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Priklady
Urcete primitivni funkci k danym funkcim:

1. Goniometrické substituce

(a) f(z) = V4 —a?

Reseni: Zvolme substituci z = 2cost. Pak dz = —2sintdt a 4 — 22 =
4(1 — cos?t) = 4sin®¢t. Intervaly budou: t € (0,7), pak = € (—2,2). Navic
—2sint # 0 na (0,7) a funkce 2cost, t € (0,7) je na (surjekce). Dostdvame

/ V4 —a22de = / Vdsin? t(—2sint) dt = /—4] sint|sin¢dt
Protoze jsme na intervalu (0,7), tak |sint| =sint a

/—4|sint|sintdt = —4/sin2tdt.

Posledni integrél lze vyFesit dvéma per partes nebo piepisem sin? t =

Pak
1-— 2 in(2
—4/Sin2tdt:—4/cos(t)dt:_4 <t_ Sln( t)) +e

1—cos 2t
—5 -

2 2 4
Celkem tedy pro = € (—2,2) méme

/de _ (arccos(a:/Q) B sin(2 aTCCOS(l‘/Q))> e

2 4

1
(b) flz) = m

Reseni: Defini¢ni obor funkce f je interval (—1,1), staif tedy urcit prim-
itivni funkci na tomto intervalu. Provedeme substituci = sint. Protoze

re(—-1,1),jet e (=%, 7). Potom

g = (sint)’ =cost =—> dx = cost dt,

a protoze cost > 0 pro t € (—73, ), podle druhé véty o substituci mame

1 1 1 1 ¢
— — dx = _ tdt = _ tdt = — =t t
/ (1 — x2)3/2 o / (1 —sin?¢)3/2 €08 / cosdt ° / cos2t

a s piihlédnutim k tomu, ze prot € (=73, §) jecost = /1 — sin? t, dostaneme
sint sin _ T
cost /1 —sin2t V1-—a?
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a—+x

(0) f(a) = /T2

Reseni: Je vidét, Ze x € (—a,a). Pouzijeme substituci x = asint. Potom

1 (1
/ la+ dx—/ [1+sint cost df — / + sint)? ost df —
a—x 1—sint l—sm

/ (14 sint) dt € at — acost = aarcsin — — /a2 — 22
a

1
(d) f(z)= m
Reseni: Lze pouzit substituci a sinh ¢, ale ukdzeme si jiny postup, pouzijeme
substituci x = atgt. Potom dx = dt a s prihlédnutim ke vztahu
tg?t 4+ 1= ﬁ plati

_a
cos?t

/ 1 q / 1 a &t
B —— P xTr =
(22 4 a2)3/2 ad - (tg2t +1)3/2 cos? ¢
1 c 1 1 T
/a2 cos 3 8in e

pricemz posledni vztah plyne z vypoctu

.2 ) 2
sin“t sin“t tget tgt
tgzt: = — sinzt:gi — sint = )

cos?t 1 —sin’t 1+ tg?t V1+tg2t

2. Hyperbolické:

(a) f(z)=+va?+ 2?2

Reseni: Pouzijeme substituci = asinh¢. Potom dz = acosht dt a plati
/\/a2+x2 dz —/a cosh?t dt £ %
1 1 1 1
= §a2 arg sinh Ty ix\/ a2 +a22 < §a2 In <:1: +Va%+ x2> + ix\/ a? + x?
a
(b) f(z) = Va*—a?

Reseni:

(t 4+ coshtsinht) =

Pouzijeme substituci x = acosht. Potom dz = asinht dt a plati

/\/ 2 — a2 dar—/a sinh?¢ dt £ %
1 1
= —§a2 arg cosh £ + 53:\/ 2 — a2
a

(coshtsinht —t) =

Lze také psat

1 1
/\/x2 —a2dz & —§a21n’x—|— v x? —a2‘ +§x\/m2 —a?.
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1‘2

c T) = ——

© F@) = =
Reseni: Provedeme substituci z = v/2cosht. Potom dz = v/2sinht dt a
plati

2 cosh?t

2
x
T ge= [ 2D
/\/1‘2 -2 V2sinht
1 1
:argsinhg+§m\/x2—2£ln (:L'+\/:L'2—2) +§m\/x2—2

$2

(d) f(z)= 7m

Reseni: Pouzijeme substituci = asinht. Potom dz = acosht dt a plati

V2sinht dt = /2cosh2 tdt € (t + sinhtcosht) =

2

h2
/a sin acosht dt = a2/sinh2t gL [t — sinhtcosht] =
acosht 2

22
/ va? + :1:2
2

1 1 1
= % arg sinh Z — iw\/ a2+ a2 §a2 In (:L’ +vVa?+ :1;2) + §$V a? + 22
a

3. Smés
1

a) f(z) = ——

&) 0=t
Reseni: Pouzijeme substituci y = /I + e?. Pak ¢® = 32 — 1, tedy z =
In(y? — 1). Dopocteme dx = y2231 dy. Odtud mame

1—y'_1 ’1—\/14-650

/1dx—/12yd —2/1d S1n pl2— VT
Vite T yyr-1V T YT Ty L+ VI Fem
(b) f() = S
S VAr —T+3
Reseni: Substituce y = /42 — 7. Pak (y?> +7)/4 =z a y/2dy = dz. Pak
5 5 vy 5 y 5/ 3
2 dr= [ > Yay=2 d 1- 2 dy=
/\/4x—7+3 =) yr329 T2 y+3 Y73 v+3

g(y_glnyy+3\)+ (\/4x— —3In|vAz —7+3|) +
(©) f(z) =sin

Reseni: Zvolme substituci y = \/z. Pak y?> = z a 2ydy = dz. Potom

/sin\/ida::/2ysiny dy



Tento integrdl vyresime pomoci per partes, zvolime v = 2y, v/ = siny. Pak
v =2, u= —cosy. Mame

/2ysiny dy:—2ycosy+2/cosydy:—2ycosy+251ny+c

Zpétné zasubstituujeme a dostaneme

/sin\/:Eda:: —2v/z cos /x + 2siny/z + c.

fla) = lfﬁ

Reseni: Zvolme substituci y = ¢/z. Pak 4% = z a 6y° dy = dz. Mame

VT / yg 5 / 318
/1+\%? Tl A el

Provedeme déleni mnohoclenu a ziskdme

3
Y 6 .4, 2
6 dy =6 —y i =1+
L/"l 2 Y u/ny Yy Ty

7 5 3
dy:6<y7—y5—|—zg—y+arctany>+c

1+ 92

Vratime substituci:

7/6 5/6 1/2
/1_@5&3:6(:67 7;35 +x3 x1/6+arctanx1/6>+c




