14. cviceni
http://www.karlin.mff.cuni.cz/~kuncova/,

Priklady
Najdéte primitivni funkce na nejvétsim mozném intervalu:
3 1
1. =———-
J@) =151y

Reseni: Integrujeme pomoci substituce z = tgt.

3 1 3 2 C 3 .
/_16($2+1)2 dx = _16/COS tdt = —3—2(t+s1ntcost)
3 ¢ 3 T
= ——arctanz — ————
39 AT T a0

Jiny postup: Pouzijeme rekurentni vzorec

T n 2n -1
2n(1 + z2)n 2n

In+1 - In

Tedyn=1a

1 T 2—-1
L= ———ds= I
2 /(1+x2)2 ST I I

. C P
Protoze I = arctan x, mame

/ 3 1 c 3 x n 1 arcta
—— 5 =——| =——— + zarctanx | .
16 (22 4+ 1)2 16 \2(14+22) 2
1
2. =——
Reseni: Vysledny zlomek mame pifmo ve tvaru rozkladu na parcidlni zlomky,

budeme tedy pifimo pocitat integrdl. Provedeme jej pfevedenim jmenovatele na
Ctverec a goniometrickou substituci.

/ 1 1 / 1 Ly 16 1 4
——— dx = _—_— xr = — — - AT =
(22 + 2 +1)? [(z+3)2+ 32 9 ) (B2 412

2z+1

73 —teta dostaneme, Ze

Nyni pouzijeme substituci

= 196? (tg21+1)2 coOslgt = 8\9/§/cos2t at € Zhg/g(t—i-sintcost)
4v/3 22 +1 43 2z + 1 V3
= Tarctan \/§ 9
\/(237 +1)2 + (V/3)2 \/(Qx +1)2 + (V/3)2
44/3 20 +1 1 22+1
:Tarctan V3 322+ +1
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Jiny postup: Pievedeme na ¢tverec

1 1 16 1
/de‘/wwdx‘g/w;ﬁwwdx

a pouzijeme linedrni substituci % =y. Pak % dxr = dy a dostaneme

16 1 16 V3 1
9/[<2w+l>2+u2 d“9/2[ T
7 Y

Pouzijeme rekurentni vzorec jako v predchozim prikladeé:

16/\/§ 1 e 8 < y +1 . )
_ - = — arctan
9 ) 212V T3\ 2

Vratime substituci

8 1 8 2t 1 2z + 1
( Y 5y T 5 arctan y> arctan
33 \2(1 42 | 2 2 ( ) 3
V3
1 2z +1 n 4 ¢ x+1
= arctan
3 l+z+4+22 33 V3
2
x
3. ==
/(@) (2 + 22 + 2)?
Reseni:
Hledejme rozklad ve tvaru
z? Ax+ B Cx+D

(@2 +22+42)2 2242242 + (22 + 22 + 2)?
Pfendsobenim jmenovatelem a roznasobenim dostaneme
= (Az + B)(2® + 22 +2) + (Cz + D)
2® = Az® + 2A2” + 2Ax + Ba® + 2Bz + 2B + Cx + D
odkud vyplyvé, 2e A=0, B=1, C = —2 a D = —2. Hledany rozklad m4 tvar

x? 1 2 + 2

(22422 +2)2 22+422+2 (22422 +2)2

Plati, ze

1 1 c
—— gr= —— dr Carctan(z + 1
/x2+2x+2 v /(a:—|—1)2+1 © = arctan(z + 1)
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/ 2+ 2 C 1
Y B N PO S
(22 + 22 4 2)? z? + 2z + 2

odkud mame, ze

1

2
Xz
/ (— dr = arctan(a: + 1) + m

22 + 2x + 2)2
1
(IE2 + 1)3

Reseni: Zlomek jiz mame pfipraven ve tvaru vhodném k integraci. Pouzijeme
substituci x = tgt. Dostaneme, Ze

1 1 dt 1 2t 1 2t
/da:z/ 2 :/cos4tdt:/ A L
(2 4+1)3 (tg?t+1)3 cos?t 2 2

! 1 1 At
= [ (1+2c0s2t + cos”2t) dt = 5 1+2C082t+ﬂ dt

4. fx) =

1 3 1 1
:8/(3+4cos2t+cos4t) dtg§t+zsin2t+3—2sin4t

=3 Lintcost + =i 2t(2cos’t — 1)
= 3 2SlIl COS 16 Sin COS

3 1 =z 1 T 2
= —arctanx + — + -1
8 2

222+1 1622 +1 +1
" n x +1ac(1—3:2) 3 ) +13x3+5:1;
= —arctanzx — — = —arctanx 5 <9
8 22241 8 (22+1)2 8 8 (22 +1)2
22+ 3x—2

5. flx) =

(x —1)(2? + 2+ 1)2

Reseni: Rozklad na parcialni zlomky hleddme ve tvaru

?+3z-2 A L BatC Dz +E
(z—D(x24+2+1)2 -1 224z+1 (22+2z+1)2

Prendsobenim jmenovatelem dostaneme vztah

2432 -2=A@*+x+1)*+ Bz +O)2® + 2+ 1)(x — 1) + (Dx + E)(z — 1)
Roznasobenim pravé strany mame

22 43r—2 = A—C—FE+42Az—Bx—Dx+Ex+3A2*+ D +2A23 + C2® + Az + Ba*

odkud porovnanim koeficientti dostaneme, ze

Azg,B:_gaC:_%szl’E:§
9 9 9 3 3
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Hledany rozklad ma tedy tvar

22 +3x -2 _ 21 2 z+2 1 T +8
(z—D(z2+x+1)2 9x—1 922+z+1 3(z22+ax+1)2

Jednotlivé zlomky budeme integrovat zvlast. Plati, Ze

2 1 c 2
‘ Climlz—1
/9:U—1d$ 91r1|m |

2/ x+2 q 1/ 2+ 1 d 1/ 1 d C
/" dz=—] " _dz—= | ———dax =
9 /) 224+x+1 9 ) 224 x+1 3) 224+2x+1

C

1 2 2 1
= _§1n($2 + x4+ 1) — —= arctan vt

33 V3

a nakonec

1 / x+8 q 1 / 2 +1 de + 5 / 1 q

sl o T T e = | s et | e g AT

3) @ra+12 CT6) @@rar12 U2 @Rrarip
(Druhy integrél po¢itdéme prevedenfm jmenovatele na kanonicky tvar (z+3)?+3 =
%[(%)2 + 1] a substitucf 2Z£L = tgt.)

119

V3
c —1 1 +5 2z + 1 n 10 ; 2z +1
= — — arctan
6 224+x+1 6224+z2+1 33 V3
Dohromady dostaneme po upraveé
/ 2?4+ 3x -2 gy C 1 dr+2 N 8 . 2x+1+11 (x—1)2
T == arctan ——— + - In ———
(x —1)(22+z+1)2 3x2+x+1 33 V3 9 22+z+1

“+1
)= G e

Reseni: Jmenovatel lze rozlozit na souéin kvadratickych trojélent
(@t + 22+ 12 = (@2 + 24+ 1)%(2? — 2+ 1)?
7 toho vyplyva, ze rozklad na parcidlni zlomky hledame ve tvaru

?+1  Az+B Cxz+ D Kz +L Mz + N
(x4t +224+1)2 224+2+1 (24+x+1)2 22—z+1 (22 -2+ 1)2

Napiiklad metodou neurcitych koeficienti dostaneme, ze

1 1
A=B=C=D=L=N=-, K=M=—-
4 4
Integraci jednotlivych zlomkta dostaneme po tpravéch

1 z+1 1 20 +1 1 9
S PP 42 C  arctan 22 40 1
/4x2+x+1 T 4\/§arcan 7 +8n(:v +x+1)

1Q
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_ dx = 1, R
1@rer12 T BTN TS TR

1 z-1 c 1 20 -1 1 9
———F——— dr = —=arctan ——— — -1 —r+1
/ P R T 3 arctan 73 3 n(z® —zx )

/ 1 r—1 c 1 2¢ — 1 1 r+1

/1 r+1 c 1 2¢ +1 1 r—1

———————— do = ——= arctan

4 (22 —x+1)? 6v/3 V3 1222 -z +1

Sec¢tenim a Upravami dostaneme, ze

/ 41 4
T 5 5 4T
(zt + a2 +1)2

c 5 areta 2m+1+ 5 areta 295—1+1l 22+r+1 1 22241
= ———arctan rctan —In - =
12v/3 V3 12v/3 V3 8 a2—z+1 6at4a22+1
1
T =Gy

Reseni: Plati, ze
P 4l=(x+1)(z?—2+1)
Rozklad tedy musime hledat ve tvaru

I _ A B . Co4D Ex+F
(B3+1)2 z+1 (2+1)2 22—z+1 (22—z+1)2

Pfendsobenim jmenovatelem dostaneme
l=A(@+1)(2* —2+1)* + B(z® — v + 1)
+(Cx+D)(z+1)*a? -z +1)+ (Bx+ F)(2®> —z+1)2
Roznasobenim pravé strany mame
1 = A4+B+D+F—Ar—2Bx+Ca+Daz+2F 2+ Ex+Ax* +3Br*+Ca® + Fa? +2Ex*+
+Az® — 2B2® + D2 + FExd — Az* + Ba* + Cx* + Dzt + Az® + C2°
odkud sestavime porovnanim koeficientu soustavu rovnic
= A+B+D+F
= —A-2B+C+ D+ E+2F
= A+3B+C+F+2F
A-2B+D+FE

-A+B+C+D
A+C

S R R = N N
I

jejiz teseni je

I
|
Q

I

|

\
>

I
0|
&

I

|
0|
B

I

\

A== B
9
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a hledany rozklad tedy méa tvar
1 2 1 1 1 1 2x-3 1 x—1

(x341)2 :§x+1+§(x+1)2_§x2—$+1_3(a@2—x+1)2

Budeme integrovat zvlast jednotlivé zlomky. Plati, Ze

2 1 o2
- dz € 21 1
/9x+1 = glhnje+1|

/1 1 c 11
S Az &
9 (z+1)2 9z +

1
1 2z-3 1 2z-1 2 1
- de = de — [ = d
/9x2—x+1 /9x2—x+1 o /9x2—x+1 o
cl 4 2z — 1
=—In(z"—xz+1) — arctan
5 In( ) Ve 7

/1w—1d$/12m—1dx_/dx
3(2—x+1)2 7 ) 622 —z+1)2 6(z2—z+1)2

1 1 /1 1 q
- —  dxz
622 —x+1 6 (22 —2x+1)?

Zbyly integral vypocteme takto:

/1 1 q /116 1 d
_—_ xr = _—_— xTr =
6 (22 —x+1)2 69 [<2x1 2 1}2
= +
)

nyni aplikujeme substituci tgt = 2%1, pricemz mame, ze ﬁ dt = % dz, a
proto

1 8 1 1 4 1 4
= [ - dt = 1 dt = [ —=cos®t dt

/ 6 3v/3 (tg?t +1)2 cos?t / 9v3 5 oSt / 9v3 o

c 4 t+sintcost 2 2z — 1 2 20 —1 V3

= = arctan +

9v3 2 9v3 V3 93/ —1)2+3/(2z —1)2+3
_ 2 arctan 2o 1 + ii@x —1)
T 9V3 V3 1822 —x +1

Déame-li jednotlivé vysledky dohromady, dostavame

1 cl,  (z+1)? 1 2 20 —1 1 z+1
e dzr = -1 - t = =
/(a:3—|—1)2 TEOME a1 9wt 3B T a g
L (x4 1)2 2 22 -1 1 =z

— t —
9nx2_x+1+3\/§arcan 73 +3x3+1
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8. f(x)= @0 1205 1 2

ResSeni:

Proved'me substituci t = z°.

/ x? q 1/ t & 1/ 2t &
€r = — —_—mm = —_— —_—m _=
(210 4 225 4 2)2 5) (t2+2t+2)? 10/ (t+1)2+1
1 264+2 -2 1 2t + 2 1/ 1
((t+1

10 Griza2 0 e s

e &=
)2 +1)

Na prvni integral pouzijeme substituci u = (t +1)2+ 1, nadruhy t + 1 =tgy a s

prihlédnutim ke vztahtm

1
tg2y +1

1
= cos? v, dt = m dy

dostaneme, ze

1 /du 1/ 9 ¢ 11 1y+sinycosy
=— [ ——-fcosydy=——+--— —-*"—-—""==
10/ w2 5 10u 5 2

11 O U
= — —y— —tgycosTy =
10(t+12+1 107 108" Y

1 1 1 1t
= ————— — —arctan(t + 1) — &Y

T10212t+2 10 10tg2y+1
1 1 1 5 1 2°+1
00125 72 10+ ) - o o

1 x5+ 2 1

—_—— = T2  _ — arctan(z® + 1).
10210 4205 £ 10 Mctan(@” +1)
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