11. cvic¢eni — Fourierova transformace
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady
1. Urcete Fourierovu transformaci nasledujicich funkci
(a)
0; t<0
fy=2 3 t=0
et t>0,

ResSeni: Protoze hodnota v bodé ¢ = 0 nemé na integral vliv, mtizeme psat

e—(l-i—iu)t

—(1 +iu) .

V2 F(u) = / f(t)e "t at = / e tem Mt gt = / e~ (It gy —
—00 0 0
1

1t

Tedy Fourierova transformace funkce f(t) je

a+t, te(—a,0),
(b) f(t) = a0
0, jinak,

Reseni: Protoze f(t) = 0 mimo (—a,0), piSeme

0 0 o
V2rF(u) = / (a+t)e ™ dt = a/ et gt +/ te” " dt

—a —a —a

—iut10 —iut0 0
1 .
=a [e ] + [te } + — e Mt gt
—a —a

—iu —iu w J_,

|:e—iut:| 0 e—iut 0 e—iut 0
e +{t } +[. ]
—iu | _, —iu | _, —(w)? ] _,
a(l o eiua) aeiua 1— eiua aiv+1 — eiau

—iu —iu —(u)? u?

_ aiutl—etov
Tedy F(u) = RV e
Pro u = 0 spoc¢teme zvlast:

sint, te (0,m),
(c) f(t) = .
0, jinak,
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Reseni: Protoze f(t) = 0 mimo (0, 7), tedy méame

" : 1 /7, S
\/ﬂF(u) — / sint et gy — 2/ (e” _ eflt)efzut dt
0 7 Jo

_ 2% OW <ei(1—u)t _ 6—i(1+u)t> dt

™

1 [eit-wt  —iCi+u)t
% |il—w i1+ u

1 [ei1—wt . e—ili+u)t | ™
1—u 14+u

2
1 ei(l—u)ﬂ' 1 e—i(l-l—u)ﬁ 1
T2 1—u * 14w

Dale vyuzijeme

1 —iu
- T —2
B 1 +€—iu7r
1 =2
Tedy '
1 _|_€7Z’U,7T
VerF(u) = ——.
mF(u) 1 —u?
Nyni zvlast spocitame hodnoty vu =1a u = —1.
Prou=1 .
V2rF(1) = / sint e dt.
0
Protoze e~ = cost — isint,
sinte”™ =sintcost — isin®t.
Dale

s 1 ™
/ sintcostdt:/ sin 2t dt = 0,
0 2 Jo

/ sin?tdt = =,
) 2
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Tedy

VorF(1) =0 — it = - T,
2 2
Prou = -1 .
V21 F(—1) —/ sint e’ dt.
0
Protoze e = cost + isint,

sinte = sintcost + isin’t.

Prvni integral je opét nulovy, druhy dava /2, takze

V2rF(—1) = zg
(d)
f@#) = xo,()
Reseni

B 1 _ eflu
N 21U
Pro u = 0 mame ~
V 27TF(O) = / X(O,l) (t) dt = 1
(e)
() = X6 (t)
Reseni:

X(4,6) (u) = X(0,2) (u—4)
V2rF(u) = ey (0) (1)

—

—4iu 1
=e* X(0,1)(§t)

= 674iu2></(()7\1)(2u)
1— ef2iu

m

e—4zu

Pro uw = 0 z definice

V21 F(0) = 2.
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f(t) =tx1,(t)

Reseni

0
:/ tx(1,(t) e ™ dt

o

1
= / te Mt gt

1

1 1
= |:te zUt:| 1 e—iut dt
_1 —u
1- 1)-e™ 1 1 _.
- c ( ) ¢ +/ eilut dt
m -1

—zu+ezu 1 6—zut 1
== N + — [ B :|

—iu iu | =]y
_ 2cosu e —e
N i —(1u)?
B 2cosu  —2isinu
B i —(iu)?
_ 2cosu  2isinu
B i (12u?)

2cosu  2sinu
- + .

Pro v = 0 méme

(&) £(t)=¢
ReSeni: Funkce f ¢ L'. Kdyz zkusime spoéitat Fourierovu transformaci, tak
dostaneme
oo 4 0o p(1—iu)t ]
/27TF(’U,) — / etefzut dt = / efthrt dt = : = 0.
o oo 11—
—0o0
Tedy Fourierova transformace neni definovana.
0, t <0,
(h) f(t) = a>0
e, jinak,
- o0 . 0 . e—(a+iu)t
Reseni: V27F(u) = / e Mol gy — / e-lati)t gy — | 2 © —
0 0 —(a+iu) .
1
a+iu
(i)
0, It > 3,
ft) =
cost, [t| <3,
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T2

Pro v = 1 mame

w/2 )
V2rF (1) = / coste "t dt =

—7/2

Pro u = —1 mame

w/2 )
V2rF(—-1) :/ cost e’ dt:/

—7/2

2 —7/2
1 [ p—ilu—1)t e—i(u+1)t /2
- + —

—i(u—1) —i(u+1) afo
sin((u — 1)w/2)  sin((u+ 1)7/2)
u—1 u+1

—2cos(mu/2)
w2—1
w2 it —it
e’ +e —it gy
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V2rF(u) = / e et gt

00 5 .
— / e—t —iut dt
—00

_ /Oo o (Hin/2)% —u2 /4 gy

—00

_ 4 / T~ (tiu/2)? gy

—u?/4 > —s2 .
=e e ¥ ds (s=t+iu/2)

_ \/%efuz/él'
2. Necht F[f(t)] = F(u) s definici
_ L > —ut
U == [ rwear
Dokazte nasledujici vlastnosti:
() Flrtan) = F(2), a>0

Reseni:
1 oo ,
Flf(at)] = —= at)e™ " dt
et == [ slat
(substituce s = at, ds = a dt)

1 o0 ) 1
_ —i(u/a)s =
o /_OO f(s)e ads

1 1 o0 .
_ 7z(u/a)sd
PR /OO f(s)e s

1)

— L > o —tut
Firnl= o= [ ste
(substituce s = —t, ds = —dt)

1 * us
= \/%/;oo f(s)e™ds
= F(—u).
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(c) Pokud f(t) je suda (f(—t) = f(t)), pak pomoci substituce s = —t

Plu) = jﬂ /_ Z Fe i = —— / el ds
:é%/ZﬂmezFew

tedy F'(u) je suda.
Pokud f(t) je licha (f(—t) = —f(t)), pak analogicky

F(u) - / Ft)e mdt = N / )etusds
— = [ fe)eds = ~F(u),

tedy F'(u) je licha.
(@) FIf(t - a)] = e F(u)

ResSeni:

FlfE—a) = \/12? /Oo F(t — a)emt dt

(substituce s =t — a, ds = dt)

\ﬁ/ F(s)e—Tuls+a) g

_ e—zua\/ﬂ/_oo f(s)e—zus ds
= ¢ MR (u),

Kalkulus 3, 2025/26, Kristyna Kuncova



