22. cviceni — Taylor

https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady

Z definice

1. Rogzviiite funkci f (z) = —22% — 62 + 2 v bodé a = 4.
Jak vypadé Taylortv polynom polynomu?

ReSeni: Zacneme derivovat:

( ) —4x — 6
—22

&

Vsechny dalsi derivace uz jsou rovny 0, ¢imz jsme ziskali odpovéd na otazku, jak bude
dlouhy rozvoj. Dosadime:

T)* = —54 — 22

4
(x—4) = (@ —4)? = —22% — 62 +2

Vys$el nam pavodni polynom.

7 véty o jednoznacnosti pak plyne, Ze Taylortv polynom kazdého polynomu je pivodni

polynom.

2. Najdéte Taylortiv polynom 3. stupné v 0 (neni-li fe¢eno jinak)

(a) e ®

ResSeni:

Tedy

(b) V1+=z

Reseni:

Tedy

fle)y=e,  f(0)=1
fa)=—cr fo)=-1
flay=e  f(0)=1
f”’(:c) — —e x) f”/(O) —
2 3
T;’Ozl—x—}—%—%.
f@)=vita,  f0)=1
/ _ 1 —
" —1 "
f (x)_ 4(1-{-1‘)3/2’ f (0)__1/4
" 3 " _
1@ = s IO =3/8
f0_q,8_ 2 o
T3 =1 + 3 + 16
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(¢c) Inz,a=1

Resent:
f(z)=Inz,  f(1)=0
oy L 1Y —
fay= =1
—1
f”(CL‘) = 22 f,,(l) = -1
" 2 "
)= ) =2
Tedy
T =@ -1)- -1+ %(x _ 1y,
(d) arctanz
Reseni:
f(x) = arctan z, f(0)=0
/ _ 1 / _
fiz) = T2 f(0) =
" . —2z " -
f(ﬁ)—ma f7(0)=0
" . 6$2 —2 " o
/ (@—ma f7(0) = -2
Tedy
Tf’0 =z — 2:53
3 3
(e) 1—&1—50
Reseni 1
f@) = fO=1
/ _ -1 / _
" 2 "
" —6 " _
Tedy

Tgf’0 =1—2+42%—2>
3. Odvodte rozvoje pro nasledujici funkce do n-tého fadu v a = 0.

(a) e
Regeni: Mame e® = f(z) = f'(z) = f'(x) = ---. Pak ® =1 = f(0) = f'(0) =
f"(0) = ---. Po dosazeni do vzorce dostaneme

n

T€I70:1+,$+lx2+l$3+...+lxn

1 2! 3! n!
(b) sinz

Matematicka analyza 1, 2023 /24, Kristyna Kuncova




Reseni: Plati, ze

)(4n+1)

(sinz = cos x,

(sin )43 = —cosx,

a tedy
(sin )" (0) = 1,
(sinz)@n) =
vS8echny sudé derivace jsou tedy nulové a
(sin )20 (0) =

Dohromady

cos T
Reseni: Plati, Ze

(4n+1)

(cosx) = —sinz,

(COS SC) (4n+3)

=sinx,
a tedy

(cos z) 1 (0) = 0,

(cos )W) =

v8echny liché derivace jsou tedy nulové a

(cos )2 (0) = (

(cosz

Dohromady

cosz,0
T2n+1 =1-

In(1 + z) Redeni: Plati, ze

/:
1+’
1-2
(14 x)%’

[In(1 + z)]

In(1 + 2))" =

odkud lIze odvodit, ze
(In(1 + 2)]™

Po dosazeni dostaneme

(1 + )] (0) =

Dohromady

Tln(lJr:p)ac,O

2n+1 =T —

(sinz)™ = —sinz,

(sinz)“"+2) = 0,

(cos )™ = cosz,

)(4n+2) — _17

4n+2)

(sinz)( =sinz,

n €N

0,

liché 1ze vyjadiit vztahem

(_1)71’

neN

n €N

4n+2)

(cos ) = —cosz,

n €N

(cos )3 (0) =

1, neN

sudé lze vyjadrit jednim vztahem

-1, neN

1

In(1+2))" = —m,

01+ gy — 123
In(1 + )] T

(1

(—1)" (n - 1)1
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4. Najdéte Taylorovy polynomy:
(a) vz, v1dob5. stupné

Reseni:
fl@)=vz, f1)=1
)= a2 Py =172
)= e )= -1/
)= S () =38
09 () = 7_:1)’6 D72 pi (1) = 1516
FO(z) = %x%/?’ 1) =3.5-7/32
Tedy
1 1 15 105
I =145 -1 - eV grg e =) = g e =)' @ =17
(b) cos &F, v 1, do 9. stupné
Reseni: -
flay=cos ™ f(1)=
fla)=—=Fsn=0r () =—3
2
f(x) =— (g) cos %, f"(1)y=0
" _WS-*TW 1 _773
f@=(5) g, 0-=(3)
) (z) = (g)4cos %r’ £ =0
5 5
- (G wF, 0= (3
Tedy
, m (m/2)° (7/2)° (7/2)7 (m/2)°
T = —g @D (= 1) e (= ) e (1) T (e 1)

(c) i_—i, v 0, do 7. stupné
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Reseni:

=12 s =1
f@ =gy S0==2
@)= 0=
i) = A ) = -2

Tedy
T7f’0 =1—2z+ 222 — 223 + 22% — 22° + 226 — 227

(d) zlnz, v 1, do 4. stupné

Reseni:
f@)=ahz,  f(1)=
flla)y=nz+1,  f(1)=
1" _ i " _
M@)y== =1
f///( ) — %’ f///(l) — 1
[ 2 )
[N = S0 ) =2
Tedy

T = (= 1)+ -1 - gl -1+ (- 1)

(e) 1, v 3, dob. stupné

Reseni: il gl
x’ 3
)= JB)= 5
=5 =
Pra)=-S e =
(0@ =2 =X
FO) () = —%), Fe) = —%
Tedy
T5f’3:%—%(m—iﬂ)%—%(z—i&f—*4(1‘—3)3-1-*5(53—3)4—
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5. Vyjadfete funkci sin % pomoci mocnin x — 2.
Reseni: Budeme hledat T7{’2:

f@)=sm=L,  f2)=1
[lw)=Feos == J(2)=0
2

4 47
Fi)(z) = <%>4sin %, 1) = (%)4
o= G e o =

Tedy

s 2 s 4 s 6 ™ 8
TTJL‘,2:1_( éjl) (517—2)2+( Z/;l) (513—2)4—( (/;1) (:11—2)6+( éjl) (1:—2)8—I—

Pouzitim vét
6. Odvodte Tayloriv rozvoj funkce v g = 0 do m-tého fadu
(a) f(x)= 2" =5,

Res8eni: Podle vztahu pro rozvoj exponencialni funkce dostaneme

2r—z2% _ 2 (22 — 27) 2z —z%) (22 — x) (2z — x%) B
e =142z —2°)+ 51 + 3 + 1 + = —

1 1 1
= 1+(2x—m2)+§ (4x274x3+x4)+8(8x3712x4+6x5+0(x5))+ﬂ (162 —322°+0(x%))

+i(32x5 +o(z%)) =

120
2 ) 1
=1+42r+2% - ga:?’— 63:4— Bf’—i—o(f’)
(b) f(x)=V1-2x+a3—V1-3z+2a2 m=
Podle vztahu pro rozvoj mocniny je
) 11 1011yl _
(1+(—22+2°))/% = 1+2(—2x+x3)+2(22')(—2x+x3)2+ 2(3 ;(2 )(—2x+a:3)3+0(a;3) =
—2z + a3 4 3 31 3 3 3
=1+ ——F——+(——F+o0°) |+ | s2(=82°)+o(z°) | +0(z”) =
2 8 86
2
:1—x—%+o(w3)
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Pro dal$i mocninu dostaneme

M-

1
(14(—3z+2%)1/3 = 1+§(—3:1:+x2)—|— 51 (—3z+2%)*+ 3
- > (L 10 1
— 14 % + <9 (922 — 62%) +0(x3)> + (22 5o (272" + (x3)) _
2 2 5 2
:1—x+%—x2+§x3—§$3+0(x )—l—x—ga:Q—x + o(2?)

Dohromady dostavame

V1—2r4a2%— /1 -3z +a2 =

_ <1—:n—x22+0(x3))—(1—3}—§:E2—:E3+0(:E3)> -

1
= —2? + 23 + o(2?)

6
1
<C) :2)_7%, m = o0
Reseni:
Nejprve upravime
1 1
3-2r 3 1-2

3
Pak pouzijeme rozvoj

1 oo

—— =) =14y +P 4
17?/ n=0

proy € (—1 1)

Tedy pro —1 < 2& < 1, tedy pro z € (—%,%) je

e O

3

1+z+ 22
d =— =4.
(@) $@) = o
Reseni: Na néjakém okoli nuly, kde |z — 22| < 1, plati rovnost

[e.o]

=(1+z+2)-) (z—2?)F
k=0

=(l+z+2)+Q+z+2%)(r—2°)+ 1 +z+2)(x —2?)?

+(A+z+2)(z—22)°+ (1 +z42°)(x—2)* + o(z?)
=(1l+z+2)+ (@ +2° 425 - 22— 23 -2

+ (2 4 23 + 2t — 223 — 22 + 2t + o(ah))

+ (2% 4 2t = 321 + o(zh)) + (2 + o(z?)) + o(z?)
=142z 4 22% — 2z* + o(z?)

1+ 2+ 22
1—(z—x?)
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B (14 )00
() J@) = T om0 om0 ™
Na né&jakém okoli nuly, kde |2z| < 1,

=2.

(1+ )10
(1 —22)4001 + 23c)6

oo o

OO 99
22

{1 + 100z + +o(x
100 - 99
51 2% + of

[1+100 +

-[1—60-(2x—4x2)+60‘

100-99 ,
91 x4+ o0

= [1 + 100z + (z

60 -
: [1 — 120z + 24022 +

:14—603:4—(50-994—4-20~39—+—4~30‘594-100‘80—100‘120—80‘120—l—160+240):752

59

plati rovnost
k=0
2):| .
)

'[1+40~(2m+4a}2)+

40

. 60
| et
k=0

1= 20 4 42 + o(a?)]”

[1+ 2z + 4z + 0(1“2)]

40 -
2!

39

(2x + 42%)? + o(xQ)]

59(23c — 4a?)? + 0(:62)]

039

)] . [1 + 80z + 16022 + 42® + o(x )]

42* + oz 2)]

+o(x?) = 1 + 60z + 19502% + o(z?)
(f) f(z) =In(cosx), m = 6.
Reseni:
Mame ) . 6
x* oz x
Ly 6
(cosx) = ( 5 T 51 720+ ()

Ozna¢me V(z) = —% + % — &5 + o(af)
Navic plati

vy 3

log(1+y)=y— 5+§+0(y ).
Pak ) 5
v %
log(cosz) =log(l + V(z)) = V(x) — (;) + (5) + o(z%)
e A 6 1 [x* x? 2t 6 0 6
= <—2+24—720+0($ )> —§ <4— ?274—1_0((% )) + = <—8—|—0(x )) =
22 gt 46 .
BRI TR TR
(g) f(x)=sin(sinz), m = 3.

Reseni: Je

23

sinx =x — 3 + o(x?)

Oznacme V(z) =z — % + o(x3)
Navic plati

%

sing =y — < +o(y’)

Pak
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(h) f(z) = Vsinz3, m = 13.
Je

12 14
8% " 3220” To@)

1
flx)=o— ®% ~ %xlg + o(z'%)

Regeni:
Na vhodném okoli nuly je
x x B

e" —1  z+a2/2+a3/31 + 24 /Al + 25 /5] + o(a5)

1
1+ x/20 4+ 22/3! 4+ a3 /4! + 24 /5! + o(z?)

o0 2 3 4 k
_ _1\k - ﬂ z- _
= (—1) < + 3l + + 5l +o(z )) =
k=0

OznaémeV(w):%—i—%%- 4.+5,+ o(z?)

=1-V(z)+ V()= V(@) + V()" = V(z) +o(z?).
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Rozvedme jednotlivé mocniny V' (z) do patého radu.

T 1‘2 I‘3 .73‘4

— 4

2 3 4 4 5 5
2_ T o T 5T 5T 5T 5
V@)™ = o + 2503 + 331 + 2501 T 2551 + 2315 T007)
3 4 5 5
3 X X X X 5
V(@)™ = i1 350 T 3o0mir T 3amm T o)
4 5
4 7 €z 5
V(@)™ = S T 4omem T o)
V() = z° 5
@) = S T o)

Kdyz vSechny pfispévky seCteme, resp. ode¢teme, dostaneme

1 1 1
flx)y=1- 2% + Eazz — —zt 4+ o(zh)

. sinx
0) fla) =1 (25 =
Sledujte vypocet.

: 3 5 120 — 7 ! 8
lnSIDthl(:E x/6+ﬂf/ O I‘/? +O($ )>:ln(l—$2/6+x4/120—1'6/7""0(1'7)):
x x
ozna¢me V(z) = —22/6 + 2% /120 — 25/7! + o(2") a rozvinutim logaritmu mame
%4 2 Vv 3
2 3
x?2 ozt b 7 1 x?2 ozt b 7 1 x?2 ozt b 7 ’
= <_6+120_7!+0($ >>‘2 <_6+120_7!+0($ >> 3 (‘Nmo‘w*o(f” >>
+0(m6) =

x? xt b 1 [ z* 2zt 1 2\ *
T D (R 6 (% 6 6y _
( 6 120 7!> 2 <36 6120 "o >>+3 ( 6> Fo(z?)+o(z)

1, 1 , 1

67 T 1807 2835

2% 4 o()

(Dokonce o(x").)
(k) f(z) = tgz, m = 5.
Reseni: Je
sin x x x

f(ﬁ):tgxzcos$=($—f+f+o(:c5))- -

na vhodném okoli nuly
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3 2 3 b x? x4
3 2 5 2?2 ot 5 2
(m—i—i-a—i-o(x ) - <2'—4'+0(m)> + o(z°)
:133 zd 5 SR x5
1 2
=x+ 3333 + 1—51:5 + o(z°)
1) f(z) = e arcsinz, m =5
ReSeni: Pro e’ mame
2 3 4 5
v — v,y ., ¥y .Y
2 14+y+ +3'+4'+5'+0( y°).
Pak 24 6 8 10
—a? _ r.,. - r . -z 10
e =14 a2+ —|—3‘+4'—i—5—|—0(:z).
Dale
+1a; +13x + o(zf)
resinz = —— 4+ ———
aresing =z + o5 + 50— +olz
Dohromady
122 132°
2 . 6
=(1 il 4 I
e " arcsinz <—|—x+ +0:U> < 53 2454—0( )>
3 1
e ﬂf—f—.’ﬁg <— > $5 <40 6 2> + 0(335)
5 49
—x—6x3+mx + o(z°).
Bonus

7. Vite-li, ze Taylortuv polynom funkce f je T;’O =2 —x—22/3+ 223, uréete hodnoty

(a) £(0) =2 (b) f'(0) = -1 (c) f(0)==2/3  (d) f"(0) =12

8. Vite-li, ze Taylorova fada cosx v 0 je > ° ((—1)" % (2n),, jak je na tom % cos(2z)?
Reseni: D) % — 2%+ %
9. Je pravda, 7e jestlize Tzf’O = TZQ’O, pak f = g?
Reseni: Ne. Napi. f(z)=¢", glz)=1+z+%
10. Je pravda, ze jestlize TQf’0 =1+ x — 22, pak je f konkavni na okoli 0?
ReSeni: Za predpokladu, Ze f” je spojita na jistém okoli bodu 0, tak ano, protoze
7(0) = -
11. Ktery Taylorav polynom bude vhodny k aproximaci hodnoty sin 3, nemate-li kalkulacku?
Reseni: C) —(z — m) + 3;(z — )3, lepsi aproximace dosahneme u bodu a = 7.
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