1. cviceni — Tayloriiv polynom

https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.

Piiklady

Z definice
1. Rozvinte funkei f ()

Jak vypadé Taylortuv polynom polynomu?

—222 — 62 + 2 v bodé a = 4.

ReSeni: Zac¢neme derivovat:

f(z)=—42 -6
f(4) = —22
7 (@) = —4
£ (@) = —4

Vsechny dalsi derivace uz jsou rovny 0, ¢imz jsme zi

dlouhy rozvoj. Dosadime:

L (-1

4
TJ =—54-22(z—4) - 5

Vysel nam piivodni polynom.

7 véty o jednoznacnosti pak plyne, ze Taylortv poly
polynom.

php, kuncova@karlin.mff.cuni.cz

skali odpovéd na otézku, jak bude

2—_

222 — 61 + 2

nom kazdého polynomu je pivodni

2. Najdéte Taylortiv polynom 3. stupné v 0 (neni-li fe¢eno jinak)

(a) 7"
Reseni:
fle)y=e*, [f(0)=1
@) == f0)=-1
fllay=e,  f(0)=1
f”’(a:) — ¢ x7 f///(o) -1
Tedy
$2 ZL‘S
T;’O—l—l"i‘?—?
(b) V1+z
Reseni:
f@)=vita, f(0)=1
/ o 1 / —
" . -1 " _
" _ 3 n _
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Tedy

f0 _ vzt o
T3" =1+ 5 3 + 6
(¢) nz,a=1
Resent:
f) =Tz, f1)=0
f@ == =1
" —1 "
Fay= 3 =1
1 2 "
) ==, f"1)=2
Tedy . )
T = (-1 -5~ 1"+ 5@ -1)°

(d) arctanz

Reseni:
f(x) = arctan z, f(0)=0
/ _ 1 / _
f(x)—mv f(0)=1
" . —2z 7 -
'@ =gy f0=0
" . 6:(}2 —2 " -
/ (x)—ma f7(0) = -2
Tedy
Tgf’0 =z — %xg.
(e) 1iw
Reseni 1
f@) = fO)=1
/ -1 / _
" 2 1
" —6 "
/ (x)_(l—i—x)‘“ f"(0)=—6
Tedy

Tsf’ozl—x—i—xQ—x?’.

3. Odvodte rozvoje pro nasledujici funkce do n-tého fadu v a = 0.

(a) e
ReSeni: Mame ¢® = f(z) = f'(z) = f"(z) = ---. Pak e® = 1 = £(0) = f(0) =
f"(0) = ---. Po dosazeni do vzorce dostaneme

. 11 1 1
To 0 =1+ go+ ga + o + oo+~
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(b) sinz
Regeni: Plati, 7e

(sinz) ") = cosz, (sinz)*"?) =sina,

4n+3) _

(sin z)( = —cosz, (sinz) =

—sinz, neN

a tedy
(sin:v)(4”+1)(0) =1, (sin m)(4"+2) =0, (sin x)(4"+3) (0) = -1,

(sinz)“) =0, neN

v8echny sudé derivace jsou tedy nulové a liché lze vyjadiit vztahem
(sinz)® D (0) = (-1)", neN

Dohromady
i xr T X
Tomii' =@ = 57 + 7y — = T+ (Z1)"

(c) cosz
Reseni: Plati, ze

(4n+1) 4n+2)

CcOS ¥ = —sinz cos x)( = —coszT
(cosz) , (cosx) :

4n+3)

(cos ) =sinz, (cosz)* = cosz, neN

a tedy
(cosz) ™ (0) =0, (cosz) 2 = —1, (cosaz)*" 3 (0) =0,

(cos )M =1, n €N

v8echny liché derivace jsou tedy nulové a sudé lze vyjadiit jednim vztahem

(cos )M (0) = (=1)", neN

Dohromady
2 4 6 2n
cosz,0 __ €T x z n T
Lo =l-git g —a UG
(d) In(1 + z) ReSeni: Plati, ze
1
In(1 "= In(1 Ve o ——
(4o = g I+l =~
1-2 2.3
In(1 "o __— ~ In(1 (iv) _
(o) = o I+ =

odkud lze odvodit, Ze

[ln(l + .’L‘)](n) = (_1)n+1;!
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Po dosazeni dostaneme

[In(1 + 2)]™(0) = (—1)""'(n — 1)!
Dohromady

In(14+x)z,0
T2n+1

2 4 n
x x x X x
=r- St - ()T

4. Najdéte Taylorovy polynomy:

(a) vz, v1dob5. stupné

Resent:
fl@)=vz,  f1)=1
Flay=ge % Py =172
)= S ) = -1/
)= S ) =38
£ () = —51”6: -T2 p) 1) = _15/16
£0) () = 3;352' T2, f0(1)=3.5.7/32
Tedy
1 1 15 105
L ey (e R e Tl M TaoTI G A it
(b) cos ZF, v 1, do 9. stupné
Resent: T
fla)=cos—,  f(1)=
fla)==Zsin S0 f()=—3
@y == (5) s T =0
m (T3 rm " m\3
Fo-(@wT. ro-()
4
f(w)( ) _ (g) coS %7 f(zv)(l) =0
5 5
M@ ==(3) T s =—(3)
Tedy

M(g;—n?’—w(x—l)%u(m—l)tM(ﬂc—l)g

AN 2
Tyr =5 e=D+=y 51 71 9l
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(c) ;—ﬁ, v 0, do 7. stupné

Reseni: 1
f@)=100  fo)=1
/ —2 / _
" _ _2(_2) "
() = 2((112);)23), £7(0) = —2.- 31
Tedy

TH0 =1 — 22 4 22 — 207 + 22% — 22° + 225 — 247

(d) xlnzx, v 1, do 4. stupné

Resent:
f(z)=zlnz, f() =
flle)=mz+1,  f(1)=
Fy=1 =1
n 1 "
)= =
. 9 .
@ =2 )=
Tedy

T/ = (z—1) + %(1’ —1)2 - %(w — 1)+ S (x— 1)

(e) 1, v 3, dob5. stupné
Resent:

1 1
fa@) == f@)=3
1 1
f@)=-=  fO=-5
2 2
fl@)== ¥ =z
" 6 14 6
P =2 =g
v 24 [ 24
fON )=, f0E) =5
O =2 e =2
Tedy
1 1 1
TP =5 =3+ (e =3 — (e =3 + (e - 3)" -
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5. Vyjadfete funkci sin % pomoci mocnin x — 2.
Reseni: Budeme hledat TT{’Z:

xrm

f(x):sinz7 f2)=1
fy=qeosg  f@=0

7\ 2 T ™
f@==(3) s FO=-(3)

T\ 3 T

@)= (5) s @) =0
F@ = (5) T o) = (T

4’ 4
mT\° TT
f(”)(a:):(z) cos . f(2) =0
Tedy
7/4)? 7/4)4 7/4)0 7/4)8

Pouzitim vét
6. Odvodte Taylortv rozvoj funkce v zg = 0 do m-tého fadu

(a) f(z)=e** m=5.
Reseni: Podle vztahu pro rozvoj exponencialni funkce dostaneme
2z —2%)?  (2z—2%% (2z -2t (220 —2%)°

2r—x® __ .2 _
e =142z —2°)+ 51 + i + 1 + = =

1 1 1
= 1+(2x—m2)—|—§ (4x2—4x3+x4)+6(8x3—12m4+6x5—|—0(a@5))—l—ﬂ (162 —322°+0(x%))

1
9 5V —
+120(3:L‘ + o(z”))
2 ) 1
:1+2x+:v2—§x3—6x4—ﬁx5+0(x5)
(b) f(z) =vV1—-2z+a%— Y1 -3z +a22 m=3.

Podle vztahu pro rozvoj mocniny je

(14(—2z42%)/% = 1+;(2x+x3)+;(%2'_1)(2x+x3)2+%(% — 13)|(5 — )(—2x+$3)3+o(m3) =
—zT JIB .’E2
=1+ 2R <—48 + 0(:703)) 4 <:é(—8x3) + 0(:r3)> +o(a?) =
1,2
:1—1:—?—#0(3:3)
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Pro dalsi mocninu dostaneme
2\\1/3 1 2 %(%_ 232 %(3_)(%_) 213
(14+(=3z+z7))"° = 1+§(—3x—|—aj )+T(—3m+x )+ 3 (—3z+2x%)° =
-3 2 -1 10 1
=1+ %ﬂ + <9 - (922 — 623) + 0(3:3)> + (27 s (—2723) + 0($3)> =
2 2 5 2
:1—x+%—x2—|—§x3—§x3+0(m3) :1—x—§aj‘2—l’3+0(l‘3)

Dohromady dostavame

V1—2z+23— 1 -3z+a2 =

= <1—:L“—a;2+0(x3)>—<l—az—§m2—x3+o(a¢3)> =

1
= —2? + 2% 4+ o(a¥)

6
1
(€) g=gp M=o
ResSeni:
Nejprve upravime
1 1

N

xT

1

Pak pouzijeme rozvoj

1 oo
o= V=l
4 n=0

proy € (—1,1).
Tedy pro —1 < 2 < 1, tedy pro z € (—3,3) je

1+ x4 22
d = — =4.
@ fo)=
Reseni: Na né&jakém okoli nuly, kde |z — 22| < 1, plati rovnost

[e.o]

Lﬁ:(wxm?).Z(x—x?)k
1—(z—2?) —
=(l+z+2)+Q+z+2%)(r—2°)+ 1 +z+2)(x —2?)?

+(A+z+2)(z—22)°+ (1 +z42°)(x—2)* + o(z?)
=(1l+z+2)+ (@ +2° 425 - 22— 23 -2
+ (2 4 23 + 2t — 223 — 22 + 2t + o(ah))

+ (2% 4 2t = 321 + o(zh)) + (2 + o(z?)) + o(z?)

=142z 4 22% — 2z* + o(z?)
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14 )!00
(©) 1) = et
(1 —2x)40(1 + 22)
Na né&jakém okoli nuly, kde |2z| < 1, plati rovnost

6O,m:2.

o 40

(1 + z)100 -
(1 —22)%0(1 +22)60 (1+2)!- LZO(QJU)’“

o 60
Z(—2ﬂf)k]

k=0

1 .
0021 M2y o(xQ)] 14204422 + 0(2?)] - [1 - 22+ 422 + o(a?)]

100 - 99
2!

60

= [1 -+ 100z +
40 - 39
|

_ [1 +100z + 2%+ o(:cz)] : [1 +40- (22 + 42%) + (22 + 42%)% + 0(562)]

60 - 59
2!

: [1 —60 - (2z — 42?) + (2z — 422)% + o(x2)]

100 - 99
2!

40 - 39
z? + o(xQ)] : [1 + 80z + 16022 + OTM - 0(3:2)]

= [1 -+ 100z +

: [1 — 120z + 24022 + %4# + 0(902)]

=1+60z4 (50-99+4-20-39+4-30-59 4 100 - 80 — 100 - 120 — 80 - 120 + 160 + 240)z:>
+ o(z?) = 1 + 60z + 195022 + o(z?)

(f) f(z) =In(cosz), m = 6.

Reseni:
Méame ) . 6
x© x
(COSLL’) = (1 — ? + ﬂ — % —+ 0(336))
Oznacme V(x) = —% + % = % + o(x%)
Navic plati
vy 3
log(1+y)=y— ?+§+0(y ).
Pak V2 Vi)
log(cosx) =log(l + V(z)) = V(x) — (;) + (;) + o(x%)
2 2t af 6 1 (2t x? rd 1 0
R <= S (e Pl 6 - 6 —
< > "2 720+0($)> 2(4 224+0(x)>+3< 8+0(x)>
2 4 6
_ . r T 6
=3 on )
(g) f(x)=sin(sinz), m =3
Reseni: Je
23
sinz =z — — + o(z?)

Ozna¢me V(z) =z — % + o(x?)
Navic plati
3

. y
sing =y — = +o(y’)
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Pak

(h) f(z)= Vsinz3, m = 13.

Je
29 215
flz) = (a® - 31 + B + o(x 17)>1/3 =
20 12 1
Lt ot /3

Dale budeme aproximovat pouze zavorku, staéi do dvanactého radu.

6 1.12

_ ‘L T L1413

Ozna¢me V(z) = —”é—? + x5—1,2 + o(z'*), pak dostaneme

L+ V(@) — 2 V(@) + o) =

11 11 1 1 1 1
= _77$6+77x12_7 .'L' +0( 14) 1— —g 6

12 14
3317 T35 9 (31)2 3% "3t Tow)

Dohromady
1 1

fl) =z = 5o -

13 14
18 3220 T

et —1’
Reseni:
Na vhodném okoli nuly je
r x B
e —1  w+22/21 4+ 23/3! + 24 /4 + 25 /5! + o(a5)
1
14 x/20 4+ 22/3! 4+ 23 /4! + 24 /5! + o(z*)

o0 2 3 4 k
_ 1)k z, z  z _
= (-1) ( +3' +4| +5' +o(x )> =
k=0

Oznacme V(z) = § + %? + % + %? + o(z?)

=1-V(@)+V(@)?-V(@)?+ V@)=V’ +oh).
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Rozvedme jednotlivé mocniny V' (z) do patého radu.

X $2 16'3 1'4
Vi(z) = —+§+—+§+d)

ZE2 $3 1,4 114 135 5

2 X7 5
V@)™ = or + 25+ 331 + 2511 1 251 +23'4' +o(a?)
3 4 5 5
3 x T T 5
V(@)™ = 551 3501 T 30mar T 3asm T o)

x? 0

4 5
V(@) = S T 42w T o)

5

x
2121212121
Kdyz vSechny pfispévky seCteme, resp. ode¢teme, dostaneme

V(z)® = + o(z?)

Sledujte vypocet.

: 3 5 120 — 7 ! 8
T x
oznaéme V(z) = —22/6 + 2*/120 — 25/7! + o(2") a rozvinutim logaritmu mame
Vv 2 Vv 3
2 3
:1:2+w4 x6+(7) 1 :1:2+x4 :1:6+(7) 2+1 x2+x4 x6+
= - R J— _ | —— R R - —— R R 0
6 120 7 )72\T6 T120 T ) T3\ T Ti20 0 7
+o(z%) =
x?2 ozt b 1 [2* x? 2 1 22\?
T L T (R 6 LT 6 6y _
( 6 120 7') 2(36 6120 O )>+3< 6> Fo(a7)+o(a)
_ Ly 1y L 6 6
=% "m0 szt o)
(Dokonce o(z").)
(k) f(z) =tgx, m=5.
Reseni: Je
sinx 3 2d 5 1
= t frd = _— _ =
f(@) T cosa C 3! * 5! o@) 1 z? + % +0($5)
na vhodném okoli nuly
3 5 o0 2 4 k
B x> 5 o s )
o=y g o) Y (G- G el -
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3 2P 3 2P z? 2t
:(J} §+§+0($5))+($—§+§+ (2175)) (2‘—4|+0(5L‘5))+
3 5 2 4 2
r .z 5 r 2z 5 5) _
(w5 + g @) (5 - o) ola®) =
3 2P w3 2 ad °
:(x—§+a+o(x5))+§—m—3!2'+0(x5)+ﬁ+0(:c5)+0(x5):
2
=x+ gx?’ + 1—5m5 + o(z?)
1) flx)= e arcsinz, m = 5
Reseni: Pro e’ mame
2 3,4 5
v — CAE A 5
eV=1+y+ 5 +3!+4!+5!+0(y ).
Pak 4 6 8 10
—z? _ 2 T X 10
e =14 x+2+3!+4!+5! +o(z™).
Dale
. +1x3+13x5+ (29)
arcsing = + 5= + 5o - +o(w
Dohromady
! 1z3  13a°
e~ arcsinz = (1 +—a® + % + 0(:1:5)> : <x + 5% + 51% + 0(m6)>
1 3 1 1
3 5 5
= 14 = 2 24z
T+ < +6>+x <4() 6+2>+o(x)
5 49
=z — 6:1:3 + mxg’ + o(z°)
Bonus

7. Vite-li, ze Taylortuv polynom funkce f je Tg V=9 g g2 /3 + 223, uréete hodnoty
(a) f(0) =2 (b) f(0) =-1 (e) f1(0)=-2/3  (d) f"(0) =12

8. Vite-li, ze Taylorova fada cosx v 0 je Zfzo(—l)”%, jak je na tom %cos(2x)?
Reseni: D) F—x’+ %

9. Je pravda, Ze jestlize TQf’O = ng’o, pak f = g7
~ « . o 2
ReSeni: Ne. Napt. f(z) =¢" g(z)=1+2+ 5.

10. Je pravda, ze jestlize TQf’0 =1+ x — 22, pak je f konkavni na okoli 0?

ReSeni: Za predpokladu, Ze f” je spojita na jistém okoli bodu 0, tak ano, protoze
71(0) = —2.

11. Ktery Tayloriv polynom bude vhodny k aproximaci hodnoty sin 3, nemate-li kalkulacku?
Reseni: C) —(z — m) 4 3;(z — )3, lepsi aproximace dosahneme u bodu a = 7.
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