9. cviceni — Per partes + substituce
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Priklady

Urcete primitivni funkei k funkei f(x) na v8ech otevienych intervalech, kde primitivni funkce
existuje.

1. Substituce

(a) /sin5xcosxdx.

ReSeni: Pouzijeme substituci y = sinz. Pak dy = cosz dz a plati
6

6
/Sin5f‘005$dx—>/y5dyg%—>/f( )dz € SH;”C

Funkce sin® z cos z je definovana na R, na tomto intervalu tedy mé smysl hledat

primitivni funkei.

Pro substituci mame ¢ = sinz, interval (o, ) = (—o00,00). Plati sin((«, 8)) =
[—1,1].

Funkce f = »° ma primitivni funkci na intervalu (a,b) = (—o00,00). ProtoZze
sin((a, B)) C (a,b), tak byly ovéfeny podminky véty o substituci a vysledny integral
je pro x € (o, B).

Zavér: z € R.

(b) / —2z¢ " dz

ReSeni: Pouzijeme substituci y = —a2. Potom dy = —2z dx a plati

/—23:69”2 dx — /ey dy Cevy /f(a:) dz € e

© | s

ReSeni: Pouzijeme substituci y = 1 + 22. Potom dy = 2z dz a platl

X dy ¢ 1% 1
/(1+w2)2d$%2/y Y /f B 21+m2

1
(d) / (arcsin z)2y/1 — 22 dr

Reseni: Pouzijeme substituci y = arcsin z, potom dy = ﬁ dx a plati

1 dy ¢ / c 1
dr — —> x)de = — .
/ (arcsin )21 — a2 / /(@) arcsin x

2. Per partes

(a) /xcosmdx

Reseni: Per partes: v/ = cosz, u =sinz, v =z, v = 1.

: . c .
/xcoszdmz [x sin x] /smxdmzxsmm+cos:v
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(b) /:ce‘” dz

T

Reseni: Per partes: v/ = e %, u=—e*, v=2o v =1.

/me_gc dxr = [—xe_””] — /_e—zr dx ¢ —pet _e®

(c) e*sinzdz
Reseni:
Pouzijeme nadvakrat integraci per partes, exponencielu budeme derivovat a gonio-
metrickou funkci integrovat. Plati

/ez sinz dez = —e®cosx + /ez cosz dx = —e®¥cosz + e*sinx — /em sinz dz.
Odtud vyplyva, ze

. C .
2/exsmx dz = —€e®cosz +€e*sinx

tedy
T cl T T
e’sinz do = 5(—6 cosx + e’ sinx)
3. Smés
1 1
a — sin —dz
) / 22
Reseni: Pouzijeme substituci y = % Potom dy = — - dz a plati

1 1 1
/ZSinda:—)—/Sinydygcosy%/f(x)dmgcos
x x x

(b) /lnxdx

ReSeni:
Polozme v/ = 1, v = Inz. Potom u = [1dz =z a v’ = (Inz) = 1 a pouzitim
vztahu pro integraci per partes dostavame

1
/lnxdm: [mlnm]—/x~xda:gxlnx—x

633
(c) / 24e” do

Regeni: Pouzijeme substituci y = e*. Potom dy = e* dz a plati

/2+ez / 1n|2+y|—>/f n(2+ e

1
(d) /xlnxln(lnx) dz

Reseni: PouZijeme substituci y = In(Inx). Potom dy =

dx a plati

:Eln:p

/mdﬂ?%/;dygln!y\ —>/f(x)dx91n(|1n(1nx)|)
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(e) /arcsinxda;

Reseni:

Per partes: v/ =1, u =z, v = arcsinzx, v/ = —.

/ 1- arcsinz dz = [z arcsin ] / c
-arcsinx dxr = |rarcsinx| — —F Al =
V1— 22

Substituce y = 1 — 22, dy = —2z dz.
T 1 1 C
— | ———dx— = [ —dy=
/%1—:1:2 2/\@31 VY

/f(x) dz € zarcsinz + V1 — 22

Tedy

(f) /B_xwda:

ReSeni: Pouzijeme substituci y = 3 — 222, Potom dy = —4x dz a plati
v L fdyc 1 o1 ,
/3—2x2dx_>_4 y:—41n|y|—>/f(fv)dx=—4ln|3—2g;|

(g) /xQSiDZxdx

Reseni:
1

Prvni per partes: v/ = sin2x, u = —5c082r, v =1

1
/:c2 sin 2z dx = |:—21I2 00524 +/xcos2a: =

1
2

2 o =2z,

Druhé per partes: v/ = cos2zx, u = 5sin2z, v =z, v' = 1.

— L2eosor s [ Lasing L [ inorde €~ La2cosor + osin2e + + cos2
= 2IL' COS 2T 21’Sln X 2 SIN 2T axr — 2:17 COS 42X 2335111 X 4COS XT

(h) /e” cos bx dx
Regeni:
Proa=0b=0je [e’cos(0x) dz = [1 dz € 2.
Nyni predpokladejme, Ze a # 0, b # 0. Pouzijeme nadvakrét integraci per partes,
exponencielu budeme derivovat a goniometrickou funkci integrovat. Plati

1 1 2
/e“z cosbxr do = ge‘”’ sin bx—% /e“m sinbx dz = ge‘m sin bx+ l%e‘”’ cos bx—Z—Q /e‘”” cos bz dx.

Odtud vyplyva, ze
2
1
<1 + Z2> /eam cosbz dz € ge‘w sin bx + %6% cos bx

axr

ax _: a ax o
me S11 b$+m€ COS bl‘ = m

Lehko se ovéri, ze vysledek plati i pro b = 0, pokud a # 0, a také pro a = 0, pokud
b # 0.

/ ™ cos bz dz £ (bsinbx + a cos bx)
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v d
i) / sin? r~/cotg x o
Regeni:
Pouzijeme substituci y = cotg x. Potom dy = —

dx a plati

Sll’l T

1 dy C 4 3 4 /
/Sin2x4c0tggg v / 1/4 f(x cotg® x
() /cos(ln:c) dx

Reseni: PouZijeme integraci per partes, polozme v = 1, u = cos(lnz). Potom
v=zau = —sin(lnz)- L. Dostaneme, ze

/1 -cos(lnz) = zcos(Inx) + /Sin(ln x)dxr =
Nyni pouZijeme jesté jednou per partes na v’ =1 a u = sin(lnx) a dostaneme
/ 1-cos(Inz) = zcos(Inzx) + / sin(lnz) dx = z cos(lnz) + z sin(ln z) — / cos(In z)
Prevedenim integralu napravo na levou stranu dostaneme, Ze

2 / 1-cos(Inx) ¢ z cos(lnx) + xsin(lnx)

/ cos(Inx) ¢
) [

ReSeni: Pouzijeme substituci y = 1 — 22, pak dy = —2xdz. Dostaneme

z(cos(Inzx) + sin(ln x))

N

J e a4 -
—%/f@ﬂwg— 1—a2+4c
1) /sinxln(tgz)dx o 1

Reseni: Per partes: v =sinz, u = —cosz, v = In(tgz), v = BT r = smreost

1 .
/Sinxln(tg z)dz = _COS$1H(tg$)+/ sinz dr = —Cosmln(tg:v)+/ R da

inz 1 —cos?zx
Na posledni integral pouZzijeme substituci y = cosz, dy = — sin da:
1 1+y
— | ——=dy=—= l
/szy L—J
tedy celkem
C 1 1+ cosx x
€ —coszIn(tga) — 5 In| ;o | =~ coszIn(tga) + In|tg S
cosz In(tg x) 5 n‘l—cosx cosz In(tgz) + In 85
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(m) /arctanxdx

1+ 22
Reseni: Pouzijeme substituci y = arctan z, potom dy = ﬁ dx a plati

arctan x C arctan? z
/1+2dx /ydy——)/f )ydor = ———

n .%'2 arccos x dx
( )
3

ReSeni: Per partes: v/ = 2%, u= %, v = arccosz, v/ = — 1

Vi—z2"

z3 1 z3
/anrccosmd:c: — arccos x +/da:—
3 3) V1= g2
Substituce y = 1 — 22, odkud plyne dy = —2zdzr a 22 =1 —y.
1 3 1 [y—1 1/( 1)
— ) —— - | Z—dy = = —— ] d
3/Fx2 6/@ =)\ g Y

clgpn 1,
oY 3Y

o

—>/f —arccosx—i— ;(1—952)3/2—%(1—3:2)1/2

sinx

) Veostx

Reseni: PouZijeme substituci y = cosx. Pak dy = —sin x dx a plati

(o) dz

Vecosd x Veod s T / _>/f vCOSiU
) /\/Eln2$dx

ReSeni: Prvni per partes: v/ = \/z, u = %333/2, v=In%z, v =2zl
2 2 3/27 2 4 179
Vzln®xdr = gx In“z| — gx Inzdr =

Druhé per partes: v’ = 3 22 = %:p3/27 v=Inz, v =1/x.

2 22z — 3/21nx +/ 1/2dacc 2 2322y — x3/2lnx+Em3/2
3 9 9 3 9

27
In? z
d
@ [*

ReSeni: Pouzijeme substituci y = Inz. Pak dy = %dm a plati

y@—%/f
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(r) [x3ex2 dz

Reseni:
Provedeme substituci y = 22. Pak dy = 2z dx a plati

1
/.%‘36_962 dr — 3 /ye_y dy

Nyni aplikujeme per partes: v/ =e Y, u=—eY, v=y,v =1
1 1 1 1 1
=3 [—ye™¥] + 3 /e_y dy £ 3~ ye ¥ — 56_9 — /f(az) dz £ —51‘26_”52 e’
(s) /tgmdx
ReSeni: Pouzijeme substituci y = cosz. Potom dy = — sinz dz a plati
s1n:L' dy ¢
tgxdr — —:—ln|y|—> f(z —In | cos z|
osz

1
t ——=dx
® / (1 + )z
ni: Pracujeme na intervalu x € (0, 00). PouZijeme substituci y = y/z. Potom

-

2* ,dy:2ﬁdxap1at1

1 1 dx 1 C C
————dr =22 | ———= =2 | ——dy = 2arct — dx = 2 arct
NG x /1+x2\/5 T Y arctan y /f(a;) x arctan \/z

—

1
(u) / ——dzx
et + et
ResSeni: Vztah upravime a pouzijeme substituci y = €*, dy = e* dx

1 z d
/dx:/edx—>/ygarctany%/f(x)d$garctanez
e2r 41 1492

1
(v) /sinx
Pouzijeme substituci y = cosx. Potom dy = —sinx dx a plati

[ [y [ e ERTRIEY

sin x sin® 1—cos?x 1—y
c 1 1+ cosx 1 COSQ%
= dp € —m |~ T8 2y —Intg 7|
/f(x) o 2n1—cosx 2nsin2% ne

(w) /cos?’mdx

ReSeni: Pouzijeme substituci y = sinz. Potom dy = cosz dz a plati

3
/cos?’:z:dx:/(lsinzx)cosxd:pﬁ/(lyQ)dygy%H/f{x)dxgsinx
6

sin®
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(x) / 4%4 dz

Reseni: Pouzijeme substituci y = 22. Potom dy = 2z dz a plati
1 d 1 d 1 c1 2
/:”dx—>/y:/y§rctan —>/f € ~ arctan —
4+ 4 2) 44y?> 8) 1+ (y/2)? 4 4 2

) |

Reseni: Nejprve pouzijeme substituci y==e" dy=e"dx

/ 1 d _)/ e’ dx / dy
— x =
1/1_1_62117 em,/1+€2m y 1+y2

pak vyraz rozsiiime, abychom mohli pouzit substituci t = 1 + 32, dt = 2y dy:

_/dy_/dey_)/ldt
yy/1+ 32 2y2/1 + 32 20t -1Vt

Nyni substituujeme s = /t, pak ds = 2\1/ dt. Nakonec pouzijeme tabulkovy

1 c 1
——atf -
/32—1 9!

Nakonec vratime substituce:

integral:

1. |1+t 1 1+\/y+ el 14+ Ve 1
———1In ———In 71 _—
21—t 2 1-y2+1 1— e +1
arcsin x
d
@ [
ResSeni: Per partes: v/ = #7 u= —%, v =arcsinz, v/ = 11712’
/arcsinxd 1 . +/1 1 d
r = |——arcsinx ———dx =
22 T r1— 22
: _ 2 _ T 2 _ 1 _,2
Substituce y = v1 — 2. Potom dy = mdm ax®=1-—y".
1 1 1 C 1 1—|—y / 1+v1—22
dx—>/d = - :—farcsmx—i— In ——
/x\/l—xQ [ 2 - fle 2 1-vV1-—2a?
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