5. cviceni - Funkce vice proménnych - limity + derivace
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Priklady
1. Urcete limity funkci vice proménnych, nebo ukaZte, Ze
T+ 2y

im
[e.y]—[2:4] 22 +y
ReSeni: Funkce je spojita, po dosazeni

(a)

neexistuji.

T+ 2y E B §
[a:y]—>[24] 24y 8 4
2 2
(b) lim xy2+ 332+ Y+
[xvy]_)[_LO} ':Uy + y + X + 1
Reseni: Vytkneme
lim xy+2x+y+2 i z(y+2)+(y+2) - (z+1)(y+2)
eyl=10 2y + 2+ o+ 1 wyl=l10 @+ 1) + (2 4+1) =10 (2 + 1) (2 + 1)
_ (y+2)
m =
[yl [-1,0] (2 + 1)
y —4
lim & —2
(c) [zy]—[1,2) o4+ y* — 17
Reseni: Spocteme dvojnasobné limity
2.2 2 2 _
lim { lim Lﬁl = lim u = lim A 1) =2
a1 \y—2 2t +y* — 17 a1l ozt =1 21 (22 —1)(22 + 1)
y? —4 1

2,2
4 -4

lim hmfyi :hmyiz

y—2 \a—=1at + 94 — 17 y—=2yt — 16

lim —
v—2 (> —4)(y? +4) 8

Jelikoz obé dvojnasobné limity existuji, ale nerovnajf se, tak ptivodni limita neex-

istuje.
tan xy

11m
[zy]—[2,0] Y

Regeni: Myslenka: Rozsifime a pak aplikujeme VOLSF a znamou limitu:

tan xy lim
m

lim

tan xy

—=92.

yl=20 Y a2 Ty

Technické provedent:

1=2.

Funkce f(z,y) = tanyxy je definovanid na mnoziné M = R2?\ {[z,0],z € R}.

Pocitame tedy limitu vzhledem k M.

tan zy

VOLSF aplikujeme na funkei: g(z,y) =

at o go(z,y) = zy.
Pak mame lim¢ 0 g1(t) = 1 a limp, (2.0 7y = 0.

Podminka (P): funkce zy # 0 na okoli M N B([2,0],

, kterou lze rozlozit na funkce g1 () =

DAA[2, 0]}
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I sin

(€)  lim _
[z,y,2]—[0,0,0] r—y—+z

ResSeni: Pouzijeme vétu o soucinu omezené a mizejici funkce. Méme

1
sin —| <1
r—y-—+z
a ze spojitosti
lim xz=0.
[,y,2]—[0,0,0]
Dohromady
1
lim rsin —— =0
[,y,2]—[0,0,0] T—yt=z
4 4
"ty
(f) 11m 5 .2
[z,9]=10,0] 7 + ¥
Reseni: Uzijeme odhady
4 4
Tty 2., .2
0spmrg=vty
Ze dvou policajti méame
at 4yt —~0

11m =
[2,y]—[0,0] 22 + 32

Vi +yr+1-1

1
[,y]—(0,0] 2 4 2

ResSeni: Rozsifime dle vzorce, ¢imz dostaneme spojitou funkci:

i Vat+yP+1-1 i Py +1-1 1
[2,y]—[0,0] x? + y? [yl=00] 2% +y? Vaz g2 +1+1
1 1

= lim =—
[2y]=[00] /22 + 92 +1+1 2

lim ——
[y —[0.0] 2% + 12
Regeni: Funkce vypad4, 7ze je neomezena. Ukézeme z definice. Zvolme K > 0. K
nému najdeme § = 1/K. Pak pro (z,y): 2 + 3? < § mame

1 1

> =K,
22+y? "5

tedy
1

lim
[2,y]—[0,0] 22 + 32

z2 +y2

(i) im
[z,y]—[0,0] T+ Y
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ResSeni: Spocteme limitu po p¥imce y = x. Dostavame

. 2 + 22 . 212
lim = lim — =
z—0 T +x z—0 2%
Ale pro kiivku y = —x + 22 mame
2 212 2 2 3 4
- —9
Tt e S OO AR TP S TIPS
=0 =+ (—x + 22) z—0 2 z—0

Protoze limita vysla rtizné po riznych kiivkach, tak neexistuje.

) el +lyl+ 2
G)  lim <1 + >

[@,9,2]-[0,0,0] |z + [y] + [2|

Regeni:

Pouzijeme VOLSF.

Vnitin{ funkee |z| + |y| + |2], vngjst (1 + %)t

2\ ¢
lim (1 + ) = lim !0+ = ¢0 = 1.
t—0 t t—0

Podminka (P): |z| + |y| + |z| # 0 na B([0,0,0],1) \ {[0,0,0]}.
Dohromady

9 ] +|y+ =]
lim <1 + ) =1
[2,y,]-[0,0,0] lz] 4+ y| + |2|

. zy?
lim ———p
[z,y]=[0,0] 2 + ¥y
Reseni: Spocteme limitu po pfimce y = x. Dostavame
. xex? ) x
lim ——— = lim ——
20224+ 25 250142

Ale pro kifivku y = /x mame

. T - LU2/3 ) $5/3 ] 1
lim 5 5 = lim —— = lim —— =
=0+ ¢ + X z—0+ 2 o0+ 221/3

Protoze limita vysla rtizné po riznych kiivkach, tak neexistuje.

l’2

lim —_—
[2,y,2]—[0,0,0] T2 + y2 + 22
Regeni:
Otestujeme kiivku y = z = x, mame
I z? 1
o022 a2+ 22 3
Pro kiivku y = z = 0, méme
I o
im ———-—— =
=0 12 + 02 4 02

Tedy limita neexistuje.
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sin zy

m lim —2—
(i) [z,9]=10,0] /22 + 12

Pouzijeme odhad |sint| < |¢| a 2|zy| < 22 + y?. Pak mame

2 2
1
‘$y| < e +y _ = /$2+y2‘

_\/:c2+y2 2/x2 + 42 2

sin zy
Vat+y?

A protozZe ze spojitosti

1’/-7;2"‘:92 :07

lim
[:4]-[0,0] 2
méme ze dvou policajti i

sin xy

lim —— =
[z,9]—[0,0] /22 + y?

0.

sin xy
im ——
[o.y]-[0,0] 7% + y?
Resent:
Otestujme piimky y = 0 a y = . Dostavame

sin(z - 0)

=0
zir(l) x2 402
a
i sin 22 1

Tedy limita neexistuje.

Cng

0 lim
©) [2.9]-10,0] (22 + y2)\/a? + y?

Reseni: Pouzijeme odhady

2%y o Pty @) Vet

@2+ 9222+ 12~ 222+ 2Vl +y? T 2R+ R 2

Dostavame

. 23y
lim

[2.91-10.0] (22 + y2) /22 + 2

4 2
. yt—ay
(p)

lim
[z.y]=[0,0] (% + y2) /2% + y?

Reseni: Otestujeme kiivky y = 0 a y = . Dostaneme
, 0* — z - 0
lim =0
z—0 (w4 + 02), /22 1+ (2

xt— - x? . xt — o3 r—1 -1

lim = lim ——— = lim .
=0+ (2t + 22)Va? + 22 220+ (pt 4 22)V/222 20+ (22 +1)v2 2

Tedy limita neexistuje.
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. 2?y(|z] + [yl)
(@) lim
[z5]=00,0] (2% + y2)\/ 22 + y?
ReZeni:
Otestujeme kiivky y = 0 a y = z2. Mame

(el l0)
250 (24 + 02)v/z? + 02
a
2 (|| + [2?]) v z + 2 v l+z 1

lim = Im ———= lm — = _.
z—0+ (1'4 + x4)\/x2 + x4 =0+ 24/ 2 + x4 =0+ 24/1 + 2 2
Tedy limita neexistuje.

2. Najdéte parcidlni derivace 1. fadu podle vSech proménnych, urcete Dy a Dy:.

(a) f(z,y) = 3bx — 4y* + 322y

Reseni: of
— =35+6
Ox + oy
of
— =6z —38
oy Y

Df=Dy; = Dos =R?
oz oy
sin 72
(b) flz,y) = —

Reseni:
of _ —siny?
oxr a2
of 2 cos 1>
oy x

Df:D%:D%:{(a:,y)eR2:x7é0}
z Y

af ton n T
Y == an — -
ar Y y  cos? -
of tan N —z?
o ptan 4
oy Yy ycos? m

Dy =Dos = Doy ={(z,y) ER2 1y £ 0,5 £ = + k. k € Z}
e dy Yy 2

¥ = 6ylnac
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of y—1
oz = ¥
of
—By =xYInx

of = ™ 4 pye™Y
ox
g — 2y
Ay
Dy =Dys = Dos =R?
ox oy
(f) f(z,y) = arcsin y
x
Regeni:
of 1 —y
Ox 2 T
T2
of 1 1
y -

({L‘ + y)a; _ e;rln(;c+y)

of . T

5—( +y) <1n($+y)+m+y>
af _ rx—1
= z(z +y)

Dy =Dos = Dos = {(z,y) €R?: z +y > 0}
(h) f(z,y) =33/ zy?
Reseni
of _ 3
9z 53/ (ay?)?
of Gy
9y 5/ (ay?)?
Dy =R?
Dgf = D% ={(z,y) e R* : zy® # 0}
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T =y
Reseni:
of _ _—y
ox  a%—y?
37f B T
oy a2 —y?
Df—Dw—l%p_%Lw€R2
oz oy
)
(i) f(z,y) = arcctg _y
Reseni:
of __y
or  x2+y?
of _ _—w
oy a2 +y?

r+y

>Qx#y}
Y

Df=Dos = Doy ={(z,y) e R* : z # y}
ox dy
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