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1. Urcete limity
(a) lim v/n2+ 27+ 3
n—o0

Reseni: Pouzijeme véticku a budeme zjistovat lim,_, %, tedy:
n

2
o (2 rtpgt g GRE -
n—»00 n2 4+ 2n 4 3n T nSoo 3ntl n? +i@)n ! _0+%.0+%_

4n n Q1 2n
(b) Tim ,\/ + 37 sin(27)

n—oo \| 5" 4+ 47 cos(n!)
Reseni:
Najdeme odhady pro dva policajty.

n

4
T < 4" —3" < 4" 4+ 3"sin(2") < 4"+ 4" =2 4"
Pak

47’L
lim {/— < lim /4" + 37sin(2") < lim V2 -4".

n—oo n—0o0 n—0o0

4qn 1
lim {/— = lim V4" lim {/—- =4

lim V247, lim V2. lim V4" =4,

n—oo n—oo n—o0

Protoze mame

tak dohromady
lim {/4" + 3" sin(27) = 4.

n—oo

Jmenovatel odhadneme analogicky

577/
5 <5 —4" < 5" 44" cos(n!) < 2-5".
Pak
Y DL
i {5 =
a
lim /25" =5.
n—oo
Tedy
lim {/5" + 4" cos(n!) = 5.
n—oo

Pro piivodni limitu pak mame

4
%

n—oo

lim P 47 4 37 sin(2") voar limy, o /4" 4 37 sin(27)
im {|—————~ "=
57 4 47 cos(n!) limy, 00 /5™ + 47 cos(n!)
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(c) li_>m vam 4+ b+ c” pro a,b,c > 0
n oo

ReSeni: Bez tjmy na obecnosti miizeme predpokladat, ze a > b > ¢. Potom plati,

lim Vam +b" +c* = hm a- Y1+ (b/a)" + (c/a)" = a

n—-+00

podle véty o dvou policajtech, nebot /1 < ’\‘/1 + (b/a)™ + (¢/a)™ < V3.

ze

Y an bn

Regeni: Vytkndme a” v Gtateli a a®” ve jmenovateli. Je Va2" = a?, a tedy

y ( Vam + b > lim @ Y1+ (b/a)" 11
11m —_— = _— —_— = — . —,
n—oo \ /g2n 4+ p2n n—oo a? \ »/1 + (b/a>2n a 1

Mame totiz 0 < b/a < 1, a tedy muzeme odhadnout

V1< Y1+ (b/a)" < V2.

Podle véty o dvou policajtech jde pak limita k jedné.
Jmenovatele vyfesime analogicky.

(22—
S ((n+1)3 —n3 —3n2)n-1

ReSeni: Upravime:

((n+2)2— (n + 1)2)n+l lim 7 (n?2+4n+4— (n? +2n+ 1))nt!
= lim =
(n+1)3—=n3=3n2)»"1  nooo \| (n3+3n2+3n+1—n3—3n2)n1

n—oo

lim
n—oo

(2n+3)n+1 2n+1nn+1 1+ )n+1
= lim {/ ——%— =
n—00 (3n+1" 1 n—>oo 3n—1pn— 11-|-
/2n+1 [l (143 n+1
= lim nnl 21n
n—o00 n 1_|_3n
6-2n 1+in
= lim {/——" n?. "721”)7171:
2 3 1\ 1+2 2 140 2
= lim V6-= - Vn2-[[(1+—) (1 n _1.2.1.1-—— =2,
Jim V6.3 Vn ¢< +2n>( +3n> 1+ L 3 1+0 3

Plati totiz pro kazdé a > 0, k pfirozené :

lim {/a =1, lim {/n =1 = lim VnkF =1

1< 7{/<1+2?;1) <1+i>§<‘/1

a krajni limity jdou k jedné, tudiz podle véty o dvou policajtech také limita
prostiedni.

a také, ze
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. 2Vn?4+n—n-V/4Ar+1
(f) lim

n—oo n 2n2 +1

ReSeni: Upravime odmocniny a vytkneme nejrychlejsi ¢len

. 2vyn?4+n—n-4Ar+1 , 4(n?+n) —n?4" +1)

lim = lim

oo V2m* 41 nee 3/on? 4 1. (2vnZ +ntn - /4r 1)
4n? + 4n — 4™n? — n?

T (1 ) (2P D e O )

i P g 1

w0y (2o D+ Jue )
voar,  0+0-1-0
1(0+1)

= —00

Pro n-tou odmocninu mame 2 policajty
n 1 n
V1< ,"/(1+2> < V2
2n

(a) lim {/v/3"4+2.27 — /30 20

n—oo
ResSeni: Upravime odmocniny dle vzorce

2. Spoctéte limity

3"42.20 =30 =27 2"
V34220 — /30 42 = il =
V3T 2204 /30 27 /37 £ 227 /37 427

Odhadneme jmenovatele:

V31 <3422 4 /3 121 < 24/30 £ 2.9 < 24/30 1237 = 2/3/3"

Pro limity dostaneme

lim \/v3" =3

n—o0

lim 1/2v3V3" = /3.

n—o0

Ze dvou policajti a aritmetiky limit mame

2n 2

lim { = .
n1—>Holo \/\/3n_|_2.2n+\/3n_|_2n V3

n/9n n
n—o0 2n/4n + \/ﬁ

Reseni: Odhadneme

V3n < Yom 130 < /230
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Ze dvou policajti je

lim /2" + 3" = 3.

n—oo

271,4,,,L§277,/4,'1_'_\/7;S 2n24n

Pro jmenovatele

Limity:
1
lim X/4" = lim 42 = /4,
n—oo n—o0
lim %/2-47 = lim {/v2-42 = V4.
n—0o0 n—oo
Dohromady
. v2n + 3n 3
im — = —.
n—oo 2/4n 1\ /n 2
25
R L AL
R N
Resent:
n2v/n oon? nT‘/ﬁ 0
lim —————— = lim — 2%—1—0
n—oo n° + \/ﬁ n—o00 N 1 n3

_ n
nh—{%o 1) n3 + 2/n 0
3. (a)
3n
lim (1 + > =¢?
n—00 n
Resent:
1 3n 1 n\ 3
lim <1+) = lim ((1+) )
n—00 n n—00 n
VOAL \" . " \"
=" 1 1+ — - lim (14 — Iim (14 —
n—o00 n n—o00 n n—o00 n
—c-e-e=¢e°
(b)
1 n
lim <1 + ) = e
n—00 2n
Reseni:

1 n 1 =5 1 2n
lim (1 + ) = lim <1 + > = lim (1 + )
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7 vé&ty o limité vybrané posloupnosti mame

2n
) 1
lim (1 + ) =e
n—00 2n

Pokud pouzijeme véticku o limité€ a odmocniné, dostaneme

1 2n
lim <1 + ) = e

n—00 2n

ResSeni:

) 1\" _ n—1\" _ n \ "
Iim (1—— = lim = lim
n—00 n n—00 n n—oo \m — 1

ResSeni:

. n—1\" . n+1—1-1\" . 2 "
lim = lim | — = lim (1—
n—oo \ n + 1 n—00 n-+1 n—00 n-+1
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Regeni:
1\" 1\ 1\"
1+ ) =1+ ={/1+—=
(i) = ()" = (o)
Z Véty o limité vybrané posloupnosti mame, ze
2

1 n
<1+2> — e,
n

tedy lze nalézt ng tak, ze pro kazdé n > ng mame

Dohromady méme odhady:

. 1\"
1= lim V1< lim (1+2> < lim V10 =1,
n

n—oo n—oo

tedy z Véty o dvou policajtech mame

1 n
lim { <1 + 2) =1.
n—o0 n

T\ "
(f) lim <1+7) =e", xR
n—00 n
ResSeni: Uvazujme tfi pripady.

i. Necht = > 0, pak

: T\ 1\=* 1\ =
lim (1+7> = lim (1+ = lim 1+
n— 00 n n—oo = n— o0 =

x T

Vyuzili jsme posloupnost x,, = n/x, pro niz plati x,, — oo.
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ii. Necht x < 0, pak —x > 0 a:

. T\ _ n+z\" . 1 ) 1
lim (1—|—7> = lim = lim ——— = lim ——
n—00 n n—so0 n n—00 ( n > n—s00 (1 4 —e >

n+tz ntx
Y 1 o 1
o nLH;o 1 no nggo ) n+x—x
. 1 1
= Jm e =
() (o)
. 1 1
= lim e =
n—00 % 1
(<1 = ) (14t
1 1
et
4z

Vyuzili jsme posloupnost x, = "=, pro niz plati x, — oo.

iii. Necht z = 0. Pak a,, = 1 pro kazdé n € N, tedy lim,_oo ay, = 1 = €.

© tm (14— ) =

n—00 n +sinn
Regeni:
Pouzijeme dva policajty

1 n 1 n 1 n
1+ <({1l4+——7— < {1+
n+1 n 4+ sinn n—1

Navic plati

1 n 1 n+1-—1
lim 1+ = lim (1+ = lim 4 =
n—00 n+1 n—00 n+1 n—00 (1+ 1 > 1

1 n 1 n—1+1 1 n—1
lim <1—|— ) = lim <1—i— > = lim <1+ > -<1+
n—o00 n—1 n—o0 n—1 n—00 n—1

Ze dvou policajti tedy dostavame

1 n
n—00 n+smn

4 n+1
(h) lim <n+ > =

n—oo \ n — 2
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Resent:

. n+4 n+1 . n—92+6 n+1 . 6 n—2+3
lim = lim = lim (14 ——
n—oo \ n — 2 n—00 n—2 n—00 n—2
6 3 6 n—2
= li 1 -1 =
nl—>nolo< +n—2) ( +n—2>
6 \3 1 526
:nh—>rgo<1+n—2> '<1+ng2> =
6 \° 1 w 6VOAL
. 6
:nlirgo(1+n—2> ' <1+M> = Ll

Na posledni limitu uZijeme dva policajty, protoze

n2-3 2

1 2
1 +_;§i:§ — 62,
2

budou tak od jistého ng platit odhady

n2-3 2

1 2
1< (1+M> < 10.
2

4. Necht {a,} je posloupnost, lim,, . a, = A. Co mtzeme Fict o liI_"I_l (=1)"ay, ?
n—-—+0oo

Regeni: Limita existuje, pravé kdy# lim a,, = 0.
Jestlize lim a,, = 0, potom lim(—1)"a,, = 0 podle véty o limité sou¢inu omezené posloup-
nosti a posloupnosti jdouci k nule.
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Jestlize lima,, = A # 0, pak pro sudé ¢leny mame limitu rovnu A, pro liché ¢leny —A.
Coz je spor s jednozna¢nost{ limity a vétou o limité vybrané posloupnosti.

5. Existuji posloupnosti {a, } a {b, } takové, ze lim,, o a, = 0, limy, 00 by, = 00 a limy, o0 @y
by, neexistuje?

ReSeni: Ano. Napi. a, = %, b, = n?. Pak apb, = (—1)"n.

6. Necht {a,} je konvergentni posloupnost racionalnich ¢isel. Musi byt limita racionalni
¢islo?
ResSeni: Ne. Napi. posloupnost

a1 =3
a» = 3,1
a3 = 3,14
aq = 3,141
as = 3,1415
ag = 3,14159
ar = 3,141592
ag = 3,1415926
+
T

7. Necht {a,} je omezena posloupnost takova, ze a,i2 > a,. Musi mit a,, limitu?
Reseni: Nikoli. Nap¥. (—1)" > (—1)"*2.
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