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Priklady
1. (a)
3n
. 1
lim <1+>
n—o00 n
Resgent:
1 3n 1 n\ 3
lim (1—|—> = lim <<1+> >
n—o00 n n—oo n
1\" 1\" 1\"
VeAL <1+> - lim <1+> - lim <1+)
n—o00 n n—o00 n n—o00 n
—e-e-e=¢e°
(b)
1 n
lim (1 + )
n—00 2n
Reseni

1\" 1\ 2 1\
lim (1 + ) = lim <1 + > = lim (1 + ) — \@
n—00 o2n n—00 2n n—00 2n

U druhého rovnitka jsme pouzili vétu o mocniné€ a limité. U posledni rovnosti jsme
uzili limitu vybrané posloupnosti, nebot posloupnost as, musi mit stejnou limitu
jako posloupnost a,, coz je zndma limita jdouci k e.

(d)

. (n—l)"
lim
n—oo \ n+ 1
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= lim = lim
n—00 2 n—00 2
( n+1) ( n+1)
ntly —2
. 1 -2
lim,,— 00 <<1 + n+1> ) )
VOAL —2 _e”
limy oo (1= 727) 1

1 n
lim <1 + 2)
n—00 n

2

1yt s 1 Tt 14— '
n2 - n2 - n2

7 Véty o limité vybrané posloupnosti mame, Ze

2

1\"
(1 + 2) — €,
n

tedy lze nalézt ng tak, Ze pro kazdé n > ng mame

1\"
(1 + 2> < 10.
n
2

1 mn
1<<1+2>
n

Dohromady méme odhady:

2
" 1\" .
1= lim V1< lim <1+2> < lim V10=1,
n

n—o0 n—oo n—oo

tedy z Véty o dvou policajtech mame

1 n
lim A <1 + 2> =1.
n—o00 n
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X n
(f) lim (1+—) ,zeR
n—oo n
Reseni: Uvazujme tii pripady.

i. Necht x > 0, pak

. N %
lim (1+§) = lim <1+n> = lim <<1+n> ) =e
n—r00 n n—00 = n—00 =

x xX
Vyuzili jsme posloupnost z,, = n/x, pro niz plati z,, — co.
ii. Necht x < 0, pak —x > 0 a:

. T\" . n+x . 1 . 1
lim (1—1——) = lim ( —— = lim ——— = lim —5

ntx n+x
_ 1 1 _ 1
- n1—>rgo 1 n n1—>Hc}o 1 n+r—x
. 1 1
= m s =
()" )
. 1 1
= lim — . —
o =N N\
((1+n}m> ) (”ngx)
1 1
=
n+a

Vyuzili jsme posloupnost x,, = pro niz plati x,, — oo.

—x

iii. Necht x = 0. Pak a, = 1 pro kazdé n € N| tedy lim,, oo a, =1 = ev.

(g) lim (1 + 1>n

n—00 n+sinn
Reseni:
Pouzijeme dva policajty

1 " 1 " 1 "
1+ <({l4+——) < (14 ——
n—+1 n 4+ sinn n—1
Navic plati

n+1

1 \" 1\t (1 + #1) e

Iim (14 = lim (1+ = lim ——4%—

n—00 n+1 n—00 n+1 n—00 1+ 1 1
n+1

a

1 n 1 n—1+1 1 n—1 1
lim <1+ > = lim (1—|— > = lim <1+ ) -<1+ ):e
N—00 n—1 n—00 n—1 Nn—00 n—1 n—1

Ze dvou policajti tedy dostavame

1 n
n—00 n—+smn
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1) lim <n + 4)"“

n—oo \ n — 2
Reseni:
_(n+A\"T" n—2+6\"
lim = lim
n—oo \ n — 2 n—00 n—2
6

' . nz 1 n+1
W i, (n - 3>

ResSeni:

2 n+1 2 n+1
-1 — 2
lim (2 —hm (3R o (14
n—oo \ n2 — 3 n—00 n2—3 n—00

2 3
= Jim, <1+nz_3> <1+7”L2

Na posledni limitu uZijeme dva policajty, protoze

n2-3 2

1 2
1+ =3 — €2
2

budou tak od jistého ng platit odhady

2. (a)
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Reseni:

PouZijeme vétu o sou¢inu omezené a mizejici posloupnosti, 1 > sinn < 1, lim,, o 1/n =

0, tedy '
lim sinn_ 0
n—oo n
(b)
2\" 1\"
lim ¢ (1—|—> —|—<1—)
n—oo n n
Reseni:
Odhadneme
Wm) gwlﬂ) (-1 242 (142)
n n n n
Navic
2 n
lim § <1+> = lim (1—1—) =1
n—o00 n n—oo n
a

2\" 2
lim “2<1+> = lim W-(1+>:1-(1+0)
n n

n—o0 n—oo

Ze dvou policajti tedy

25
(¢) lim (_1)71;17\/5
n—00 ns + 2{1/5
ReSeni: Prve spocteme

2 2
n n 1
lim — V" — i n—-ﬂlvozﬂo-—:o.
7L3

7 v&ty o omezené a nulové posloupnosti pak méme i

n*{Yn

. Y _
D =0
(d)
Cond4+n+1
lim ———
n—oo n
acN
Resgent:
3 3 1,1 1, a=3
1 1+54+ =5
hmw:hmiﬂz 0, a>3
n—00 ne n—oo N 1
00, a<3
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(n+1)?+ (3n+2)*

lim

n—o00 n® + n4
a€eN
Resent:
81/2 a=4
1)2 + (3n +2)* 1241+ 2) ’
lim (2D +(Z+ L R BN ik DA St TR B SN
n—oo n® +n n— oo na—l—n4 81 o <4
® 4 2 2
—2)* — 1
(-2 (24
n—00 ne 4 n2
a € N Reseni:
lim (n—2)* = (n?+4+1)2 ~ lim (n* —2-4n3 + . 4 2H% — (n* 4202 4+ 1)
n—00 na + n? n—o00 ne + n?
-8, a=3
=4¢ 0, a>3
—00, a <3

kde aa € R

ResSeni: Odstranénim odmocniny z ¢itatele pomoci vhodného rozsifeni (viz jmen-
ovatel nasledujiciho zlomku) mame

lim no‘<{’/n2+1—io’/n2—l>
n—-4o00
. a (n*+1) - (n*-1)
= Jim = 3/0 2 2 32 33 3/79 2
nofoo 32+ 1)2+ Vn2 +1Vn?2 -1+ {/(n2 1)
I 2n®
= lim
n——+o00 {,/(n2+1)2+ \3/”24_1\3/”2_1_'_ e/(n2_1)2

a vytknutim n?/3 ze jmenovatele dostaneme

= lim n®%/3 2

n=y-too {3/(1_{_1/712)2_}_ €/1+1/n2€/1—1/n2+ e/(l—l/nQ)Z
a) Pro o =4/3 vyjde

i 2 2 2
11m = = —
nrtoo YT DR + YA+ eyl nl+ (- 1+1+1 3
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b) Pro a > 4/3 vyjde

2
lim n®43. lim

n=roo notoo /(L4 1/n2)2 + Y1+ 1/n2 Y1 = 1/n? + /(1 —1/n?)?

=(+oo)'2:—|—oo

3
c) Pro a < 4/3 vyjde
2
lim n® 3. lim - - - -
n—r+o0 n—too 3/(14+1/n2)2 + /14 1/n23/1—1/n2 + /(1 — 1/n2)2
2
=0--=0.
3
(h) Urcete a,b € R tak, aby
ILm (Vn3—n—an—b) =0
Reseni
3 3
: 3 . —n— +0b)
) s an—b) = 1 n®> —n — (an
ngrolo( n?—n-—an-b) 00 (n® —n)2/3 + (n® —n)V/3(an + b) + (an + b)?

~ lm n3 —n — (a3n® + 3a®n?b + 3anb? + v?)
oo (n3 — n)2/B3 4 (n3 —n)1/3(an + b) + (an + b)2

Vedouci ¢len ve jmenovateli je n?, v &itateli n3(1 — a®). Aby byla limita vlastni,
musi byt a = 1. Pak v ¢itateli zbyva 3a®n?b, které se také musi vynulovat, jinak
by limita byla > 0. Tedy b = 0.

(i) Urcete a > 0 tak, aby nésledujici limita byla vlastni

iy (D +a(=1)"
n—oo p2(y/n?2+1-—n)

1\*  a(=1)"
. 3a—1
e (R ] (v = )
2, a=1/3
=1 oo, a>1/3
0, a<1/3
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lim (\/4n2 —n — 2n)

n—oo

VAn? —n + 2n —-n
nﬁoo( ) n%oo( ) 1/4n2_n_|_2n n~>oo,/4n2_n_|_2n
n -1
= lim 0 =

1
n—»00 1N 4_%4_2 4

n—oo (n 4 2) — (n+ 1)!

Reseni:
| |
g PEDH DL DL
n—00 (n 2)' — (n ) n—00 (n 2) -1
Q)
lim (1 4 sinnm)
n—oo
Resgent:

lim (1 4+ sinnn) VALY | Jim sinnr =1+0= 1.

n—oo n—oo

n

3. Necht {a,} je posloupnost, lim,,_,~ a, = A. Co miZeme fict o lim (—1)"a, ?

n—-+00

ReSeni: Limita existuje, pravé kdyz lim a,, = 0.
Jestlize lim a,, = 0, potom lim(—1)"a,, = 0 podle véty o limité sou¢inu omezené posloup-
nosti a posloupnosti jdouci k nule.
Jestlize lima,, = A # 0, pak pro sudé ¢leny mame limitu rovnu A, pro liché ¢leny —A.
Coz je spor s jednozna¢nosti limity.

4. Existuji posloupnosti {a,} a {b,, } takové, Ze lim,,_,o0 ay, = 0, lim,, 00 by, = 00 alimy, o0 Gy
b, neexistuje?

ResSeni: Ano. Napi. a, = #, b, = n%. Pak apb, = (—1)"n.

5. Necht {a,} je konvergentni posloupnost racionalnich ¢isel. Musi byt limita racionalni
¢islo?
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Reseni: Ne. Napf. posloupnost

a1 =3
ax = 3,1
as = 3,14
aq = 3,141
as = 3,1415
ag = 3,14159
ar = 3,141592
ag = 3,1415926
4
s

6. Necht {a,} je omezena posloupnost takové, ze an42 > ap. Musi mit a,, limitu?
Reseni: Nikoli. Napi. (—1)" > (—1)"+2
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