, = 6 and liminf z,, = inf z,, = —4.

xn = (=1)"n

Solution: Odd and even subsequences 2, = 2n and x2,4+1 = —2n — 1 goes
to £o0o. We then have

lim sup x,, = sup x,, = +00, liminf z,, = inf z,, = —o0.

Mathematics 1, 2020/21, Kristyna Kuncova 3



(g)
Ty = —nl2+ (—=1)"]

Solution: The sequence is convergent, because —n[2+ (—1)"] < —n — —oc0.
Therefore we obtain

lim sup z,, = liminf x,, = inf z,, = —o0.
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