16. cviceni — Urcity integral
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady
Spoctéte Newtonovy integraly:

1. (a) / sinz dz
0

Reseni:
™
/ sinzdz = [—cosz| = —cos(m) — (—cos(0)) = —(—-1)+1=2.
0
2
(b) / 322 22 4 1da
1
ResSeni:
2
/ 82 + 20 + 1do = [ +2” +off = (20 + 22+ 2) - (P + 1° +11) =11,
1
2 1
(c) / 2+ Vo + —dx
1 T
ResSeni:

2 1 2 1
/ 2+Vz+— dx = [23: + VB - ]
1 T 3 x

0 2
d d

2

2 1 2 1 11 4v2
_ 2.2+3¢2*3_2_<2 SN ) _u,42

. 3 1) 6 3

Resent: o 0
2 In|3 — 4z 1
de = |2——M— = ——(In3—-1In23
/_53—4959” [ 4 }_5 5 (N3 —n23)
-2
1
(e)/ dz
7 2—x
Reseni

< 1 . . T
/ 5 dz = [arctan z]° = lim arctanz — lim arctanz = — — 0.
0 1+zx T—00 z—0+ 2

o
1
/ —dz=[nz]3’ = lim Inz — lim Inz =00 —In2 = cc.
9 x T—00 r—2+

Tedy integral diverguje.
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0
/ e“dr =[] = lim ¢* — lim e*=1-0=1.

r—0— T——00

Reseni:

oo
e’dr =[e”]° = lim e — lim e* =00 — 1= 0.
0 T—00 rz—0+

Tedy integral diverguje.
oo
() / sin z dz ReSeni:
0

oo
/0 sinzdz = [—cosz|g° = zan;o(— cosx) — J:l—i>%l+(_ cos x)

o
Jezto prvni limita neexistuje, neexistuje ani Newtoniv integral / sin x dx.
0

2 2
2. (a)/?ﬂcdx
1 T +].

ReSeni: Substituce y =22+ 1, dy = 322 dz, meze budou 2 a 9.

2 2 9
3z 1
dx = Zdy=nly|]2 =19 —1n2.
/1953-1—1 /29 v =yl

Mame ¢(z) = 23 + 1. Interval (a, 8) = (1,2). Pak ¢ je spojita na celéem [1,2].
Derivace ¢’ = 32?2 je vlastni a spojita na [1,2]. Dale p(1) =2 a p(2) = 9.

Jina verze: Mame ¢(x) = 23 + 1. Interval (a, 8) = (1,2). Derivace ¢’ = 322 je
vlastni na (1,2). Dale ¢(1,2) = (2,9) = (a,b). Funkce ¢ je tam na a navic tam
mé nenulovou derivaci p(x) = 3z2. Integral na pravé strané navic existuje (spojita
funkce na uzavieném intervalu).

™

(b) /3 sin  cos z dx

4
ResSeni:
Substituce y = sinz, dy = cosx dx, meze budou sin(m/4) = v/2/2 a sin(7/3) =

V3/2.

5 V32 212 1 ([ (va\E) 1
/ sinxcosxdm:/ ydy = [] == X2 X2 .
™ \/5/2 2 \/5/2 2 2 2 8

4

2
(c) / zlnzdr
1

ResSeni: Per partes

2 2 2 2 .2 212
/ rlnzxdx = x—lnx —/ x—daz:2ln2—1 r :21n2—§.
1 2 1 1 2x 2 2 1 4
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(d) / z?sinz dx
0

Regeni: Dvakrat per partes

s ™ s
/ z?sinz dz = [—2% cos x]g+/ 2z cos x dx = [—x? cos z+2z sin x]g—2/ sinx =
0 0 0

€n?zx
d
© [ =

Regeni: Substituce y = Inz, dy = %dx, meze 0 a 1.

¢ n2 1 371 1
/ = xdx:/ i dy = [y] = -,
1 X 0 3 0 3

[—2? cosx + 2xsinz + 2cos 2]f = 7% — 4

1 2
f -
()/_11+x2d$

Reseni:
1 2 1,2 1
x z4+1-1 -1 1 m
/_11+x2dx:/_11+x2da::/_ll—l-l_i_xde:[a:—arctanx]_1:2—2.
oo
1
(8) /D T
Reseni:

© 1 1 1
/0 (z +3)° [4(x + 3)4} o oo d(z 33 an0+d(z+3)F 481

Lo 1
h d
()/0 62x+1+C08233 v

ReSeni: Prve substituce y = e*, dy = e dz,

1 T e
e 1 e s
/ - = / —— = [arctany|{ = arctane — arctan 1 = arctane — —
o e +1 1y +1 4

1

1

/ 5— dr = [tanx](l] = tan 1.
g cos?z

Celkem

/1 A f % ftan1
r = arctane — — + tan
0 € +1  cos?z 4

(i) /100 e\/? da

Reseni: Substituce y = \/z, dy = ﬁ dx.

00 ,—\/T o0
€ — “Ydy =2 [—e Y] = —2( ] ~Y _ —y
/1 \/Edzr—/l 2 Vdy =2 [—e7Y]] 2(3}5206 wliglJre )
1 2
:—2(0—):.
e e
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b
§) / sgnx dr,a<0,b>0

a
eSeni: Integral neexistuje, protoZze funkce sgn x nema na daném intervalu (kolem
nuly) primitivni funkei - neni totiz darbouxovska.
° arctan x
1 1 +x

ReSeni: Substituce y = arctanz, dy = dx:

_1
1422

* arctan x 3 y? 72 712  3r
. 1+ = 2 8 32 32

(ME]

LE

2 dx
1
) Z zlnzx
ResSeni: Substituce y =Inz, dy = %dx,

2 dz In2 19
= —dy=[lnyly "= lim Iny— lim Iny =In(In2)—(—o00) = .
/1 rlnz /0 ydy [yl y~>11{1n27 Y y—l>%1+ ny = Inln2)=(~o0) = oo

Tedy integral diverguje.

(m) -
/ s21n T da
o cos*z+1

ReSeni: Substituce y = cosx, dy = —sinz dx

m : 1
1
/0 cosS2me+1 dz = /1 oy dy = [arctany]" | = arctan 1—arctan(—1) = 2% =

1

(n) / r?e % dx
-1

ResSeni: Dvakrat per partes:

s
5 .

1 1 1
/_1 22e % dx = [—xQe_x]l_l + /_1 2ee P dx = [—:UQe_x]l_l + [—Q:Ue_x]l_l + /_1 e “dx

= [foe_x —2xe ¥ — 26_36]171 =e—5e !
3 ,.2
— 1
(0) / e S
2 r—1
ReSent:
3,2 3 2 3
— 1 1 9 4 5)
/Hi_dx:/ T+ dz = ﬂc——l—ln\x—l\ = -+ln2—( -+Inl) = -+In2.
, -1 e 2 , 2 2 2
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