15. cviceni — Urcity integral 2
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Piiklady

Spoctéte Newtonovy integraly:

: / CENCEDICED

Regeni:
Rozkladem na parcidlni zlomky dostaneme

/OO ac dx—l/oo L + _4+ 3 dx
s @-D(-2)(z-3) " 2, z—-1 -2 z-3

Po integraci

x—1)(x—3)3r°_ 1, 3-13 1 16

[1 lz—1|—41n|z—2|+31n| 3\]00 LI,
nr—1—4m|r— n|\r— = — n — = — 1N
12 oMot T2

0
2./ 3$ dz
o —1

ResSeni:

N =

0 0
x x
dr = d
/_001:3—1 v /_oo(x—l)(x2+ac+1) .

Po rozkladu na parcidlnf zlomky

1 /0 1 z—1 1 /% 1 120 4+1—-1-2
== - der = - - = dx
3 r—1 x2242x+1 3 rx—1 2 z242x+1

—0o0 —0o0
I | 1 2z+1 1 3
~3 1 222 YT
oo T — 4+ x+ (1»4_5) + 2
Po integraci
1 1 20 +17°
[ln|:c—1]—lnx2+x—|—1]+\/§arctan Tt }
3 2 V3 ] o
0
1 |z — 1] 2 +1 V3 V3 -7
= = |In ————— + V/3arctan =0+ —=—"=—(0+ — - —
3[ Vie?+ x4 1] V3 | 3 6 ( 302
27
= —V3.
9

r .
s [T
o coscx+1

ReSeni: Zvolime substituci ¢ = cos z.

—1 1
-1 1 T s s
———dt= [ ———dt= [arctant]! zf—(——)z—.
/1 21 /_1t2+1 larctant]Zy = 5 1)~ 2
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oo 6])

4. —_—d
/OO e2r — 3e* + 3 *
ReSeni:

Substituce t = e*. Pak

/wldt—/ooldt— [Qarc‘can%_3 h
o t?-3t+3 o (t—3)"+3 V3 VR

T
5. / sin® x cos® z dx
0

ResSeni:
Nejprve upravme na

s ™ 1
/ sin? z cos? x dz = / —sin?(2z) dz
0 o 4

Po substituci ¢ = 22 mame

] S| 1 1 o
/ sin2(t)dt:/ ~(1—cos(2t))dt = | — (t—=sin@2t) )| =72
o 8 o 16 16 2 , 8

T
1
6. / v cosz — cosd zdz
0

ResSeni: Protoze jsme na (0 ”

v 4
s s s
4 4 4
/ \/cosx—cos?’xdx:/ \/cosx\/l—cos%cda::/ Vcosz|sinz| dz
0 0 0
s
Z .
= veoszsinz dz
0

V2/2 B £3/2 ! 2 VR
[l %)

) , mliiZzeme psat

Substituce ¢t = cos x:

1
7. / e " dx
1

Regeni:
Aplikujeme per partes

1 1 1
/1 r?e Cdx = [—:c2efx]171 — /1 —2xe dr = [—1‘267:2]171 + [-2%671"]171 - /1 —2e " *dx

= [_3326_96]1—1 + [_Qme_x]l—1 + [_26_:6]1—1

:—6714—6—2671—26—26714—26:6—?
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1
8. / arccos’ z dzx
0

Resent:

Substituce x = cost, pak dr = —sintdt a
2 5 .
t°sintdt
0
Dvakrat per partes:
3, , oz [F L ax o [E
/ t*sintdt = [t° cost]? — —2tcostdt = [t cost] 2 + [2tsint]§ — 2sintdt
0 0 0
= [tPcost]? + [2tsint] + [2cost]f =0—-0+7—04+0—-2=m—2

1
9. / x arcsin z dx

Jo
eSeni: Substituce x = sint, dz = costdt:

2 21 1
/ tsintcostdt:/ t—sin(2t) dt = /
0 0o 2 4 Jo

s

2
2t sin(2t) dt
Substituce v = 2¢, du = 2dt
1 /’r .
- usinu du
0

Per partes

1 1 (7 1 1 1
<[—ucosulg + / cosudu = g[—ucos ulg + g[sinu]g =37
0

1
10. / 221 — 22dx
0

Resent:
Substituce x = sint, dz = costdt:

bl 21
/ sin? t cos? t dt = / ~sin?(2t) dt
0 0o 4

Substituce u = 2¢, du = 2dt:

[ gmttn= [0 - e an= [ (u- gsmen)|
1
1,

1
H./‘Mx+1dx
—2t dt

ResSeni:
z+1 -1
pak z = =z a dz = =z dt:

Substituce t = /55,
e 2t
t———dt
/é (> = 1)
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Rozklad na parcialni zlomky

1/001+ LN SR S PO P Y P T L
= — = —|Int — n -
2 ) t—1" (t—1)2 t+1 (t+1)?2 2 t—1 t+1] 5

1[1 it — 1] 1 1 r 1 \/5—1 1 1
= — n — — = —

2 Jt4+1] t—1 t+1] i1 V-1 VE+l

1[ V2+1
= (Int—+2v2

2( va-1 )

‘ X : .. _ z+1 -1 _

Podminky véty o substituci: f(z) = /%=, w(t) = {—. Interval (o, 3) = (V2,00),

(a,b) = (0,1). Plati w((«e, 8)) = (a,b) a navic w’ = (t{% # 0 na celém (a, B).
(Plyne z: obrazku https://www.geogebra.org/calculator/cb3k7uxu)

12/ Ljz=2,4
Y e

Reéenl
— —4t2 —
Substituce: t = /L2 z = ft t'§2, dz = (17;15)2 dt.

©(1—1¢2)? 4t [ 4 Y 4¢2
/1 <—4t2+2>2t<1—t2>2dt‘/1 <4t2—2>2dt‘/1 (@ =)+ v

Rozkladem na parcidlni zlomky

> 1 1 1 1
/1 8 (Vat+1) +8(ﬂt+1)2+8(ﬂt—1) +8(\/§t_1)2dt

Po integraci

1 1 1 1 1 1 1™
———In|V2t 41|+ ——=In|vV2t — 1| — -
[ 8v/2 | | 8v/2 | | 8V2V2t+1  8V/2V2t—1],

s [N SR U BN >
sf TVt 1 8v2vRE 41 8V2V2t -1,

1 y\/§—1| 1
82 yf+1| CV2+1 V21

1 V241
:8\/5(1 1 +2xf>

Podminky véty o substituci: f(z) = %4/%22, w(t) = _ftiﬁ Interval (o, 8) = (1, 00),

(a,b) = (4,00). Plati w((«a, 8)) = (a,b) a navic w’ = = t2 > # 0 na celem (a, 3).

(Plyne z:
(t)_—4t2+2_—4t2+4+ 2, 2
R - R -

coz uz lze naértnout: https://www.geogebra.org/calculator/cb3k7uxu)

Matematické analyza 2, 2024/25, Kristyna Kuncova 4


https://www.geogebra.org/calculator/cb3k7uxu
https://www.geogebra.org/calculator/cb3k7uxu

4 1
13. / - dx
o cosx+2sinz+3
Resent:
Protoze funkce je 2 periodickd, mizeme psat

4 dz 3 dzx
. dr = - dx
o cosz+2sinz+3 _x cosz +2sinz 4+ 3

CoZ rozepiseme na

3 dzx ™ dx 3m dx
. dz = - dz + - dz
_x Cosx + 2sinx + 3 _pcosz+2sinx + 3 r COST+2sinw + 3

Na intervalech (—m,7) a (7, 37) pak miiZzeme substituovat ¢ = tan 5. Po aplikaci vzorci

dostaneme
s d o 2 o0 2
/ 3:' dx = / ——dt = / ——dt
_rcosz+2sinx + 3 oo 2244t 4+ 4 oo 2244t 44
[ee]
1
= /;Oo m dt = [arctan(t + 1)]3000 =T

Na intervalu (7, 37) dostaneme stejny vysledek, celkem tedy méame

3T
d
/ x' dz = 27.
_p cosT +2sinz + 3

Podminky véty o substituci: f(t) = m, w(z) = tan 3. Interval (o, ) = (—m,m),
(a,b) = (—o0,00). Plati w((«, 3)) = (a,b) a navic v’ = @ # 0 na celém («, ).

Pro interval (—m, 37) analogicky.

14, /g dz
v0 1+tg§C

ResSeni:

Substituujeme za t = tanx. Dostaneme

% 1 © L1 t-1 © 4 1 2 11
——dt = - = dt = - = + = dt
o (1+t)(1+1¢?) o 1+t 2(1+1¢) o 14+t 41+t 2(1+1¢?)

(e o]

1 1 1

= [2ln|1+t — 4ln(t2+1)+2arctant}o
1, (1+¢)? * o

= [4ln 2 +2arctant}0 :Z

Podminky véty o substituci: f(t) = m, w(r) = tanz. Interval (o, 8) = (0, 3),
a

(a,b) = (0,00). Plati w((e, B)) = (a,b) a navic ' = —— % 0 na celém (o, B3).

cos?

Zkouskové priklady

doc. Rokyty: https://www2.karlin.mff.cuni.cz/ rokyta/vyuka/index.html
prof. Spurného: https://www2.karlin.mff.cuni.cz/"spurny/pages/ma2.php#
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15 /” 2+ cosx
" J_.3+sinz +cosx

ReSeni: Substituujeme y = tan 5, pak dostaneme

> y:+3 © y+1 —y+1
2 2 dy = 2 + 5 d
e (WP DY +y+2) oWty +2 P+l

*1 2y +1 1 1 1 2y 1
- 2 P24y +2 §.y2+y+2_§'y2+1+y2+ldy
—o0
1 2y +1 1 1 1 2y 1
= .z - L. - . i d
/002 YHy+2 2 (y+5)2+5 2 P+l 241 Y
1 1 2y+1 1 o
= [Zlog(y® +y +2) + —= arctan — —log(y? + 1 +arctan]
51080 + -+ 2) + zaretan 22 Lo 4 1) )
1. (WP+y+2) 1 2y + 1 r
= |-log ———— + — arctan ——— + arctany
[2 y?+1 VT VT o
1
=7({l+—]).
( ﬁ)
16 / Vv2r+1
x—|—2
ReSeni: Substituujeme y = +/2x + 1. Pak dy = \/ﬁ dz, z = %(y2 —1). Dostaneme

/\/2x+ LVor+1 \/Qx—l—l
x + 2)? o (@+2)2 2z +1 (y? +3 dy

/ﬁ 4 12 [ . 2

= — = —arcan——i——arcan—
L +3 @+32 YT B B P2+3 B V31
2 1

NE

V3

o0 63:10
17. d
/_OO (e® +2)2(e* 4+ 1) .

ResSeni: Substituce y = e”, dy = e dx. Pak

o0 €2m . et q o0 y2 d
xr —
/_oo (" +2)2(e" + 1)? (v + 2)2(y + 1)2 7

/ 41 1
y+2 Yyt urye g

[ - +41 +2) 1 4log( +1)]
—_— 0 ———F —4lo
Y+ 2 gy y+1 8\ 0

2 1 1™
[ (y+ )— } =3 —4log2
y+2 y+1 y+1],

Va2
18 <R)/ RSV
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Regeni: Funkce g(z) = % je spojita na [0,1], tedy existuje Riemannuv

integral a rovna se Newtonovu.
Dale tedy pocitame Newtontv integral. Substituce y = /x, dy = ﬁ dx. Dostaneme
T

1 (2 3 1
y° +2y)4y / 2 y+2
————dy=4] y+y—-2+ """ —-=dy
/o(y2+1)(y+1) 0 (y?2+1)(y+1)
1
6 — 2y 2
= | 4 +4y -8+ + d
/oy Y WP+1) g+

1
—2y 6 2
= | 4P +4y -8+ + +
/0 B2+1)  (W*+1) (y+1)

4 3
_ (g+2y2_gy_log(y2—|-1)+6arctany+210g|y+1|)

dy

1
0

14 3T
=——+log2+ —
3+0g + 5

1 e
19. / dx
Jo ¥+ Ve +er 41
ReSeni: Substituce y = e”, dy = e* dz. Dostaneme
L
dy
1 y+ VYR +y+1

Aplikujeme Eulerovu substituci

Vi+y+l=s—y

Y +y+1=s"—2sy+y?

_52—1
yil—i—?x
(1 + 25)2
Pak
/”ﬁw _/€+m2_ 33
V341 s(1+ 2s)? N s 2s+1 (14 2s)?
3 g qerveTer
= (21 — —log(2 1 Z.
[ogs 5108(2s +1) + 3 1+28]\/§+1
:210g(\/§+1)—§log(2(\/§+1)+1)+§-;
2 2 14+2(+3+1)
~ (2tog(e + Ve et 1)~ Slog(2(e + Ve 4 et 1) +1)
42 : )
2 1+2(e+Ver+e+1)
Bonus

Piiklad i s feSenim méme od prof. Spurného: https://www.karlin.mff.cuni.cz/"s

purny/edu.php

Matematické analyza 2, 2024/25, Kristyna Kuncova


https://www.karlin.mff.cuni.cz/~spurny/edu.php
https://www.karlin.mff.cuni.cz/~spurny/edu.php

20. Dokazte nasledujici tvrzeni: Necht f je spojita redlna funkce na R splhujici
a
flx) =0, a€(0,00).
—a

Pak f je licha.
ResSeni:
PoloZzme

:/xf(:v), zER.

Pak F'(z) = f(z) (V&ta o derivaci funkce horni meze). Dale pro x > 0 méame

R R R A

Tedy F(z) = F(—z) pro = € (0,00).
Pak pro x > 0 plat{
f@) =F'(z) = (F(-2)) = —f(-=)

Navic ze spojitosti f je

f(0) = Tim f(z) = lim —f(-z)=— lim f(y) =—f(0).

z—0+ z—0+ y—0—
Tedy pro vechna x > 0 plati f(x) = —f(—=z). Tedy f je licha.

21. Necht f: R — R je spojita funkce. Rozhodnéte o platnosti nasledujicich tvrzeni (tedy
je dokazte, nebo sestrojte protipiiklad).

(a) Necht existuje (N) f_oooo f(x)dz. Pak existuje limy, o0 (N ffn f x)
(b) Necht existuje lim, o (N) [ f(z)dz. Pak existuje (N) [°
Regeni:
(a) Plati. Jestlize existuje (N) [*_ f(z)dz, tak existuje F(z) : R — R takova, ze
F(z)" = f(z) pro kazdé = € R. Navic existuji limity limg oo F/(2) a limg—,_ o F(z)
a jejich rozdil limy o0 F'(z) — limy o F'(x) je dobfe definovan.
Pak F je spojitd na R (ma vlastni derivaci). Odtud

_n f(z)dx = lim F(z) — lim F(z) = F(n)— F(—n).

r—n T—>—n
Dale N
lim () f(x)dx = lim F(n)— F(—n).
n—00 _n n—00
. Z Heineho véty dostaneme (z, =n a x, = —n)

nhﬁn;(} F(n) — F(—n) = zl;rglo F(z)— lim F(x).

T—r—00

(b) Neplati. Protipfiklad: f(x) = z. Pak

n 27n
lim T = [‘T} =0

n—oo J_

ale [*_x neexistuje.
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