4th lesson
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kunck6am@natur.cuni.cz

Theory

Theorem 1 (Arithemics of limits). Let {a,}nen and {b,}nen be sequences (of real
numbers). Further let lim,_, a, = A € R* and lim,,_,» b, = B € R*. Then

(a) limp o0 (an +by) = A+ B,
(b) limy, o0 (an - bp) = A- B,

(C) limy, 00 ZTT = %a

if the right sides are well defined.

Exercises

1. Find limits:

(d) cos(mn)y/n = lim (=1)"y/n A

n—0o0

2. Find limits:

(a)

lim —n® +2n% —4
n—0o0

Solution: Factor out the ”largest” term of the expression. The use the
Arithmetic of limits theorem (several times).

2 4 2 4
lim —n®4+2n%—4 = lim n® <—1 +—= > AL fim nd. lim (—1 + — - > 4L
n

n—o0 n—o0 nd n—soo Mmoo n® nd

2 4
lim n8-<lim =1+ lim — — lim > =o00(-140—-0)=—-00

n—o0 n—o0 n—oo N n—oo nd

. 2MP +2n—7
ns00 15 — 612 + 4
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Solution:

o 20207 nP(24 5 ) lmaee (24 5 — k)
nooon® —6n2+4  noconS(l— G4+ A) T limyeo(l— 5+ X
B hmn%oo2+hmn%oo%_hmn%oonls . 24+0-0 9
My oo 1 — limMy o0 & + limp oo 5 1 =040
(c)
. n?P4+n-5
lim 3
n—00 n° + 8
Solution:
sn?tn-5 _ . o (Rta—g) _040-0
nsoo nd48  mooo p3 (14 ) 1+0
3/ 2
n
Solution:
. Vn2o . Wn?2 1 1 1
lim = lim —- = lim —- ;
n—oon + 1 n—oo n 1+ﬁ n~>oo\3/ﬁ 1+ﬁ
1 li 1 1
n—oo ¥/n limy, o0 1+ limy, 500 3 1+0

3. Find limits:

(a) lim vn +2+ v/n Solution:

We just substitute for n - Arithmetic of limits theorem.

lim vn+2+yn =00+ 00 =00
n—oo

(b) li_>m Vn+2—+/n
Solution: Let us use the formulae A* — B2 = (A — B)(A + B).

vVn+2+n . n+2—n
hrn vn +2 n = hm vn+2 = lim ————
- V= lim ( \F)\/n+2+\/ﬁ n—oo \/n+2+/n

2 2 1 1
= lim ——— == lim —— =0 =0
nwoo \/n+24/n o y/ny/1+2/n+1 141
241
(c) th
n—o00 n

Solution: Let us factor out n:

4/2 1 1 2
lim YT gy VT +/” —Vito=1

n—o0 n—o0
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(@) Tim Y"1 VP
n—00 \/n2 —_3_ \/(n 4 2)2
Solution: Let us expand the fraction (twice):

i Vn—1-yn  Vn—1+yn Vn2-3+/(n+2)*
oo \/n2 —3—/(n+2)2 Vn—14++vn Vn?2-3+./(n+2)2

TR ek S Vn? =3+ /(n+2)?
_n—>oon2—3—(n+2)2 \/er\/ﬁ
lm Vn? =3+ /(n+2)?
= 1 . .
n—oo —4n — 7 ,/n_1_|_\/ﬁ

Now, let us factor out n from the numerator and n+/n from the denominator.

i " 1 1—-3/n2+(142/n) 1 1+1+4+0 0
= |lim . .= . . =
n—oony/n —4—7/n V1-1/n+1 —4—-0 1-0+1
Bonus

4. Find limits:

4)100 _ 3100
(a) lim (n+4) (n+3)
n—oo  (n+ 2)100 — 100
Solution: Let us use the binomial expansion

iy (104100 40% + ) — (01 100 30% + -
1 =

vl (2100 1100 - 2099 1 - ) — 100
Y 1000 + 34650 - n® + ... (100 4 0.y
Tnboe 200099 + 19800n% - neo n99(200 + 00y T 2

(b) limy oo VN +1— /n
Solution: We use the formulae A% — B3 = (A — B)(A? + AB + B?) and then
we expand the fraction. Here A = /n +1 and B = ¢/n. Finally we factor
out the leading term - Vn2.

(n_|_1)2/3_|_ 3/77%4—1\3/5—!—712/3 B
(n+ 123 +In+1yn+n2

lim V41— {/n= lim (Vo+1-{n)-

= lim ntl-n = lim n? # =
nooo (n 4+ 1)2/3 + /n +1¢Yn +n2/3  n—oon2/3 </1+%+#+</1+%+1
0

f :0
VT+04+0+V1+04+1
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(¢) limy o0 vR(V+1—+/n)
Solution: Let us use the formulae A2 — B?2 = (A — B)(A + B), here A =
vn+1, B=4/n. Then we factor out the leading term, which is \/n.

; T vn+l4+yn n+l-n
gwﬁn+_ﬁfﬁﬂ4ﬁ %wdﬁr+f

1 AL 1 1
lim

\f AL _

(d) limy, oo V3 +1—vn2 +1
Solution: We need to use the formulae for A — BS = (4 — B)(A° + A*B +
A3B? + A2B3 + AB* + B®). Hence we obtain:

lim {g’/n3+1—\/n2—|—1
n—,oo

= lim (Vn?+1—vn2+1)
n—oo

(V3 + 1P+ (V3 + DU (V2 + D) + (VP +1)P(Vn? +1)% + - 4 (V2 + 1)°

_|_
(Vn3 +1)° + (Vnd + DA(Vn2 + 1) + (Vnd + 1)3(Vn2 + 1)2 + - 4 (Vn? + 1)

3 12_ 2 13
~ i (n®4+1)* = (n*+1)

n—>oo(W)5+({‘7n3+1)4(\/n2+1)_1_(\3/n3+1)3(\/n2_|_1)2+,,,+( n2+1)5

—3n% +2n3 — 3n2

= lim

n—)oo(W)5—|—(\3/7’L3+1)4(\/n2+1)_1_(\3/713_'_1)3(\/”2_1_1)2_‘_,”_’_( n2+1)5

The leading exponent in the numerator is n*, whereas in the denominator it
is n®. We factor out the leading exponents:

) n -3+21-31L

= l1m

novoe n® (YT 1/nB) + (YTH 1) VI +1/02) + -+ (V1 +1/n2)
—-3+0-0

T+1+1+14+1+1

Vn24+7—n2+1
O e v
Solution: We expand the fraction using the formulae (A — B)(A? + AB +
B?) = A% — B3 both to the numerator and the denominator.

lmlv%1+7—v%%+1»Vm2+ﬂ +Vn?+1Vn2 + 7+ {/(n? +1)?
n>o0 n2+6—Vn2 (P +T)2+ Vn2+1Vn2+ T+ {/(n2+1)?
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/(0 +6)% + Vn2n? + 6+ {/(n?)?

/(0 +6)% + Vn?Vn? + 6 + {/(n?)?
o 6 Y2462+ Vn2Vn? 46+ Y/(n?)?
n—o0 0 3/(712_‘_7)2_’_\3/”2_’_1\3/”2_’_7_’_ %/(TLQ—l—l)Q

Now we factor out the leading term - n?/3.

. n4/3 (A +6/n2)2+ 3/1+6/n2+1
= 1m

nooo i3 /(02 1 12 4 2 + L2 + 7+ {/(n + 1)?

1+1+1
1+1+1
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