11. cviceni — Lepeni + 2. véta o substituci
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady
Urcete primitivni funkei k funkei f(x) na vSech intervalech, kde PF existuje.
1 (a) f2) = ol
Reseni: Funkce f(z) je spojitd na celém R, ma tam tedy primitivni funkci.
Rozepiseme
—x, € (—00,0),
) = o0
z, x€(0,00).
Zintegrujeme

$2
- 4, x€(—00,0),
F(.%') — x22 1 ( )
&+ ca, z € (0,00).

Najdeme konstanty c¢; a co tak, aby F' byla spojita funkce. Tedy

2
T
lim F(z)= llm — +c=¢1
rz—0— ( ) z—0— 2
se musi rovnat
22
lim F(x)= lim — 4+ ¢ =cy
r—0+ ( ) z—0+ 2
Dostavame
C1 = Co.
ZAavér:

F(l‘): C1, JJ:O,

(b) f(z) = max{l,xz}

Reseni: Funkce f(x) je spojita na celém R, ma tam tedy primitivni funkci.

Rozepiseme
2?2, x € (—o0,—1),
f(f[f): 17 MRS (_171)7
22, x € (1,00).
Zintegrujeme

%SJrcl, x € (—o0,—1),
Fx)=<z+cy, x€(-1,1),
%3—1—63, x € (1,00).
Najdeme konstanty ci, co a c3 tak, aby F' byla spojita funkce. Tedy
3 1
lim F(z)= lim x—+61:—7+61

rz——1— z——1— 3 3
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se musi rovnat
lim F(z)= lim xz4+c=-1+c

T——1+ r——1+
Dostavame )
c1 = _§ + co.
Dale
. a8 1
Jm, Fle) = T, e =540

se musi rovnat
lim F(z)= lim 2+c=1+c

r—1— r—1—
Dostavame 5
c3 = — + Co.
3
ZAvér:

3
= - % +c2, x€(—00,—1),

—1+ co, r=—1,
F($) =4 T+ co, T e (_171)7
1+ co, r=1,

L;—F%—FCQ, x € (1,00).
(©) fla) = Vab

Reseni: Funkce f(z) je spojita na celém R, ma tam tedy primitivni funkci.

Rozepiseme
_5637 T € (_0070)7
fl@)=9 ,
z®, x € (0,00).

Zintegrujeme

x4

1 ) € (— 707
Flay={ 7 T T€(zo00)

Z—FCQ, 1176(0700)

Najdeme konstanty ¢; a co tak, aby F' byla spojita funkce. Tedy

4
T
Iim F(z)= lim — 4+ ¢y = ¢
r—0+ ( ) z—0+ 4
se musi rovnat
24
lim F(z)= lim —— 4+c1 =
r—0— ( ) r—0— 4
Dostavame
C1 = Co.
ZAVEr:

—%44—01, x € (—00,0),
F() = ena =0,
%—1—02, x € (0,00).
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(d) fla)=e

Reseni: Funkce f(x) je spojita na celém R, ma tam tedy primitivni funkci.

fla) = {ex, x € (—00,0),

e, ze(0,00),

Rozepiseme

Zintegrujeme
e* + e, x € (—00,0),
Flz)=9 _,
—e P49, x€(0,00),

Najdeme konstanty c; a ¢y tak, aby F' byla spojita funkce. Tedy

lim F(z)= lim e*+c1=1+¢

r—0— r—0—

se musi rovnat
lim F(z)= lim —e “+ca=—-14co

z—0+ z—0+
Dostavame
24 c1 = co.
Zaver:
e* + ¢y, x € (—00,0),
F(z) =<¢1+cy, x =0,

—e "4+ 24 ¢, z€(0,00).
(e) f(x) =|sinz|

Reseni: Funkce f (x) je spojita na celém R, mé tam tedy primitivni funkci.
Rozepiseme
~ Jsinz, x € (04 2km, 7 + 2kn),
fle) = —sinz, x € (7 + 2km, 2w + 2k7).

Zintegrujeme

F —cosz + A, =€ (0+2km, 7+ 2km),
xTr) =
cosz+ By,  z € (m+2knm,2n + 2kn).

Najdeme konstanty A a By tak, aby F' byla spojita funkce. Tedy

lim F(z) = lim —cosz + A = -1+ A;.
x—(0+2km)+ z—(0+2km)+
se musi rovnat
lim  F(x) = lim  cosz+ Bip_1 =1+ Bg_1.
z— (0+2km)— z—(0+2km)—
Dostavame
1+ A, =1+ B_;.
Analogicky
lim  F(z) = lim  cosx + By = —1+ By.
z— (m+2km)+ z— (7 +2km)+
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se musi rovnat

lim F(z)= lim —cosy+ A =1+ Ay.
x—(m+2k7)— z—(m+2km)—
Dostavame
1+ Ak = -1+ Bk
Dohromady
Br_1+2= Ay
B, =2+ A;
By =4+ Br1
Tedy
By = By + 4k
Ak =By + 4k — 2
Zaver:
By + 4k — 3, =0+ 2km,
Fx) —cosx + By +4k —2, xz € (0+ 2knm,m + 2km),
€Tr) =
4k — 1 + By, r =m+ 2km,
cosx + 4k + By, x € (m+ 2km, 27 + 2km).

(f) f(z) =|sinz + cosz|
Reseni: Funkce f(z) je spojitd na celém R, ma tam tedy primitivni funkci.
Rozepiseme

f(z) sin x + cos T, T € (—%—{—2]437‘(‘,?%-1—2]{7['),
xr) =
—sinz — cosz, € (3 + 2km, T + 2km).

Zintegrujeme

F(z) —cosx +sinx + Ay, xe(—%+2k7r,?§f+2k7r),
r) —
cosx — sinx + By, x € (3 + 2km, IF + 2km).

Najdeme konstanty Ay a By tak, aby F' byla spojita funkce. Tedy

lim F(x) = lim cosz —sinz + By_1 = V2 + Bj_;
z— (=G +2km)— r— (=G +2km)—
a
lim F(z) = lim —cosz +sinz + Ay = —V2+ A
r— (=G +2kT)+ r— (=7 +2km)+
Dostavame
V24 Bj_1 = —V2+ A
Dale
lim F(z) = lim —cosz +sinz + A, = V2 + Ay
x—)(%—i&kﬂ')— x—)(‘%’r—iﬂkﬂ)—
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lim F(x) = lim cosz —sinx + B, = —V2 + By,
z— (3T 42km)+ a—(3F+2km)+
Dostavame
V2 + Ay = —V2+ By,
Dohromady
2v2+ By_1 = A
4v2 + By_1 = By,
Zaver:
\/§+Bk—1a x:7%+2kﬂ-v
Fa) —cosz +sinz +2v2+ By, x € (—F + 2km, 2F + 2km),
€Tr) =
3v2 + By_1, x =3 2k,

cosx — sinx + 4v/2 + Bj_1, x € (%+2kﬂ,%+2kﬂ‘).

(g) f(x) =+1—sin2x

ReSeni: Funkce f(x) je spojita na celém R, mé tam tedy primitivni funkci.

Rozepiseme
V1—sin2z = Vcos?z +sin?z — 2sinz cosz = V (cosx —sinz)? = |cosz —sinx
Tedy
f(z) cos —sinz, x € (=38 + 2km, T + 2km),
€Tr) =
—cosz +sinz, € (54 2km, 2 + 2km).
Zintegrujeme

i _3m s
Flz) = sinz 4 cosx 4+ Ay, x € (=7 +2/<:;r, T+ 2kn),
—sinz —cosx + By, x € (§ + 2km, °f 4 2km).

Najdeme konstanty Ay a By tak, aby F' byla spojita funkce. Tedy

lim F(x) = lim —sinz —cosz + By_1 = V2+ Bj_4
a:—)(—%+2k7r)— x—)(—%T"—i—Zkﬂ)—
a
lim F(x) = lim sinz 4 cosx + A, = —V2 + Ay,
(=3 2km)+ z—(— 3 2km)+
Dostavame
V24 Byy = —V2+ 4
Dale
lim F(x) = lim sinz + cosz + Ay = V2 + Ay
r— (G +2km)— T— (F+2km)—
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lim F(x) = lim —sinz — cosx + By = —V2 + By
x> (G +2km)+ x— (G +2km)+
Dostavame
V2 + A = V2 + By,
Dohromady
2v2+ Bj_1 = A
2V2 + Ay = By
42 + Bir_1 = B
Zaver:
ﬂ+Bk—la xz—%+2kﬂ,
F(z) sinz + cosz 4 2v/2 + By_1, x € (=38 + 2km, T + 2km),
€Tr) =
3v2+ By_1, r =T 4 2k,

—sinz —cosx +4vV2+ By_1, z € ( + 2k, %’r + 2km).

2. Goniometrické substituce

() f@) = VA a2
Reseni: Zvolme substituci 2 = 2cost. Pak dz = —2sintdt a 4 — 22 = 4(1 —
cos?t) = 4sin®t. Intervaly budou: t € (0,7), pak = € (—2,2). Navic —2sint # 0
na (0,7) a funkce 2cost, t € (0,7) je na (surjekce). Dostéavame

/ V4 —ax?2de — / V4sin?t(—2sint)dt = /—4] sint|sint dt
Protoze jsme na intervalu (0, ), tak |sint| =sint a

/—4|sint|sintdt: —4/sin2tdt.

Posledni integral lze vyfesit dvéma per partes nebo piepisem sin®t = % Pak

—4/sin2tdt:—4/1_(:208(%)(175:_4(;_8111512@) +e

Celkem tedy pro z € (—2,2) mame

/de _ (arccoz(az/Z) B sin(2 arccos(x/Q))> T

4

1
(b) f(z)= m
ReSeni: Defini¢ni obor funkce f je interval (—1,1), stadi tedy ur¢it primitivni
funkci na tomto intervalu. Provedeme substituci = sint¢. Protoze x € (—1,1), je
te(—%,%). Potom

22
dxz = cost dt,
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a protoze cost > 0 pro t € (—g, 5), podle druhé véty o substituci mame

1 1 ¢
/( 3/2 dm—)/ —ain? 3/2 costdt—/cosgtcostdt—/COSQt—tant

a s prihlédnutim k tomu, ze pro t € (—5, 5) je cost = /1 — sin? t, dostaneme

sint sint

cost V1 —sin?t V1—22 :E2
atx
C T) = ,a>0
(©) fla) =/
Reseni: Z podminek na integrand mame = € (—a,a). Pouzijeme substituci z =
asint. Intervaly budou t € (=3, ). Navic dz = acostdt

Potom

1 t 1 t
/\/a+$dx—/ a\| ——— —i—sm costdt—>/ + sin cost dt =
a—=T 1—s l—sm

/ (1+sint) dt—at—acost—)/f dz € qarcsin ~ — /a2 — 22
a

1
(d) f(f’f):m,a>0
Reseni: Lze pouzit substituci asinht, ale ukazeme si jiny postup, pouZijeme sub-
stituci x = atgt. Intervaly: x € (— oo ,00), t € (=5, %). Potom dz = % dt as
ptihlédnutim ke vztahu tgt 4+ 1 = CO§2 ; plati

/ N PN / L ¢t
————dz
(22 + a?)3/2 ad - (tg?t + 1)3/2 cos? t

x
—costdt smt%/f
/ ’/CL2+$2

pri¢emz posledni vztah plyne z vypoctu

<2 -2 2
sin“t sin“t tg“t tet
tg2t: = — sin?t = & — sint = &

cos?t 1 —sin?t 1+ tg2t 1+tg2t

3. Hyperbolické:

(a) f(z)=va?+2%2,a>0
Reseni: Pouzijeme substituci © = asinht¢. Intervaly: x € (—o0,00), t € (—00, 00).
Potom dx = acosht dt a plati

/\/a2+x2 dw—>/a cosh2tdtg%
1 1 1
—>/f fa 2 argsinh = +2x\/a2+a:2 ¢ 2a21n <x+ a2+x2>+§x\/a2+x2

Integral [ cosh?t lze spocitat rozepsanim do [ 3(e7? + €' +2), pomoci per partes
nebo pomoci vzorce cosh?t = (1 4 cosh(2t))/2.

(t + coshtsinh t)
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2
x
b T)=———=,a>0
0= Tar
ResSeni: Pouzijeme substituci x = asinht. Intervaly x € R, t € R. Potom
dx = acosht dt a plati

2 h2 9
/ Wi -/ e [sint ¢ @t €t sinhtcoshe
1 1 1
_>/f fargsmhf—y\/mg §a21n <x+ a2+x2>+§x\/a2+7x2
a
z?
¢) f(z) = ———
(©) fl) =

Reseni: Provedeme substituci # = v/2cosht. Intervaly: z € (v/2,00), t € (0, 00).
Potom dz = v/2sinht dt a plati

2 cosh?t

2

x
T qes [ 2T
/\/962—2 V/2sinht

1 1
%/f(x)dxgargcoshji—i—zx\/xQ—len (3:—1—\/3:2—2) +§x\/w2—2

Pro x € (—o0, —v/2), uvazujme substituci z = —/2cosht, t € (0,00). Pak

V2sinht dt = /2 cosh?t dt € (t 4+ sinh t cosh t)

/ z? 2 cosh? t

—dr > | ————
Va? =2 V2Vsinh?t
Vyjadiime —% = cosht, tedy t = arg cosh —%.

Navic sinh? t = cosh?t — 1, tedy |sinh#| = v/cosh?¢ — 1.
Tedy

(—V2sinht) dt = —/2cosh2t at € - (t + sinh ¢ cosht)

1 1
— arg cosh — L caver 28 <a: + Va2 — 2>+§:1:\/ 22 —2

[ e & e

(d) f(z)= Va2 —a? a>0
Reseni:
PouZijeme substituci 2 = acosht. Pracujeme na intervalech z € (a,00) a t €
(0, 00).
Potom dz = asinht dt a plati

/\/zz—a2 da:—>/a2sinh2t at €

2

% (coshtsinht —t)

1
—>/f g - a argcosh + —xVa? — a2

2
Lze také psat

1 1
/\/:C2 —a2dz & —§a2ln‘x+ \ 2 —az‘ +§:1c\/a:2—a2.
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Pro interval € (—o0, —a) uvazujme substituci z = —acosht a t € (0,00). Pak
dostaneme

2
/\/x2—a2 dx—>/—a2sinh2t dtg—%(coshtsinht—t)

Vyjadifme —2 = cosht, tedy ¢t = argcosh —2.
Navic sinh? t = cosh?t — 1, tedy |sinht| = v/cosh?¢ — 1.

Tedy
2
1
/\/ 22— a2 & % alrgcosh—f + 51‘\/ 2 — a?
a

Jiny pfistup pro z € (—oo,—a): Lze ukazat, Ze jestlize f je sud4, tak lze najit
primitivni funkci F'(z), ktera bude lich4. (Pozor, obecné jakikoli takova F' lich&
byt nemusi, zaleZi na konstanté +C'.) Pak stac¢i vyjadiit F tak, aby byla licha.

4. Smés
1

a) f(z) = ——

W 1=
ResSeni: Pouzijeme substituci y = /14 ¢e*. Intervaly z € R, y € (1,00). Pak
e =y% — 1, tedy z = In(y? — 1). Dopocteme dz = y?ﬂl dy. Odtud mame

1 1 2y / 1 c. |1—y
- de— | - ——dy=2 ] —— dy=In|—=
/\/1+ex /yzﬂ—l Y yr -1 Y ‘Hy‘
—>/f c — V14 e®

N 1+\/1+ex

5

b = —

O @) = =13
ReSeni: Substituce y = v4x — 7. Intervaly = € (%, o0), y € (0,00).
Pak (y> +7)/4 = v a y/2dy = dz. Pak

5 5 y 5[y 5/ 3
2 des | 2 Tgy=2 d 1- 2 dy=
/\/4x—7+3 y132Y 72 ) y13Y T3 y+3Y T

g(y—31n|y+3]) +c— /f(:z)da: < g(\/élw— 7—3In|Vdxr —T7+3|)+c
(©) f() = sin vz

Reseni: Zvolme substituci y = /z. Intervaly z € (0,00), y € (0,00). Pak y? = z
a 2ydy = dz. Potom

/sin\/ida:—>/2ysiny dy

Tento integral vyfesime pomoci per partes, zvolime v = 2y, v/ = siny. Pak v/ = 2,
u = —cosy. Mame

/2ysiny dy:—2ycosy+2/cosydy:—2ycosy+2siny+c

Zpétné zasubstituujeme a dostaneme

/sin\/Edm: —2¢/x cos/x + 2sin vz + c.
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N

d =

W) fo) = 1Y
Reseni: Zvolme substituci y = &z. Intervaly = € (0,00), y € (0,00). Pak 38 =
a 6y° dy = dz. Mame

VT / v s / y®
R A el e

Provedeme déleni mnohoc¢lentu a ziskame

8
Yy 6 .4, 2
6 dy=6 —y 4y —1+
/1 72 Y /y Yy Ty

7 5 3
dy—G(y—y—i—y—y—i-arctany)—l—c

1+ 12 7 5 ' 3

Vratime substituci:

7/6 5/6 1/2
T T T T
/1_?_/:3/;;@3:6( =~ 7§ + 3 —x1/6+arctanx1/6>+c
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