15. cvicéeni — Goniometrické substituce + lepeni
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady

Najdéte primitivni funkce

1 glw) = !
C 9\ = 2sinz —cosx + 5

Reseni:

Funkce g je spojita na (—oo,00), ma tam tedy PF.
Pouzijeme substituci ¢ = tan § = (). Funkce f(t) = m

Intervaly: (ag, k) = (—m + 2km,m + 2k7), (a,b) = (—00,00). Navic p(ag,fr) =
(—o0,00) C (a,b).

Zasubstituujeme

/ ! d —>/ 2 dt / ! at € L aretan 211
x = — = = —= arctan
2sinx —cosx + 5 4t — 1+ t2+ 5+ 5¢t2 3t2 4+ 2t + 2 V5 V5
1 3tgt+1
%/g(m)garctangQ.

V5 V5
x € (—7m + 2km, m + 2km)
Tedy
G(z) = —= arctan 3tep +1

74_07
NG NG g

V bodech 7w + 2k7 je potieba funkci slepit. Limity:

x € (—m + 2km, m + 2k7)

i 1 " 3tgg +1 N T N
e (r+2rk)— /5 V5 WA
I 1 " 3tg% +1 N T N
m — arctan —=—— +¢ = L.
z—(n+2rk)+ /5 V5 k+1 25 k41
tedy
C =L + ¢k
k1l = —= )
+1 NG
Odtud §
T
cr = —= + ¢, k € Z.
V5
Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.
ZAaver: N
1 g3 Tk _
G(z) = Jsarctan —2—+ =+ 0, TE (—m + 2k, 7 + 27k)
Rk+l)m ot 2k
2\/5 05
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1
2. g(z) = 2 —sinzx

Regeni:

Funkce ¢ je spojita na (—oo,00), ma tam tedy PF.
Pouzijeme substituci ¢ = tan § = (). Funkce f(t) = ﬁ

Intervaly: (o, Br) = (—7 + 2km,m + 2kn), (a,b) = (—o0,00). Navic (o, ) =
(—00,00) C (a,b).

Zasubstituujeme

1 2 1 1 4
— dz — : dt= | ———dt= | -——————dt
/Z—Sinaz v /t2+1 2 — 2t /t2—t+1 / .

241

2t — 1
V3

V3
c 2 2tg5 —1
—>/g(x):arctan
V3 V3

c 2
= —— arctan

x € (—7 + 2k, 7 + 2km)

Tedy
2 2tgZ —1
G(z) = —= arctan —2— + ¢y, x € (—m+ 2km, m+ 2k7
() 7 7 K ( )
V bodech 7w + 2k7 je potfeba funkci slepit. Limity:
. 2 . 2tg5 —1 n T n
im — arctan ———— + ¢ = — + ¢k,
r—(m+2mk)— \/g \/3 i \/g b
li fan 282 71 -
im —arctan ——=——— 4+ ¢p11 = ———= + Cgt1-
o (r+27k)+ /3 V3 s V3
tedy
27 n
Chi1=—=+¢
k+1 \/g k
Odtud o
T
Cr — % -+ co, k € Z.
Protoze G i g jsou spojité na (—oo, 00), miZzeme pouZzit lemma o lepeni.
Zaver:
2 2tg %—1 2 . .
Gle) = 75 arctan —2— 4 kr 4+ co x € (—m + 2km; 7 + 2k7)
N RRveRae: z =7+ 2kn
1
3. =—
9(x) 1+sinz

ReSeni: Podminky: sinz # —1, tedy = # —5 + 2km.
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Funkce g je spojita na (—%5 + 2k7, 3 3™ 4 2k7), ma tam tedy PF.
Pouzijeme substituci ¢ = tan § = ¢(z). Funkce f(t) = Ht)Q
Intervaly: (ag,Bx) = (=5 + 2km, 7 + 2k7), (a,b) = (—1,00). Navic (o, Br) =
(—1,00) C (a,b).

Intervaly podruhé: (g, Br) = (m+2km, 3T +2km), (a,b) = (—oo, —1). Navic p(ay, Bx) =
(_007 _1) - (av b)

Zasubstituujeme

d 2 1 2 2 1
Iy ST WY - R
1+sinz 1&2+11+t2+1 t2+2t+1 (t+1)2 t+1
/ 1
% J—
tan tanZ + 1

z € (=% + 2km, m + 2km), (w + 2km, 3T + 2km)
Tedy

_2@ +cp, x € (=5 + 2kn, 7+ 2kn),

G(z) =
~2gmryr +de, @ € (7 2km, 5+ 2km).

V bodech w + 2k7 je potieba funkci slepit. Limity:

1
li -2 =0
—>(7r$12lk:7r)— tan % +1 G + G
. 1
lim —2——— 4+ dp =0+dy

o (r+2km)+  tang +1

tedy
C — dk

Protoze G i g jsou spojité na (—§ + 2km, 3 + 2km), mizeme pouzit lemma o lepent.
Zaver:
_2@ +ck, x € (=5 + 2km, 7 + 2km),
G(x) =< e, z =+ 2knm,
~2gmeyT + 0k @ € (74 2k, 5 4 2km).

Pozn.: V bodech —7/2+ 2km nelepime, puvodni funkce g tam neni definovana, tedy tam
nemize mit PF.
-2
sin® x
4. g(x) = ————
9(x) 1+sin’x
Reseni:
Funkce g je spojita na (—oo,00), ma tam tedy PF.

t2
(t2+1)(2t2+1) "

Intervaly: (o, Br) = (=5 + km, 5 + knm), (a,b) = (—o00,00). Navic p(ag,Br) =
(_00700) - ((l, b)

PouZijeme substituci ¢ = tanx = ¢(x). Funkce f(t) =

Matematicka analyza 2, 2022/23, Kristyna Kuncova 3



Zasubstituujeme

t2

2 2
1 t
/Sln‘ :I; dz — / t2+12 . dt = / dt
1+sin®z 1+t2t? t2+1 (1+t2)(2t2+1)

1 1 C 1
= | ——dt— | ———dt = tant — — arct 2t
/1—|—t2 /2t2+1 arctan ﬁarc an\f

€ (=5 +km, §+km)
Tedy

1
G(z) = arctan(tanz) — — arctan(v/2 tanz) + ¢, x € (7g + k, g + k)

V2

V bodech § + k7 je potteba funkci slepit. Limity:

1 2-1
lim  arctan(tanz) — — arctan(v/2tanz) + ¢, = (f ) g + ¢k

2= (k) — V2 V2
1 V2—-1\n7
lim arctan(tanz) — —— arctan(v/2tan z) + ¢ = — — 4+ Criq.
s (k) + (tanz) V2 ( ) ¥ G ( V2 )2 T
tedy

Ck+1 = (f\/; 1) T+ Ck.

Odtud

21
cr = (f\/i >k:7r+co, keZ.

Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.

ZAvér:

G {arctantanx - % arctan v/2 tan x -+ kﬁ\/\%l +cy, z€(—m/24km;n/2+ 2n)
€Tr) =
m2—1 V2—1 _ T
5\/5 —{—kiﬂ'ﬁ + co, $_§+kﬂ-
1
5. =
9(x) (1 —cos?z)(1 + cos? z)
Reseni:

Podminky: cosx # +1,  # 0 + k.

Funkce g je spojita na (0 + km, m + k7), ma tam tedy PF.

1442

Pouzijeme substituci ¢ = cotx = p(z). Funkee f(t) = — 5.

Intervaly: (ag, Br) = (0+km, 7+ k), (a,b) = (—o0,00). Navic p(ag, Bi) = (—o0,00) C

(a,b).
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Zasubstituujeme

/ ! —>/ 1 dt
(1 —cos?z)(1 + cos? x) 2 >1+t2

1+t2 t i
2
—%t — 2\1& arctan(v/2t)
N / == COtCL‘ - 2\1@ arctan(v/2 cot )

€ (0+ km,m+ km)
Tedy
1 1
G(x) = —=cotx —

Funkce se pfi této substituci nelepi.

arctan(v/2 cot ) + ¢, x € (04 km,m + kn)

1+sinz
6. g(x) =

ReSeni: Zdroj piikladu: https://matematika.cuni.cz/ikalkulus.html

2+ cosz

Funkce ¢ je spojita na (—oo,00), ma tam tedy PF.
2(1+t)2
#2+1)(t2+3) "
Intervaly: (O‘kwﬁk) = (_W + 2km, m + 2]€7T), (a>b) - (—O0,00). Navic So(aku@k) =
(—00,00) C (a,b).

Pouzijeme substituci ¢ = tan § = (). Funkce f(t) =

Zasubstituujeme
/;iig;i / t2+3)dt:/3ft2+1—2:t23—2:t2dt
< jg arctan \jg +log(1 + t2) — log(3 + £2)
53 arctan \;3 + log m
— [ g(x g 55 arctan tj; + log E; * Eti %;z;

x € (—m 4 2km, m + 2k7)
Tedy

2 tg 5 1+ (tg %)
G(r) = —= arctan £ 2 —i—log( *(te3))

V3 V3 3+ (tg3)?)

V bodech 7w + 2k7 je potieba funkci slepit. Limity:

+ ¢k, x € (—m + 2k, m + 2k7)

. 2 tg (1+(tg$)%) ™
lim —arctan—2+lo 22 = —— 4y,
z—(m+2mk)— \/§ \/g & (3 + (tg %)2) g \/3 ‘
tg 3 (1+(tg5)*)

arctan + log

71+27rk )+ \f V3 (3+ (tg

X
b T

+ Chr1 = ——= + Cka-
3)%) V3
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tedy

¢ _m +c
k+1 \/§ k-
Odtud o
Ck = = + ¢y, keZ.

V3

Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.

ZAVer:
2 arctan 52 +logM + k2 +cy x € (—7+2km;w + 2km)
Glz) = V3 V3 (3+(tg 5)?) V3 0 ’
f+k7r\f+60 T =m+ 2km
sin? z — cos? x
7. g(x) =

sin? x 4 4 cos? x

Reseni: Zdroj pitkladu: https://matematika.cuni.cz/ikalkulus.html

Funkce g je spojita na (—oo,00), ma tam tedy PF.

Pouzijeme substituci t = tanz = p(x). Funkce f(t) = %.

Intervaly: (o, Br) = (=5 + km, 5 + knm), (a,b) = (—o00,00). Navic p(ag,Br) =
(—00,0) C (a,b).

Zasubstituujeme

-3 arctan(tan x)

/singx—cosx / dt—§ 1 g 1 a
sin? z + 4 cos? t2+1 t2—|—4) 34412 31+¢2
€5 aretan © — 2 arctant
= canf—farcan

6 3
/ tanz 2
farcan

e (=5 +kn, 5+ kn)

Tedy
5 t 2
G(x) = = arctan anr = arctan(tan x) + cg, x € (—E + km, Ty k)
6 2 3 2 2
V bodech § + k7 je potteba funkci slepit. Limity:
I ) ¢ tanz 2 fan(t )+ T n
im - arctan — —arctan(tanz) + ¢ = — + ¢
S (E k) 2 3 T
I ) ‘ tanz 2 tan(t )+ n
im - arctan — —arctan(tanz) + cgy1 = —— + ¢
(T k) + 2 3 ML T TR

tedy

m
Ckt1 = G =+ Ck.
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Odtud -
CkZEk—f-C(), k € Z.

Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.

Zaver:
() %arctan tanz _ 2 arctan(tanz) + ¢, x € (=5 +km, 5 + kn)
€T =
4 Th+ . v=5th
1
8. =—7F
9(z) sinz + 2

Reseni: Zdroj pitkladu: Petr Holicky, Ondfej F.K. Kalenda : Metody feSeni vybranych
tloh z matematické analyzy pro 2. - 4. semestr
Funkce g je spojita na (—oo,00), ma tam tedy PF.
Pouzijeme substituci ¢ = tan § = (). Funkce f(t) = ﬁ

Intervaly: (ag,Sr) = (=7 + 2km,m + 2k7), (a,b) = (—00,00). Navic p(ag,fr) =
(—o0,0) C (a,b).

Zasubstituujeme
1 1 C 2 1
inzio 7 | g dt = parct fr—
/Sinx—i—Q t /t2+t+1 farcan(f +f>

H/()CZacta 2ta +1
g(x) = —=arctan | —=tan = + —
V3 V3 2 V3
x € (—7m + 2km, m + 2km)
Tedy

2

2 1
G(z) = 7 arctan <\/§ tang + \/§> + ¢k, x € (—m + 2km, m + 2km)

V bodech 7w + 2k7 je potieba funkci slepit. Limity:

2
lim — arctan ( + ¢k,

t x+1>+ il
—tan - + — Cp, = —=
V3 2 3) TP B

(w+2wk>— V3
lim arctan (2 tan = + 1> + Cpr1 = - + Clt1-
—(m+2mk)+ f V32 3 V3
tedy
2
Cht1 = % + Ck.
Odtud ok
cr = ﬁ + cp, ke Z.

Protoze G i g jsou spojité na (—oo, 00), mizeme pouZzit lemma o lepeni.
Zaver:
% arctan (% tan § + %) + lm\[ +co x € (—m+2km; 7+ 2km)

G(x) =
(z) f+k7rf+co r =7+ 2km
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