6. cviceni — Rada a integral
https://www2.karlin.mff.cuni.cz/"kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz
Piiklady
1. Rozviiite do Tfady
1
(a) / InzIn(l —z)dx
/0
ResSeni:
e Rozvoj: Z Taylorova rozvoje méme pro z € [—1,1)

o0 o0

log(1 — z) = ;(—1)%1(_?L - nzl —%
Tedy
fle) == logz —
n=1

Pocitame tedy integral
1 e n 1 n
x x
/ —Zlog:c:—/ Zlogm—
0 n=1 n 0 n

e Véta: Levi: funkce f,(z) = logz % jsou nezéporné a méfitelné (protoze
spojité).

e Prohozeni a vypocet:

1 n o0 1 " o0 1
—/ Zlogm—:—z loga::—Z/ log x - 2™
0 p=1 n=1"0 =1 /0
0o 1
1 :L,n—f—l 1 "
S (][50
—n n+ 0 o n+

1
(b) / log zlog(1 + z) dz
Jo
Reseni:
e Rozvoj: Z Taylorova rozvoje méme pro = € (—1,1]

o0

log(1+2) = S (=112
oB(1+a) =3 (1"
Tedy
—logzlog(l+2) = 3 loga (~1)"1 L
f(z) = logzlog(1 + z) 2 ogz (=1)"" —
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(c)

Pocitame tedy integral

1 ©° "
/ Zlogm (-1 dx
0 n=1 n

e Lebesgueova véta: Ovéfujeme

o 1 0 1 n
Z/ logz (—1)"*1 ‘dx:Z/ —logz — dx
n=1"0 n=170
:Z—/ logx " dx
n=1 Jo
00 1
1 n+1 1 n
:Z—— * log x —/ T de
n +1 0 n+1
n=1
oo 1 xn+1 n+1 1
= _— g —_
R
I
- 2
nzln(n—kl)
e Prohozeni a vypocet:
oo
1 n+1l pl
Z/ fogr (<171 e = 3 E [ioguanar
n=1 0

[e.o]

_Z 'n+1)

Pro |b] < a:
> axr b
e "sinbrdr = ——
Jo a2 + b2
ResSeni:
e Rozvoj: Z Taylorova rozvoje mame pro y € R:

o 2n+1

sing =3 ()" )

n=0

Tedy
o (b )2n+1

=2 L (2n + 1)

n=0
Pocitame tedy integral

©E b
/0 D ) G

e Lebesgueova véta: Ovéfujeme

o0

> [

n=0

(b$)2n+1
(2n 4+ 1)!

‘b’2n+1

—ar(_{\n — > —ax,.2n+1 d
e (=) Z_:O(znﬂ)!/o 7w do
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Vypocet integralu: Oznacme [}, = fo e~ xF dz. Pak z per partes (a > 0) je

00 —ax ] k [ k
Ik = / —ar kdx = |: kS :| + / €_axl’k_1 dor = *kal
0 —a 0 a Jo a

Navic Iy = =
Pak
/ lem @ g? "t | dz = / e Ay = Iy, g = nE Iyp = MIQn—l
0 0 a a-a
(2n + 1)(2n)(2n — 1) (2n +1)!
- a-a-a In-2 ===
Zpét k ovéreni:
2n+1
i\bﬁm/“}e_a%?nﬂ‘d §:|b|2wrl (2n+1)! _il 1™ < o0
— (2n+1)! o (2n + Dla®*2 a \a

(Soucet geometrické fady.)
e Prohozeni a vypocet:

/0 nz::)e (—1) de—;/o e (-1) mdx

=0
0 2n+1

— Z (z;):[_) :; /Ooe—aszn—s—l dr
— n - Jo

i (=1)"p?" 1 (2n + 1)!
(2n + 1)!la?n+2

n=0
I G A S N A
Y e A LR

b 1 b

a2.1+2—2_a2—|—b2

1+ 22
ResSeni:
e Rozvoj: Z Taylorova rozvoje méme pro z € (—1,1)

1 P
(d)/ox 8L 4z, p>0

1 2
1+a2 Z(—x )
n=0
Tedy
2Plogr n ont
flz) = Tz = > (=1 P logx

n=0
Pocitame tedy integral

1 ©©
/ Z(—l)"azznﬂ’ log z dx
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e Lebesgueova véta: Ovéfujeme

1
Z/ } )" 2"+plog:c’ dx—Z/ — 22" Plogx dx
n=0"0

{ p2ntp+l 1 /1 22n+p

—_— + [ ———dx
n+p+1 0 0 2n+p+1

{ p2ntp+l | N p2ntptl ]1
mtp+l o0 @n+p+1)2],

1
= — <X
0(2n—|—p+1)2

M i

log x]

n=0

ot

0

g i

e Prohozeni a vypocet:

1 ©©
/ Z(— " 2"+plogxd:z:—2/ )22 P log x dx

0 pn=o0
—Z ”/ 2" P log z dz

( 1)n+1

ot (2n+p+1)?

1
(e) /0 og<1+6_$> dz
Reseni:

e Rozvoj: Z Taylorova rozvoje mame pro y € (—1,1)

2n+1

logﬂ:2OO J .
11—y n:02n+1

Protoze 0 < e7® < 1 pro x € (0, 00), mizeme rozvijet

1—¢e® 14+e® > (6—33)2714-1
1 -1 — o\
°g<1+e—w> Og(l—e—w) nz o + 1

=0

Tedy
1—e % 0 e:c(—2n—1)
f(z) Og(1—|—em> nz:% o+ 1

Pocitame tedy integral

oo e:1:(72n71)
[yt
0 =0 n —+
e Lebesgueova véta: Ovérujeme

—2n-1) o0 er(—2n—1)
Z/ dx_Z/ o1 dx:%[_Q(an)? .
an_iow“’o

—2n—1)
2n+1
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e Prohozeni a vypocet:

z( 2n—1) —2n—1)

=2
/Z2z+1 d*’”‘z/ znﬂl‘zzoenm

Bonus

2. Spoctéte limitu
* arctan nx
(a) lim —— 5 dz
n—oo Jq 1+zx
Reseni:
e Bodové limita pro = € (0, 00):

o3

arctan(nz)
im = .
n—oo 1+ a3 1+ 23

e Levi: fn(x) = M Plati fl(x) = w > 0.

1423 1423
Navic
arctan(nz) < arctan((n + 1)z)

e P g 1+ a3

protoZe arctan x je rostouci funkce.

:fn+17

jus

(Jde i z Lebesguea, majoranta: g(z) = 1745.)
o Zaver:

/°° lim arctaun(nm):/oo 5 :77/oo 1/3 n 2/3—1x/3 e
g n—oo  1+4a3 o 1+ 2Jy 1+ 1—-z+2?

o0
arctan 27”_1)

T 1 1 3
= |-= —z+1)+-In(1
5 176 In(z? —z+1)+ 3n( +z)+ 73
0
T 1 6 2z — 1\
=— - |In——-— +ln1+x2+arctan( )]
2 6[ 2% - A+a)+ 7= NN
7 1(”_arctan‘1>—” 1(7T+7f)_7f2
2 V3 \2 V3 2 V3\2 6 3v3
>  sinZ
b) lim —n
Py )
Reseni:

e Bodové limita pro = € (0, 00):

. sin% B e
lim —2-=0-¢*=0
(1)

e Lebesgue pro x > 1 je:

(020 (GO

z
n

(+e)

sin

IA
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Pro 0 < z < 1 mame
sin £
n

<2
(1+3)"

CED

. 01 o .. n
(plyne ze znalosti pribéhu a limity (1 + %) ).
o Zaveér:

® sin® oo
lim — - = 0=0.
3. Priklad mame z https://people.cas.uab.edu/ "mosya/teaching/Problems.
Necht f,, = nX[_L

b :|

n+1

(a) Najdéte lim, fo fn dA, jestlize oviem existuje.
ReSeni: Lze pifmo upoditat:

! 0 1 11
lim nx 1,dz = lim ndr = lim nz]®, = lim n{— —
n—00 ['n+1 ’n ] n—00 1 n—00 T n—00 n n+1
n+1
n 1

im — im ——
n—soon(n+1) nooon+1

(b) Existuje integrovatelna majoranta pro x € (0,1)?
Reseni: Neexistuje. Uvazujme nejmensitho mozného kandidata na majorantu

Z”X[W,

Ale (z Leviho)

oo

1
/ an[wl’ Z/ nx[n+1’ z:on—i—l -
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