17. cvicéeni — Urcity integral
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady
Spoctéte Newtonovy integraly:
1. (a) /Tr sinz dz
f{)eéeni:

/07r sinzdz = [~ cosz]§ = —cos(m) — (—cos(0)) = —(=1) +1=2.

(b) /23x2+2x+1daz
Rleéeni:
/23x2+2x+1dx=[z3+x2+x]%=<23+22+21>(13+12+11):11,
2 1 1
(c) / 2+\/E+ﬁdx
Rleéeni:

2 2
1 2 1 2 1 2 1\ 11 4v2
/2+\/:E+d:c: 2r 1 2Vt - 1 —oap 2yl (9.4 2y L)1 4V
. 22 3 7], 3 2 3 1)~ 6" 3

0 0
2 In|3 — 4z 1
dex = [2———— =——(In3—-1n23
/_53—495 v [ 1 }_5 5 (N3 —n23)

< 1 . _ T
dz = [arctanz];” = lim arctanz — lim arctanz = — — 0.
0 1+ x2 T—r00 z—0+ 2

o0
1
/ —dz=[lnz];" = lim Inz — lim Inz =00 —In2 = cc.
2 x T—00 r—24

Tedy integral diverguje.
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Reseni: 0
/ efdr=1[e"", = lim ¢ — lim " =1-0=1.
o z—0— T——00
oo
(1) / e’ dz
Jo
Reseni:

Tedy integral diverguje.
o
() / sin x dr ReSeni:
0

oo
. o o _ i (— ~ lim (-
/0 sinx dzr = [— cos x]; mggo( Cos ) xir(r)lJr( cos )

o0
Jezto prvni limita neexistuje, neexistuje ani Newtoniv integral / sin x dx.
0

2 2
2. (a) / Sy
1 T +].

ReSeni: Substituce y = 2 4+ 1, dy = 322 dz, meze budou 2 a 9.

2 2 9
3z 1 .
/1 :E?’—Fldx:/z ;dy:[ln|y”2:1n9—ln2.

Mame ¢(z) = 23 + 1. Interval (a, 8) = (1,2). Pak ¢ je spojita na celéem [1,2].
Derivace ¢’ = 32?2 je vlastni a spojita na [1,2]. Dale p(1) =2 a ¢(2) = 9.

Jina verze: Mame o(z) = 23 + 1. Interval (o, 8) = (1,2). Derivace ¢’ = 322 je
vlastni na (1,2). Dale ¢(1,2) = (2,9) = (a,b). Funkce ¢ je tam na a navic tam
mé nenulovou derivaci ¢(x) = 3z2. Integral na pravé strané navic existuje (spojita
funkce na uzavieném intervalu).

™

(b) /3 sin z cos z dx

4
Reseni:
Substituce y = sinz, dy = cosz dx, meze budou sin(r/4) = V/2/2 a sin(r/3) =

V3/2.
va\© (v2)) 1
2 )]\ 2 )

V3/2 Y2 V3/2
/ sinxcosxdx:/ ydy = []
z V2/2 2

2
(c) / zlnzdr
1

Reseni: Per partes

1
V2/2 2
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2 2 2 2,2 272
/ rzlnxdz = m—lnx —/ x—dx:2ln2—1 z :21n2—§.
1 2 1 1 21’ 2 2 1 4

(d) / 22 sinz dx
0

ReSeni: Dvakrat per partes

s ™ s
/ z?sinz dz = [—2% cos x]g—i—/ 2z cos x dz = [—x? cos z+2z sin x]g—Q/ sinx =
0 0 0

[—z%cosx + 2xsinx + 2cosz]f =72 — 4

€ln? g
d
(e)/1 T

ReSeni: Substituce y = Inz, dy = %d:z:, meze 0 a 1.

eln2:c 1 y31 1
dz = 2dy =% | =<,
R fra= 5]

1 2

i
f ——Fd
() /;1 1+IL‘2 *

Reseni:

12 1,2 1
1-1 -1
/ ’ dx:/ de:/ 1+ dz::[ac—arctanx]1_1:2—z.
_11—1—[132 1 1+$2 1 1+:L'2 2

&0 1 -1 o . -1 . -1 1
= = lim ———— — lim =
o (x+3)° dx+3)4], zocd(x+3)t ao0+4(x+3)4 4-81

Loem 1
h d
()/0 62x+1+COSQ£L‘ v

Reseni: Prve substituce y = €%, dy = e” dx,

1 et e 1 T

e
/ — = / 5 = [arctan y|{ = arctane — arctan 1 = arctane — —
o eT+1 1 y°+1 4

1

1

dz = [tan 2]} = tan 1.
0 cos?x 0

Celkem

/1 1o ¢ T 4 tan 1
r = arctane — — + tan
0 € +1  cos?z 4
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Oy
1 —F axr
.

Reseni: Substituce y = \/z, dy = ﬁ dx.

00 €_ﬁ 00 .
e -y — _eoY —_ 3 -y _ 3 -y
/1 7z dx /1 2eVdy =2 [—e7Y]] 2(yll>noloe wlgﬁe )
1 2
_ (0 - ) -2
e e

b
§) / sgnz dz, a <0,b>0

ReSeni: Integral neexistuje, protoze funkce sgn # nemé na daném intervalu (kolem
nuly) primitivni funkei - neni totiz darbouxovska.
° arctan x
k ——dx
(k) /1 1422

Reseni: Substituce y = arctanz, dy = H% dx:

° arctan x 3 1> 72 712 3r?
———m dv=[ ydy=|5| =—- -5 =45
L 1+a2 x 2 8 32 32

(ME]

INH

2
dx
o[
1 zlnz
ResSeni: Substituce y =Inz, dy = %dx,

2 In2
dz _ - In2 . . o _
/1 s /0 ; dy = [lnyly, " = y_l)lﬁln%lny—ylg(l;l+ Iny =In(ln2)—(—o0) = 0.

Tedy integral diverguje.

(m) o
/ s2ln T da
o cos‘x+1

ReSeni: Substituce y = cosx, dy = —sinz dx

3
ol

cos?x +1 114y

1

(n) / r2e % dx
—1

ReSeni: Dvakrat per partes:

™ ] 1
1
/0 _sinz Lo _ / T2y = [arctany]’ ) = arctan 1—arctan(—1) = 2 = .

1 1 1
/_1 22e % dx = [—xQe_x]l_l + /_1 2ee P dr = [—a:Qe_x]l_l + [—Qme_x]l_l + /_1 e “dx

3 .2
— 1
(0) / oz4l
2

r—1
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Reseni:

3.2 1 3 1 2 3 4
/ de:/ x+ dz = gc——i-ln\a:—l\ = 9+ln2— —+Inl|= §—i—1n2.
,  z-1 , Tr 1 2 , 2 2 2

Matematicka analyza 2, 2022/23, Kristyna Kuncova 5



