15. cviceni — VOLSF f9

https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priiklady
1. Spoctéte limity

(a)

T—00

X
lim <1+ 1) = lim emlog(H'%)
z

Spoc¢teme limitu vnitini funkce:

1 log (1+ 1
lim zlog <1+) = lim le,
x

T—r00

nebot dalsi slozena funkce

log(1
i 08 +y) _
x—0 Yy
& 1
lim — =0
T—00 I

(podminka P, g(z) = 1 # 0 pro Vz € (0,00).)
Zpé&t k puvodni funkci
xlog(l—&-%) 1

lim e =e,

T—00

tady podminka S, €7 je spojita funkce v bodé 1.

(b) N
lim (1 - 2) =72,
T—r00 €T

lim <1 — 2) = lim emlog(l_%)

T—00 xT T—00

Spocteme limitu vnitini funkce:

2 log (1 —2
lim xlog (1) = lim fz.wziz

T—00 T T—00 —92. 1
T

nebot dalsi sloZzena funkce
i 108 +9)

=1
x—0 Yy
a
. 2
lim —— =0.
r—00 I

(podminka P, g(z) = —% # 0 pro Va € (42,00).)
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Zpé&t k puvodni funkci

lim e®lo8(1-2) = o2

)
T—00

tady podminka S, e? je spojita funkce v bodé —2.

9 T
T—00 €T

Vnitini funkce:

2 2z log (1+ % 21og (1 + %
lim zlog {1+ — | = lim —xuz lim fMVO:ALOJ:O
00 2 z—00 12 % T—00 T %

Pouzita vnitini funkce na logaritmus, podminka P, 2/22 # 0 na (0, c0).
Celkem tedy

2 x
lim <1+2> =l =1,
T—00 T
(podminka S, e¥ spojita v 0.)
2. Spoctéte limity

(a)

lim
rz—1

14+x (1—y/x)/(1~x) 2
<2 + x)

Resent:

Pouzijeme tpravy na exponent a dostaneme

142 (1=vz)/(1-x) 142 (1-z)/[(1-=z)(1+/x)]
lim = lim
z—1 <2—|—:L’> z—1 <2+$>
| 4\ VD)
= lim )
=1 \2+x

Funkci vySe mtizeme rozepsat

2+x

Nyni je vidét, ze funkce je spojitd v bodé 1 - jde o sloZeni, soucet a nasobeni
spojitych funkci.
Tedy dosazenim dostaneme

. 1+ 1/(1+vz) 9\ 1/2 9
lim =(= — /2.
=1\ 24+ 3 3
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lim =1
Tr——+00

142 (1-vz)/(1-z)
(2 + x)

Resent:
Pouzijeme klasicky trik pievedeni do exponentu za pouZiti vzorce y = e'°8¥.

(1-vz)/(1-z) —
= lim <1+x> = lim exp[log(l—i_x)-l \/5]:

z—+oo \ 24+ x—+00 2+«x 1—2

Uzijeme VOLSF a spoc¢teme limitu vnitini funkce

1 1— L
R VAR TN log f-g+ : Lo.0=
2+ 1—2  ao+oo r 241) 1+Vz

Uzili jsme vnitini funkci na logaritmus, podminka (S) (logy spojity v 1): g(x)

141
(%' EH), fly) =logy.

1

s +1
lim f% =
z—0 \ x 54—1

lim logy = 0.
y—1
Pro ptivodni limitu pak mame z VOLSF (podminka (S), €Y je spojita v 0)

_ <1 +x>(1—\/5)/(1—r)
lim

=e =1.

242

T—+00

. x+2 @?
lim =0
z—+oo \ 20 — 1

Reseni:
Upravujeme.

i $+2 x2_1. 1 $+2 2
ooy —1) Tomexpllogl o 1) ®

Spoc¢teme limitu vnitini funkce (na logaritmus uzito VOLSF, podminka (S), tedy

log y spojity v %)

lim 1 T+ 2 2 1
im lo szt =log | = |oo=—00
esoe 8\ 2 —1 &\ 2
Ptvodni limita: Protoze lim,_, ., €Y = 0, mame
) x+2 @?
lim =0
z—+oo \ 20 — 1

(VOLSF, podminka P, 22 log <2‘i+_21) # —oo na P(c0,1).)
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202 +x+1
Resent:
Upravujeme.
z3
. 32 —r+1\1-—= , ) 32—z +1 x>
im [ ——— = lim exp |lo .
T—00 2x2+x—|—1 T—00 P & 2x2—|—x+1 1—=z

Limita vnitfni funkce

, 3z —z+1 23 3
lim log =log=-—0c0o=—00

=300 22 +2x+1) 1—2 2

. . 4 . eey 3
Pouzito VOLSF na logaritmus, podminka (S): logy spojity v 3.

Protoze limy,,_o e¥ = 0, pro ptvodni limitu (podminka (P) analogicky jako v
predchozim piikladé) pak je

I3
. 322 —x + 1)1
lim [ ————— =0
z—o4o0 \ 222 +x + 1

. T tg 2z
lim [tg <§—|—x>} =0

=T+
Reseni:

Upravime

tg2
lim [tg (% +£L'):| - lim exp (log [tg <E -1-33)} -thx) =

=5+ =T+ 8

e . . , . - el 3
Pro vnitini funkci mame (logaritmus je spojity v tan <)

. 3
lim (log|tg-7m] -—00] =—00.
=T+ 8

Protoze limy,_, _ €Y = 0, pro puvodni limitu (podminka (P)) pak je

lim [tg (% —i—:r)}tgh =0

=T+

Reseni:
Upravime
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x—1
: 2 — 1\ = . 22 -1\ z-1
lim = lim exp { log .
T—00 x2—|—1 T—00 1’2—1—1 x+1

Pro vnitini funkei (logaritmus spojity v 1):

-1 -1
lim log<JC )$ =logl-1=0.

T00 24+1) z+1
Dohromady

x—1

2 1\ o+t
lim ($2> =l =1
z—oo \ % + 1
Podminka (S).
. 24+ 2r—1 1/e
lm (——m =1
z—400 \ 222 — 31 — 2

Reseni: Upravime
(22— 1\ 2242 -1\ 1
lm ( ————— = limexp|log| —————— ] - —
z—oo \ 222 — 3x — 2 T—00 202 - 3x -2 ) =
Pro vnitini funkci mame

72 1+2f% 1 a1
log (L. 2 te a2 ) 2 4Ly~ g =o.
Og<:c2 2 % 2 z 08

N =

x2

Pro logaritmus mame VOLSF (S), protoZe logaritmus je spojity v %
Pro vnéjsi funkei pak méme
limeY =1
y—0
Podminka (S) €Y je spojité v 0.
3. Spoctéte limity

(a)

) <logac—i—1>10ggC
lim | ———— =e
z——00 log x

1 1 log z 1 log z
1m1<ch+> :<1+ )
T—+00 log log

VOLSF g(z) = logz, f(y) = (14 1)?, pak

ResSeni: Mame

lim logx = oo,
T—r00

1 )
lim <1 + > =e,
Yy—r—+00 Yy
coz vime z 1. prikladu.

Podminka (P), logz # oo na P(oco, 1).
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lim (1 4 2 )smlz =e

x—0
Reseni:
1 1
lim (1 + 2?)sin®z = lim exp < log(1 + :z:2)>
z—0 z—0 sin? z
Rozepiseme
1 2 log(1 + 22
lim — log(1 + %) = lim _an . los( jx)gl-l.
z—0 sin“ x z—0 s1n“ x X

Mame VOLSF pro g(z) = 22, f(y) = w, podminka (P), 2% # 0 na P(0,42).

Pivodni limita pak je (podmlnka (S), exponenciéla spojita v 1)

lim (1+SL‘ )Slﬂlm =t

x—0

Cotg2 x

lim (1 + ac2) =e

z—0
Reseni:

COS2JI Sln2z
lim(l—l—xQ)COtgzx = lim (142?)sn?e = lim (1+x )1sm = hm(l—i—aj )1 11m(1—|—x )sml
0 z—0 z—0 —0 —0

Prvni limitu spo¢teme snadno dosazenim (jde o spojitou funkei), vyjde (1+0)~! =
17! = 1. Zbyde tedy pouze druh4 limita, ktera ale vede na ptedchozi piiklad.
Celkovy vysledek

2) cotg? x A:L

1im(1+ac l-e=e

z—0

lim (1 + tgw) simz = e

z—0

Reseni: PrepiSeme na

hn})(l +tgx) sz = lim exp

z—0

log(1 +tgx)
nx

Vnitini limitu rozsitime
tgx log(l + tgx) . 1 log(l+tgz) voar

li log(1+tgz) = lim =1 : = LL
250 sinx og(1+tg ) 250 sin tgx 250 cos T tgx

Dohromady pak mame

1
log(1 +tgx)| =e' =e¢
nz

lim exp
z—0

Uzili jsme VOLSF, g(z) = tgz, lim, o tgz = 0, f(y) = log(1+y)/y, limy_o f(y) =
1. Podminka P: tanx # 0 na P(0, 7).
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lim (sinz)'®" = 1.
T

Resent:
Prepiseme pomoci exponencialy:
lim (sin )% = lim e'&1986n7)

Spocteme limitu vnitini funkce

1 log(sinz)

lim tgzlog(sinz) = lim sinz - - - (sinz — 1)
=7 z—Z cosx sinz —1
Uvazujme limitu
sinz — 1 . cos(§ —x)—1 . cos(f—x)—1 (5 —ux)
z—I  COST z—2  sin(§ — o) =t (5 —x) sin(Z — z)
AL 1
2 _-.1.0=0
2

Zpét k vnitini limité:

1 log(si
oslshng) e 11 0=0,

lim sinx -

=z cosr sinx —1

Ptechod k ptivodni limité
0 _
e =1.
Podminky VOLSF:

o f(y) = 1;%11/7 g(z) = sinz, lim,_,z sinz = 1, limy_; 1;%% = 1. Podmin

x
sinz # 1 na P(5, 7).

ka (P):

e f(y) =¢€’, g(z) = tanzlog(sinz), lim, ,z tanxlog(sinz) = 0, limy g e’ = 1.

Podminka (S): e je spojita v 0.
o f(y) = ==, g(z) = (§ — ), Podminka (P): (5 —z) # 0 na P(5, }).
o f(y) = Sigy, g(z) = (5 — =), Podminka (P): (5§ —x) # 0 na P(5, 7).

X
. r+a
lim < ) = %
r—=+00 \ T — @

Pro ¢ = 0 mame konstantni funkei

(f)

Reseni:

lim 1* = lim 1 = 1.
Xr—r00 Tr—r00

Pro a # 0 jednoduchou tpravou dostaneme

x o 9 x 2 z a
lim (56 + a) = lim <W> = lim <1 + ¢ > = lim e®los(1+3%5
rz—=oco \ T —a T—00 T — a T—00 Tr—a T—00
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Vnitini funkce:

log (1 + 22

2 g( :p—a) 2

limxlog<1+ a )zlima: < a)
T

T—00 Tr—a T—00 % —a
, 10g(1+%) x 2a
=Jm e
T—a x

AL 94 =94

Pouzili jsme VOLSF, f(y) = M, g(xz) = 22 podminka (P): % # 0 na

Yy r—a’
P(00,1/2a).
Puvodni limita (podminka (S): exponencidla je spojitad na celém R, tedy i v bodé
2a).
lim e”los(1+325) — o2,

T—00

Zkouskové priklady

4. Spoctéte limity

1
(a) lim (1 — Varcsin IL‘) Vi=cose
z—0+

Reseni: Prepiseme jako:

1
. - E e .
lim (1—+Varcsinz) V" = lim exp | ————
P |7
x—0+ z—0+ 1 —cosx

log (1 - JM)}

Spoc¢teme limitu vnitini funkce:

1 2 log (1 — v/arcsin m)
lim ——1log <1 — varcsin x) = lim —¢ v

20+ Y1 — cos z—0+ 1—cosx —V/arcsinz

VOAL _ 45 1.1=_/2

Pak pro pivodni limitu mame

1

: : YT—cosz -3
lim (1 — V/arcsin x) ! — e V2
r—0+

Uzili jsme VOLSF na:
i f=eY, g= (‘/ﬁ log (1 — Varcsin a:), podminka (S)
i. f=Wy, g= ﬁ, podminka (S)

iii. f=./y,9= arciﬂ, podminka (S)

iv. f= log;ﬂ/, g = —Varcsinz, podminka (P): arcsinz # 0 na P(0, 3).

12+1

(b) lim (264% - 1) W

x—0
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Reseni: Prepiseme

z2+1

. Az 3z
lim (261+1 — 1)

x—0

2 1 »
= lim exp [:1: + log (26#1 — 1)]
z—0 3x

Pro vnitini funkeci mame

4dx =
o241 4z o241 log (2‘2“1 - 1) ewﬂl —1 4x
lim log (26 o+l — 1) = lim = 22—
z—0 3x z—0 3z eatl — 9 Fu] x+1

ey .
4 22410 (26”1 - 1) 26144:1 -1

= lim - o i
=03 x+1 2ent+l — 9 po
4
VO:AL7.1.1.2.1:§
3 3
Puvodni limita pak je
2241
lim <Qez47fl — 1) R eg
z—0

Uzili jsme VOLSF na:
i f=ev, g =25t log (277 — 1) podminka (S)

it f =28, g (2677 ~ 1), podminka (P): 26777 — 141, P(0,3).

iii. f= %, g(x) = ;“—fl, podminka (P): f—fl #0, P(0,3).

1

4 5T 6%\ =

(©) lim (H)
r—0+ 3

ReSeni: Piseme jako
L (AT TN L (44516
im (—— ) = lim — _
z—0+4+ 3 z—0+4+ eXp X 08 3

Pro vnitini funkci mame

_ 4% + 5% + 67 .1 log (AR 4r 457 467 — 3
lim —log( ——— | = lim —- 3 .
=0+ 3 e—0+ gy AESHOT _ 3
. 1 log (FH5H5) ar—1 51 67—
e—0+ 3 A0S g x x x

1
vear 2 . (log4 + log 5 + log 6) = log 120'/3

ProtoZze mame

4% 1 zlogd _ 1
lim — lim & —~ -log4 = log4.
=0+ z—0+ xlog4
Analogicky
T __
lim = logh
z—0+ x
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x

li =1
xir(I]L x Og6
Pavodni limitas: )
4% T T\ o
lim <+5+6> — 120
r—0+ 3

Uzili jsme VOLSF na:
i f=¢eY g= %log (M), podminka (S)
ii. f= lyofyf, g= (w) podminka (P): (w) #1, PT(0, %)
ii. f= &TA’ g(z) = xlog4 podminka (P): xlog4 # 0, P*(0, %) Pro log5 a log6
analogicky.

Teorie

5. Necht f je funkce spojitda na R. Necht navic f(z) = 0 pro v8echna z € Q. Ukazte, Ze
pak f(z) =0 pro vSechna z € R.
Regeni:
Pro spor pfedpokladejme, Ze pro néjaké a € R\ Q je f(a) = A # 0. Pro jednoduchost
predpokladejme, Ze A > 0 Protoze f je spojité, tak i lim,_,, = A.
Zvolme € = %. Pak existuje 0 > 0 tak, ze pro kazdé = € (a—9,a+9) plati |f(x) — A| <

2. Neboli

A 3A

Jelikoz ale v kazdém intervalu (a — 6, a + ) existuje racionalni 2/, které ma f(z') = 0,
mame spor.
(Pro A < 0 postupujeme analogicky.)

6. Sestrojte spojitou nezapornou funkci f definovanou na R takovou, Ze: pro kazdé n € N
plati 0 € f([n,00) a f neni omezené na intervalu [n, co).
Reseni:
Napf. f(x) = |z sin(mx)|.
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